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In this paper, we apply the reduced density trajectory, ¢-mapping topological current theory and Ginzburg—

Landau model to study the current of the coherent state.

We give the new expression of the current of the

coherent state. Based on this expression, the symmetry of the coherence is studied. We find that the current of
the coherent state corresponds to the supercurrent of two-condensate system. The partial wave functions of the
coherence carry new charges and their interaction is mediated by new U(1) gauge potential.

PACS: 03.65.—w, 02.40.—k

1. Introduction

The idea is inspired by the quantum trajectory de-
scription of decoherence [1]. The trajectory was first
proposed by Bohm when he made a suggested interpre-
tation of the quantum theory for hidden variables [2].
The theory is known as the de Broglie-Bohm (BB) in-
terpretation of quantum mechanics. In the theory, all
particles have well-defined trajectories. The motions of
the particles are governed by the wave functions that sat-
isfy the Schrédinger equation. Therefore the BB quan-
tum theory of motion is a suitable tool with which one
studies coherence and decoherence [3, 4]. The one rea-
son of the decoherence is that the open quantum sys-
tem interacts with the environment. Unfortunately, it is
very difficult to deal with decoherence problem using this
quantum trajectory approach because the environment
usually involves large number of degrees of the freedom.
To overcome this drawback, we assume the environment
to be the Markovian environment and describe the whole
system by a Markovian master equation. This equation
introduces two contributions: the time-evolution of the
coherent state and the quenching factor leading to de-
coherence. The quenching factor accounts for physical
properties of the environment and its interaction with the
coherent system. Combining the trajectory theory with
reduced density matrix theory yields a new trajectory
called reduced quantum trajectory [1]. The advantage of
this reduced quantum trajectory is that the environment
effects are described by a time-dependent damping fac-
tor when these trajectories are applied to the study of
an open quantum system. The reduced quantum trajec-
tory then describes in detail the evolution of the coherent
state. These provide insight in understanding decoher-
ence.

Recently, the discovery of the high critical temperature
of MgB; has ingpired a wide interest in the charged two-
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-condensate superconductors [5-7]. The two charged con-
densates in the superconductor are tightly bound fermion
pairs, or some other charged bosonic fields such as elec-
tronic or protonic Cooper pairs in metallic hydrogen un-
der certain condition [8]. The charged two-condensate
wave functions correspond to the order parameters of the
two different parts of the Fermi surface. They are coupled
because of their electromagnetic interaction. The system
is described by the Ginzburg-Landau model with two
flavors of Cooper pairs [9-11]. In Ref. [9], the authors
showed that the charged-condensate Ginzburg-Landau
model can be mapped onto a version of the nonlinear
O(3) o-model and found that this system possesses a
hidden O(3) symmetry. There is a stable knot solution
in the superconductor. This provides us with a new way
to investigate the coherent quantum system.

The topology and geometry play an important role in
physics and mathematics and a great deal of works have
been done in the topology and geometry [12-17]. Espe-
cially, the vorticity of the vortex in condensate meter and
topology of the physical system have been studied by ap-
plying the ¢-mapping topological current theory [18-21].

In this paper, we present the relation between the cur-
rent of coherent state and the supercurrent of the two-
-gap condensate system. The paper is organized as fol-
lows: in Sect. 2, the ¢p-mapping topological current the-
ory in reduced density trajectory is given. The current
of the coherent state is also presented. In Sect. 3, the
new expression of the current is derived. We find that
this current is similar to the supercurrent of the charged
two-condensate system. In Sect. 4, the symmetry and the
topological properties of the current of the coherent state
are studied based on Faddeev’s O(3) nonlinear o-model.
Finally, we make a conclusion.

