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Recursive equations were developed and introduced that enable to calculate the transmitted waves through
a multiplicity of layers. The calculations are carried out using z-transform technique. The layers are considered
lossless and have parallel interface, which are at normal incidence to the �eld. The multilayered structures are
constructed of three aluminum plates connected together with epoxy as the adhesive layers. The method has been
successfully used to detect small changes in the thickness of adhesive layers.

PACS: 43.60.+d

1. Introduction

Several ultrasonic techniques [1�5] have been used to
characterize adhesive bonds. The ability to interpret the
output signal and relating to joint quality to improve
them by computational means, depends much on our un-
derstanding the physical phenomena that a�ect the wave
behavior in the material. In this paper, the similarly
analogous electrical transmission line equivalent circuits
[6, 7] can be employed to represent acoustic propagation
through thin layers of material, plane-wave propagation
being assumed throughout. The z-transform technique
is applied to the Laplace model to yield a discrete time
model of transmitted acoustic wave through thin layers.
The model has been used to calculate the force trans-
fer across these layers. The time domain and frequency
domain have been computed through very thin adhesive
bond. The response for transmission of acoustic waves
through adhesive layers and arbitrary input function can
be estimated rapidly. The e�ect of adhesive thickness has
been investigated.

2. Discrete time model

When using the analogy between electrical and me-
chanical transmission lines [8] it is known that the trans-
mission matrix of two transmission lines connected in
tandem is equal to the product of the individual matri-
ces [9]. This can be generalized to obtain the expression
of the transmission matrix for any number of transmis-
sion lines connected in tandem. From this, the transfer
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of force across an arbitrary number of layers can be ob-
tained [10]. The transfer of force from one material of
acoustic impedance ZL to another of acoustic impedance
ZR can be described in simple terms (analogous to volt-
age). The received force, F0 is given in terms of the
incident force, Fi, by the expression

F0 =
ZRFi

ZL + ZR
(1)

or

F0 =
Fi

2
(1 + r0), (2)

where r0 = (ZR − ZL)/(ZR + ZL) is the re�ection co-
e�cient in terms of force at boundary between the two
media.

Fig. 1. The equivalent circuit of a mechanical layer.

The transfer of force from a material of impedance
ZL through a layer of impedance Z1 to a material of
impedance ZR can be represented in Fig. 1. In this �g-
ure ZS and ZT represent the distributed components of
the equivalent circuit of a transmission line, however in
this case ZS and ZT have a mechanical interpretation,

ZS =
Z1

sinh
(

SX1

2V1

) (3)

and

(82)
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ZT = Z1 tanh

(
SX1

2V1

)
, (4)

where X1 is the thickness of the acoustic layer, V1 is the
velocity of the compression wave in the layer material of
acoustic impedance Z1 and the Laplace variable S is the
complex frequency. The term X1/V1 = Tp represent the
time delay for an acoustic wave to propagate from one
face of the acoustic layer of impedance Z1 to the other.

For digital computers it is convenient to consider con-
tinuous time as being sampled at regular intervals of T
seconds, where T is the sampling period. It is clear
that a number of discrete time intervals could approx-
imately represent the time delay mT where m is an in-
teger. In terms of the Laplace transform [11] the time
delay e−SX1/V1 approximates to e−Sm1T = z−m1 , where
the substitution z = eST has been made and the approxi-
mate time delay is given in terms of the z-transform [12].
By using standard circuit analysis techniques and with
the appropriate z-transform expression substituted for
ZS and ZT, the force transfer across one layer can be de-
scribed as

F1 =
2Z1ZRZ

−m1Fi

(Z1+ZL)(Z1+ZR)+(Z1−ZL)(ZR−Z1)Z−2m1
.

(5)

Equation (5) can be interpreted as a recurrence relation-
ship between the sampled versions of F1(t) and Fi(t).
The relationship is

F1(n) = 0.5[(1 + r0)(1 + r1)Fi(n−m1)]

− 2r0r1F1(n− 2m1), (6)

where r1 = (Z2 − Z1)/(Z2 + Z1). The expression for
two layers can be interpreted as a recurrence relation-
ship which represents a digital �lter relating the n-th
sample of the transmitted force to the n-th and previous
samples of the input force wave form and previously cal-
culated force output values

F2(n) = 0.5
[
(1 + r0)(1 + r1)(1 + r2)

×Fi(n− (m1 +m2))
]

− r1r2F2(n− 2m2)− r0r1F2(n− 2m1)

− r0r2F2(n− 2(m1 +m2)). (7)