2. ¢-Mapping topological current theory
in reduced density trajectory
and the current of the coherent state

We give a brief review of the reduced quantum tra-
jectory approach as presented in [1]. We start with the
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calculation of the reduced density matrix. The total den-
sity matrix of the system is given by

p =) x (i, (1)

where the subscript ¢ denotes the time-dependence of the
wave function. We take the environment degrees of free-
dom to be r; (i =1,...,N). The system’s reduced den-
sity matrix is then given by tracing the total density ma-
trix p over the environment degrees of freedom, resulting
in

pr(r,r') = /(r,rl,...er\wt)

X (pplr’ e, o) drey L dey. (2)

Next the system reduced quantum density current can
be derived as follows:

—~ h -
J; = %Im(vrpt(r,r'))r:w, (3)

where I satisfies the continuity equation, which is given
as

Oy + VI, =0, (4)

where p; is the diagonal element of the reduced density
matrix, which provides the measured intensity. We now
define the Bohmian-like velocity using (3) and (4):

J
V=20 (5)

Pt
Therefore, we can define a new trajectory associated with

the reduced density matrix
VBTl r)
~ m Re(pi(r, 7))

which is called reduced quantum trajectory. The disad-
vantage of this definition of velocity is it is difficult to
give the detailed information at p; = 0, or at the zero
points of the wave functions. These zero points are the
singularity of the velocity. Next, we will illustrate the
exact expression of the velocity field and its topology at
zero point of wave functions based on ¢-mapping topo-
logical current theory. To do this, we must consider the
BB quantum mechanics ansatz of the wave function

(rlibe) = Ry(r)e S/, (7)

from the topological viewpoint, the wave function (r|i;)
is the section of the complex linear bundle, i.e. a section
of 2-dimensional real vector bundle. We can then write
this ansatz as

(rle) = &' + 19, ®)
Defining the unit vector of this ansatz yields

1 ¢1 2 ¢2

; (6)

r=r’

n=— — — n"=-—— (9)
({70 [[(rlbe)

It is obvious that the unit vector satisfies the condition

n'n*=1, a=1,2. (10)

Using this unit vector and (6), we write the velocity as

h
Vi = —eabn‘lamb. (11)
m

In traditional quantum mechanics, the curl of the velocity
vanishes at zero points of the wave functions. However,
the curl of the velocity must be modified along trajecto-
ries because V x V need not vanish at nodal points of

the wave function [18]. The curl of the velocity is
o iie
VXV = E(e“keabajnaﬁmb) e;. (12)

Using Egs. (9), the curl of the velocity can further be
written as

h . o 0 .
VXV =—epe Jke‘”’a?caqsa (In||o[))0;¢°Okg®. (13)
Defining the vector Jacobian of ¢ by
e €778, 0,¢" = ECZ’D<¢>, (14)
T

and using the well-known result from the Green function
theory in ¢-space, we find that

o 0
1 = 2m6%(9).
5o 5 nlloll = 276%(0) (15)
Finally, the curl of the velocity is
VXV = h27r52(¢)D<¢>7 (16)
m x

where D(%) is the vector Jacobian of ¢ and satisfies

€70, ¢CO,p° = erDi(%j). From this, we learn that the
trajectory is at the zero point of the wave function. We
consider, in general, a vector field ¢ on the smooth man-
ifold X; a zero point p is a singular point of ¢ if ¢, = 0.
Consider a closed curve v € X' encircling but never touch-
ing p. In completing one turn along ~, the vector field
¢ will turn around itself a certain number of times. By
appropriately assigning signs to the direction of the turn,
the algebraic sum of turns is called index of the curve.
It is well known that the sum of all the indices of a cho-
sen vector field ¢ on a compact differentiable manifold
XY equals the Euler—Poincaré characteristic of X that de-
scribes the topological properties of singular points. In
application here, all nodal points form the zero-line of
wave function and the zero-line of wave function is just
the locations of trajectories in de Broglie-Bohm quantum
mechanics. The zero points can be denoted by 2}, where
l represent the ¢ isolated zero points on Y. We assume
that u = (u1,uz) are the coordinates, so that 62(¢) can
be expanded at the zero point

¢
() = Ci6° (2" — 7)), (17)
=1
where C) are positive coefficients. The winding number
of the [-th trajectory is

W(o,z) = C, / 6% (2" — zf)D(i) d’z

x
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- OZD@)Z,' (18)

Here, D %) is

PN _ Lk, O .0 4
D(u) 5 e“baujd) 8u’“¢ ' (19)
If we let

Wil = [W(g, )| = B, (20)

where [; is the Hopf index of ¢-mapping on Y, with
the interpretation that the function ¢ covers the corre-
sponding region in ¢-space f; times when a point covers
the neighborhood of the zero point z} once. Furthermore,
§2(¢) can be expressed as

¢

2(¢) = B g (z* — ). (21)

Let us define

¢
—n(?) - p(2)
m=sgnD( =] =1——+
/o |p(2)
which is called the Brouwer degree of the map = — ¢(z).

Finally, the vorticity of the velocity at the zero points on
X is

h h
F:/Z(VXV)-dSZmzl:ﬁmzsz (23)

= 41, (22)

2

where W is the winding number of the zero points of the
trajectories on Y. The zero points on the plane can be
seen as the topological solutions of the equation §2(¢)
and can be written as

¢ (M) =0, ¢*(z") =0, (24)
where p=1,2,3...

Considering a quantum system in the double-slit ex-
periment, the system is described by the coherent state
of a particle and the state of the environment. The co-
herent state of a particle is

| Wi) = ci|Y1e) + c2|a), (25)
where the coefficients c, satisfy the condition
ler]? + |ea)® = 1. (26)

We assume that the environment states are subject to
the elastic system—environment scattering conditions [1],
then only the environment state will evolve with time.
The environment state associated with each partial wave
is denoted by |H,). The initial state of the environment
states can be given by

|H1) = |H2) = |Hp). (27)

Using BB quantum mechanics ansatz, the coherent state
can be described without considering the interaction be-
tween coherence states and the environment

Uy(r) = (r| @). (28)
The density matrix associated with coherent state is

pe(ryr’) = G (r, 7)) [T (r, )] (29)
The diagonal element of this density matrix is the mea-
sured intensity. We write it as

2 2 2 2
pr = ler|"[Y1e]” + [e2] (2,
+ 2[ex|[eal[th1 ¢l [12,¢| cos b, (30)

where §; is the time-dependent phase shift between the
partial waves. Similarly, the partial wave function ;¢
can be written as

Vit = (r[hie). (31)
In addition to writing the measured intensity for W;(r),
we define the measured intensity of the partial wave func-
tion pi” as

P =g, i=1,2,... (32)
The partial wave function can also be expressed as
Vin =iy + 107, (33)

Recalling (9), the unit vector n(; of the partial wave
function v; ; is defined by

1 2
1 it 2 it

Ny = Ny = . (34)
O el 7O il

The general initial coherent states get entangled with
the environment states when the environment is consid-
ered. The initial entangled state is

| W) = | W) ® |Ho), (35)

where | W) is the wave function |¥;) at time ¢ = 0. The
time-dependence of the entangled state is

| W) =il e) @ [Hig) + coltha ) @ |Hay), (36)

where |H; ;) is the time-dependent environment. Then
we obtain the measured intensity of the entangled state
by tracing the full density matrix over the environment

state
2

pr = Z<Ha,t|ﬁ]Ha7t>~ (37)
a=1
Substituting (36) and (1) into (37), one obtains the mea-
sured intensity by tracing the total density matrix over
the environmental degrees of freedom

2
Pt = (1 + \at\Q) > leil*y5 ie + 2arerci s,
i=1
+c.c. ' (38)

This equation means that the interaction between the co-
herence state and the environment is the reason of the
decoherence. The coefficient a; = (Hs|Hy ) is called
the damping factor and indicates the degree of coherence.
The cross terms cic391 75, and its conjugate complex
in (38) disappear; when a; = 0, the coherent state suffers
a total loss of coherence. If one introduces the coher-
ence time 7, then this damping factor can be written as
a; = e */7. By using (6) and (38), the current is given
by
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i(1+a?)n 2
J=pV = u Z|ci‘2(d);tv¢i7t

2m ¢
=1
* ih * *
— i VYT,) + E\aﬂclcz (03,14
—1,:Vip3 ) + c.c. (39)