The digital �lters representing the transfer of force
across three and four layers can be obtained in the
manner. The transfer force across �ve layers can be
written as

F5(n) = 0.5
[
(1 + r0)(1 + r1)(1 + r3)(1 + r4)(1 + r5)

×Fi(n− (m1 +m2 +m3 +m4 +m5))
]

−AF5(n− 2m1)−BF5(n− 2m2)

−CF5(n− 2m3)−DF5(n− 2m4)

−EF5(n− 2m5), (8)

where r1, r2, r3, r4, r5 are the re�ection coe�cients

A = (r4 + r5)(r0r1r3 + r0r2r3 + r0 + 1)

+ r0 + r0r4r5(r1 + r2 + r3) + (r0r1r2)(r3 + r4r5),

B = (r0 + r1)(r2 + r3 + r4 + r5)

+ (r4 + r5)(r3 + r0r2r3)

+ r4r5(r1r2 + r1r3 + r0r2 + r0r3, )

C = (r0 + r1 + r2)(r3 + r4 + r5)

+ r2r3(r0r1 + r4r5)

+ (r4 + r5)(r0r1 + r0r1r2 + r0r3 + r1r3),

D = (r1 + r2 + 2r3)(r4 + r5)r0

× (1 + r1 + r1r3 + r2r3),

E = (r2r4r5 + r5)(r0 + r0r1 + r1)

+ (r2r3r5 + r3r4r5)(r1 + r0) + r0r1r5(r3 + r4)

× ((r2 + 2r3 + r4)/r0r1).

It is clear that s recursive Eq. (8) can be used to obtain
the expression for the force transfer across a �ve number
of layer.

3. Results

A Kronecker impulse of unit amplitude was put into
the �lter. Table shows the materials layers data that
have been used in this technique. Assuming the sound
propagation time is di�erent for each layer according to
the velocity of longitudinal waves. The layered acoustic
structure is assumed to be bounded on either side by ma-
terials of di�erent characteristic impedance and in�nite
in extent. The layers are surrounded on the front face
by perspex material and by air on the back face. The
simulation were carried out with an e�ective sampling
time of 2 ns. An adhesive bonded multilayered structure
consists of several layers of di�erent materials connected
together with thin adhesive layers. The multi-layered
structures are constructed of three aluminum plates con-
nected together with epoxy as the adhesive layers.

TABLE
The materials data.

Layers

No.
Materials

Density

[kg/m3]

Velocity

[m/s]

Thickness

[mm]

layer 1 aluminum

[2024]

2770.0 6140 1.0

layer 2 epoxy 1160 2400 0.2, 0.15

layer 3 aluminum

[7075]

2800 6020 1.5

layer 4 epoxy 1160 2400 0.2, 0.15

layer 5 aluminum

[2024]

2770 6140 1.0

Figure 2 shows the multi-layered structure that have
been used in this technique.
Figure 3 shows the impulse time response function for

the �ve layers arrangement respectively as described in
Table with adhesive layers thickness equal to 0.2 mm.
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Fig. 2. Multi-layered structure.

Fig. 3. Time domain impulse response for a pressure
wave transmitted through �ve layers of materials with
adhesive thickness layers 0.2 mm.

Fig. 4. The frequency response derived from the im-
pulse response of Fig. 3.

Fig. 5. Transmitted time response for pressures wave
through the �ve layers described in Table with adhesive
thickness 0.15 mm.

Fig. 6. The frequency domain spectrum of Fig. 5.

The resulting frequency response curve is plotted in
Fig. 4. From this �gure, it can be seen that the frequency
response is periodic with a period equal to the ratio of
the velocity of sound propagation to the thickness of the
layer.
Figure 5 is a repetiton of the simulation of Fig. 3 but

with adhesive thickness 0.15.
The corresponding frequency response curve is shown

in Fig. 6. It is clear from these �gures that the shape of
the time and frequency domain is sensitive to the thick-
ness of adhesive layers and able to detect small change
in the thickness. It is clear from all of these results that
calculation using the technique proposed in this paper
yields accurate determination of the transmission of pres-
sure waves through several layers of di�erent materials
connected together with thin adhesive layers.

4. Conclusions

A discrete time model which accurately describes the
pressure time response of multilayered acoustic structure
has been developed. The z-transform has been applied
to the Laplace model to yield the impulse response of
transmitted force across several layers of di�erent mate-
rials connected together with thin adhesive layers. The
method has the advantage that the response can be esti-
mated rapidly and detect thin adhesive layers.
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