3. The current as a supercurrent
in two-condensate system

From Eq. (39), the current is seen to be expressed as a
sum of two contributions: the first term, which does not
include the cross term of the partial wave functions, will
be denoted by Ji:

1(1 n |at|2)h 2
= el (5 Vi — i VET,),
=1

(40)
and the second term, which includes the cross term which
indicates the coherent effects, will be written by Jo:

ih . *
T2 = —lagercs (45, Ve — v1Ve3,)

1= 2m

+ E|at|c102 (V1 Vibay — 2, VUL ). (41)

In terms of the partial measured intensity of the partial

wave function pii), Jq is

(14 |a:*)

J1 = (Qm) [01|2(¢T,t1/}1,t)

(V1 Vb1 — 1.V ,)
(witd)l,t)

(3 Vo — ¢2,N¢§,t)}
X .
(ws,tht)

In a similar manner, J5 is also rewritten as

in Y1V
Jo = —|a| || 165 5§
2 m‘ t‘ {( 1 2¢1,tw27t 1/f1k,t¢1,t

Tﬂl,tvwik,tﬂ
witd)l,t

Y3 Vha
wé‘,th,t

P2, VY3, ﬂ
w;,tht .

Let us define the complex variable A = c1c5v1 4103 ;; then
A* = c’{czwf’twg)t, the current J5 can be rewritten as

. i _
Ty — %‘at‘ (A%,t Y A*%,t w17t>

+ \02\2(1/15,t¢2,t)

- Cikczi/}ft?/)lt
ih

+ —la cie "
— t|{< 16292,097 4

— c1c5u s (43)

Qpitdjl,t foi“,ﬁ/h,t

+ —Ja
m ‘tﬁﬁ,th,t wg,twlt

It is convenient to write A = A1 +i4s and A* = A1 —i4s,
where Ay and As are real numbers. Substituting 4; and
Az into (44), one obtains

i AV Vi
Ty = ;nj|at| [/11 (lbu Y1t B (" ¢1,t>

ih ( PR Azbz,tvw;,t). )

L/Ji‘,tl/a,t d)iﬂ/&,t
Y1, VYT 4 }
R )

ih w;,tvﬂ)z,t ¢27tv¢;,t
+ —lae| | A1 | =% -
m Y3 ot V3 b

U2t VY3 4
e )} . (45)

AV
i 1/)1,:, ("
wl,t"/)l,t

o [ V2 Ve
— 1/12 -
%,th,t

In term of the relations

7’;" V’L/}Z t w’b tv¢;t
Vin (7 i) = e T v )
(w it t) < wi,twi’t wi,td)ivt
1=1,2, 1o

finally, J2 can be expressed by

ih witvwl,t 1/J1,tv7l)it
J2 = 7|a’t|A1 * - *
m thwl,t wl,twlat

(Va0 }
¢§,tw2,t ¢§1tw2,t

h Y1 Pt

This formula shows there is a topological reason lead-
ing to the decoherence. The new parameter A; can be
used to indicate the coherent degree. This parameter
also can be called damping factor, but it is very differ-
ent from the parameter a;. The parameter a; relates
to the degrees of the freedom of the environment. But
from (30), the parameter A; relates to the phase shift of
the partial wave functions. The parameter A is indis-
pensable to give the exact expression (47), which is es-
sential for giving the topological structure of the current.
Then the parameter A; is important to the topological
structure of the current, but the parameter a; has noth-
ing to do with the topological structure. In addition, we

find hV[ln(w}t"wl’t)] is a vector, then a new U(1) gauge

Y3 2
potential is defined by
Y1
A=hV|n e . 48
[ (77&;77&11}2,16 ( )

Therefore, the current Js is
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. © v _
Joy = %‘MWh {(wl’t Yt _ Y1 wl,t)

VYT e YT e
N V34V PasVPs, }
w%,th,t w;,tht
1
+ —la¢|42A. (49)
m

We assume the system is in the coherence, that is to say,

the damping factor |a;| = 1. The current using the mea-

sured intensity of the partial wave function ,o( R

ihy 2 ) V1 Vi — ¢1¢V¢1 ¢
J=—/|]c + A : :
A GIGARED Ve

i 1n (\02|2p§2) + /11> ¢2,t Yo — Yoy wz,t
m

1/)§7t1/)2,t
1
+—A5A. (50)
m
In order to study the current in detail, we define new
e}
charges q; = Mi)ﬂh and ¢z = ‘Czlpfifrm Then the
Py P
new U(1) gauge potential is given by
~ A
A= 2

2 2 2 2 A
4(63 +a3) (1.l + )

Based on the new gauge potential ;1, the current of the
coherent system can be expressed by

I
J = hay (¢1 V1 — wl,tvwit)
1th (wQ Vo — Y2 VY5 )
4
+M(|¢lt| + 2] ) (51)

However, we find that the total current can be deduced
from the following free energy:
2

1 2q1 ~
F= [‘(hak + iglAk)%,t
2m c

2

1 2 ~
+—‘<hak+1QQAk>¢zt
2m c

+V (adl?) + g] (52)

where B = V x A is U(1) gauge field. The potential
V([thasl?) is

2\ _ 2, Ca 4

V(IYail?) = + S paal”,

It is well known that this free energy is called the
Ginzburg-Landau free energy, which is used to describe

a=12(53)

the charged two-condensate Bose system [9]. The to-
tal current (51) of quantum coherent system is similar
to the supercurrent of the charged two-condensate Bose
system. In two-condensate superconductor, the charged
two-condensate wave functions, or charged order param-
eters, can carry the electronic charges. The interaction
of charged order parameters is mediated by the electro-
magnetic potential A.. In this description, we find that
the coherent system interacting with the environment is
similar to the two-condensate superconductor. The par-
tial wave functions can be seen as the charged order pa-
rameters. The partial wave functions are weakly-coupled
because they carry the charges ¢; and g, which is dif-
ferent from the electronic charge. The interaction of the
partial wave functions is mediated by the new U(1) gauge

potential ;l, not the electromagnetic potential.

4. The symmetry of the current
and its topology

In this section, we try to study the free energy, sym-
metry and the topological properties of the current of the
coherent state. Let us define the partial wave function as

wa,t =V 2mp§a7 a = 17 27 (54)
where the complex variable &, = |£,|e'?. The modular p
is

L (Wnd? | el
= 2( - + el K (55)

By using these new variables, the Ginzburg-Landau-like
free energy of the coherent state is given as

<8 + 127 )51
(ak + iiiqsz)fz‘

7 (1l + 2 (56)

It can be rewritten by

F = 12(0p)° + 12* (061 + 02l

~2

14 (lwa,t|2) + %

2 ~ ~
+#f&£ﬁ@mﬁg—Aﬁ%Q hzﬂ&hﬂ

F = 7‘12(3,0)2 + h2p?

+h2p2

he

2 ~ ~
+ﬁf&lh@%ﬁg—AS%ﬂ ﬁ”MﬂA}

(57)
The supercurrent of the free energy can be derived as

2
J =ih?p? [7301(513516 —£10¢1)
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+ 28 (6,085 5;6&)]

h2c? h2c2

4¢? 4q2 ~
+h2p2(q1|§1|2 + %52|2>A. (58)

A = A 2, 4¢3 2 5.
Let A = =% 61]% + 72%1&2]°, the new supercurrent J is
given as

~ J 2
T = s = [ U e,06; - €j06)
2% 2 (2065 ~ 5;8@)} +A. (59)

To find the symmetry of the coherent system, a new com-
plex variable &, is defined by

- QQa
&=\ Tt (60)

where the real number ) guarantees that the new partial
wave functions satisfy

2 -2
&) +|&| =1 (61)
In terms of the new complex variable, the supercurrent
J is
J=iQ[(&086 - §0&) + (&0 - §0&)| + 4
(62)

Next we define a gauge invariant unit vector n:

= (€0f), (63)
where £ = (£,€%) and o are the Pauli matrices. It is
obvious that the unit vector satisfies

nen—=1.
Then a new vector C can be defined by

C = Q% + A, (64)

where j = 1[(§&10&] — &0&1) + (&085 — £5062)]. We
add and subtract from (56) a term 1h%p?Q%A%5%, the
two charged free energy of the coherent state can be ex-
pressed with these new variables

2,22 A2

F =h%0p)° + 1

4
+R2p2AC?+V

+52p2[( 2ql)|a§1| +(1—2q2)|8§2|] (65)

Considering the London limit, we have dp = 0, and the
free energy is given by

h2p2Q2A2

. 1

- %ﬁ - Oin % ajﬁ] + 12 AC? +V

e[ (120 Yjaa P+ (1- 22 ) el o)

Finally, we find there is a stable knotted solution in coher-
ent, system, which is described by the Skyme-Faddeev—
Niemi action

2h2 2A2
fQ(a)—i—STn on x O;mn. (67)
The knotted solution displays a O(3) symmetry in the
free energy. The knotted solution is just the nontrivial
map
n:S% - 52 (68)

The boundary condition of this knotted solution is

Fy = @

n(x) = ng, — oo, (69)

where ng is the constant vector in spatial direction. The
knotted solution has an important relation to the current
of the coherent state. It is convenient to write the cur-
rent as

J=Ji+Js, (70)
where
7 hqlpt T Ve — 01 VYT,
YT Tim YT e
4
dai Ly af*A (71)
and
hqut Y3 NVipar — b2 V3
Jy=—
im Y3 o
442 ~
+ By o [*A. (72)
m

Recalling the unit vector m;, these components can be
derived as

hgi ptV 4
J1 = APt Eabn(l)a n(l) + — ql |¢1 f| A (73)
and
hgop!” by 443 2~
Jo = abNion O; —= A. 74
2 o Cab™(2)0in(z) + 12,4 (74)

By making use of ¢-mapping topological current theory,
the vorticity of the current is given as

r:/ﬂ(vu).ds

:/ (Vle)-dSJr/ (V x J3)-dS. (75)
i

X

Then the curls of the currents J; and Jo are calculated
as
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hq ; _da?
(V x Jy) = ”’t S 608 o' — =) =
1=1
4 ~
dat L'V x A (76)
and
(VxJz) = 2pt §:50)<m5@) ) df)
4
da; ol L2 2V x A. (77)
Furthermore the vorticity of the current is
p = W J ety
m m
1(@et? +atp?) _
+ / (VxA)-dS. (78)
m pol

It is well known that the property of a supercurrent is
the magnetic flux passing through any area bounded by
such a current is quantized. The quantization of the flux
in the superconductor is

h ~
/Ei(vXAE).dS_QeW,

where e is the electronic charge. Similarly, we give the
flux quantization of this new U(1) gauge potential A

/Ei<VXZ>-dS=qliq2fV\V/. (79)

Finally, the vorticity of the current is

r= W+

ha P§ W
m 2

hQ2Pt
m

1 2
ez +a3?) g
W
m q1+ q2

+

5. Conclusion

In this paper, the relation between the coherent quan-
tum system and the charged two-condensate system is
investigated. The new expression of the current of the co-
herent state is given based on reduced density trajectory
and ¢-mapping topological current theory. A topological
reason leading to the decoherence is found. By defining a
new U(1) gauge potential A and new charges g1 and go,
we find that the coherent system can be described by the
Ginzburg—Landau-like model with two charged Cooper
pairs. The corresponding relation between coherent sys-
tem and two-gap superconductor is shown as follows: the
partial wave functions of the coherence correspond to the
charged two-condensate wave functions; the charges ¢
and ¢ correspond to the electronic charges; the new U(1)

gauge potential A corresponds to the electromagnetic po-
tential Ae. Finally, the hidden O(3) symmetry of the
coherent state is found using Faddeev’s O(3) nonlinear
o-model and the topological properties of the knot solu-
tion are studied based on ¢-mapping topological current
theory.
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