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Noise E�ect on Thin Film Characterization

Using Rotating Polarizer Analyzer Ellipsometer
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We present theoretically the characterization of 100 nm SiO2 thin �lm using spectroscopic rotating polarizer
analyzer ellipsometer in which the two elements are rotating synchronously in opposite directions with the same
angular speed. The proposed sample consists of air (ambient)/SiO2 (thin �lm)/Si (substrate). The ellipsometric
parameters ψ and ∆ are calculated when a clean signal is received by the detector and when a hypothetical noise
is imposed on this signal. The �lm thickness and the optical constants of the �lm are calculated for the noisy
signal in the spectrum range 200�800 nm. The results are compared with the proposed thickness and with the
published values for SiO2 optical constants.
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1. Introduction

Ellipsometry is a very sensitive optical technique for
the study of optical properties of thin �lms. It is based
on the measurement of the change in the light polariza-
tion state after re�ection from a sample. Ellipsometry
has received an increasing interest [1�5] because of sev-
eral reasons: it is nondestructive technique, has an out-
standing sensitivity to minute interfacial changes, can be
used for in situ measurements, and can be operated at
di�erent wavelengths and under multiple angles of inci-
dence.
Two parameters ψ (the ratio of re�ection coe�cients)

and ∆ (phase change between p- and s-polarized lights)
are determined in ellipsometric measurements. The pa-
rameters ψ and ∆ are given by

ρ =
rp
rs

= tan(ψ)e i∆, (1)

where rp and rs are the complex Fresnel re�ection coe�-
cients for the p and s components which may be written
as {

rp = ρp e
iδp ,

rs = ρs e
iδs ,

(2)

where δp and δs are the phase changes for the p and s
components of light.
The scanning ellipsometer has shown a great accuracy

in determining optical constants of materials in the range
1.5�6 eV photon energy [6, 7]. Consequently ellipsome-
try has been a hot topic of research and the technique
has been proposed and constructed in di�erent con�g-
urations [8�12]. Among the various con�gurations of
spectroscopic ellipsometers commonly used is the rotat-
ing analyzer ellipsometer (RAE) [6]. The RAE has the
advantage of simple system design but it involves the dc
component which causes a serious problem. The reduc-
tion of the dc background requires particular techniques

∗ corresponding author; e-mail: staya@iugaza.edu.ps

and the calibration of such system is also time consum-
ing [13]. Azzam [14] suggested synchronously rotating
both the polarizer and the analyzer with the ratio 1:3.
In his work, the intensity of light reaching the detector
includes four cosine and four sine terms. His system suf-
fers a lack of clear explanation of each coe�cient and its
relation to the ellipsometric parameters ψ and ∆ [10].
A RPAE in which the speed ratio between the rotating
elements is 1:2 was proposed and constructed by Chen
and Lynch [10]. In this design, the errors arising from
the phase shift and dc background are eliminated. The
same group suggested improving this RPAE [11, 12] with
the incident angle being fully variable. Moreover, a �xed
polarizer was placed in the optical path to eliminate the
source polarization e�ect.

Recently, a spectroscopic RPAE has been proposed in
which the rotating elements have the same angular speed
but in opposite directions [15]. The intensity emerging
from the rotating analyzer contains four components, one
dc and three cosine terms, with frequencies of ω, 2ω,
and 3ω. The main advantage of the proposed ellipsome-
ter is that: it is feasible to extract the ellipsometric pa-
rameters ψ and ∆ from the even Fourier coe�cients with-
out relying on the dc component which is considered to be
a serious problem in a rotating-analyzer or -polarizer el-
lipsometer. This allows measurements in semidark room
without worrying about stray light problems, dark cur-
rents in detectors, and long term �uctuations in light
sources. The calculations of the optical parameters of
c-Si, Au, and GaAs were in agreement with the published
data.

In this work, we examine theoretically the noise e�ect
on the characterization of 100 nm SiO2 thin �lm using
the RPAE described in [15]. The structure under consid-
eration consists of a thin SiO2 �lm sandwiched between
air and silicon substrate. The optical parameters and the
thickness of the �lm are calculated from the ellipsometric
parameters and compared to accepted values. In order to
simulate reality we consider that a hypothetical noise is
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imposed on the clean signal. This noise causes a percent
error on the calculated values. The percent error is also
presented.

2. Theory

The RPAE assumed in the present work comprises
light source, �xed linear polarizer with an azimuth an-
gle θ, linear polarizer rotating at an angular speed ω,
a sample, linear analyzer rotating at an angular speed
ω but in opposite direction to that of the polarizer, and
photodetector. A schematic diagram of the proposed el-
lipsometer is shown in Fig. 1. The azimuth angles of the
rotating polarizer and the rotating analyzer are given by
P = ωt+ τ and A = −ωt+ δ, respectively, where τ and δ
are the azimuth angles of the rotating polarizer and the
rotating analyzer at t = 0, respectively. The azimuth
angles θ, P , and A are referred to p-axis of polarization.

Fig. 1. Simpli�ed schematic diagram of the RPA ellip-
someter, (1) unpolarized light, (2) �xed linear polarizer,
(3) linear polarizer rotating at ω, (4) isotropic sample,
(5) linear analyzer rotating at ω, and (6) detector.

We here assume SiO2 �lm of thickness d = 100 nm and
refractive index N1 sandwiched between an ambient (air)
of refractive index N0 and a c-Si substrate of refractive
index N2 as shown in Fig. 2. The Fresnel re�ection coef-
�cients of the proposed structure are given by [1]:

rj =
r01j + r12j exp(− i2β)

1 + r01jr12j exp(− i2β)
, (3)

where j stands for s in s-polarization and for p in
p-polarization,

r01s =
N0 cos(θ0)−N1 cos(θ1)

N0 cos(θ0) +N1 cos(θ1)
, (4)

r12s =
N1 cos(θ1)−N2 cos(θ2)

N1 cos(θ1) +N2 cos(θ2)
, (5)

r01p =
N1 cos(θ0)−N0 cos(θ1)

N1 cos(θ0) +N0 cos(θ1)
, (6)

r12p =
N2 cos(θ1)−N1 cos(θ2)

N2 cos(θ1) +N1 cos(θ2)
, (7)

β =
2πdN1 cos(θ1)

λ
, (8)

and θ1 and θ2 are the refraction angles in the sample and
the substrate, respectively.

Fig. 2. Schematic diagram for the sample under con-
sideration.

Ellipsometric theory can be formulated in terms of the
Jones matrix formalism or the Mueller matrix formalism.
The Jones matrix approach is usually adopted when a
completely polarized light is assumed. When a signif-
icant amount of re�ected or transmitted light becomes
depolarised, it may be necessary to introduce the Mueller
matrix representation. In this scheme, a 4×4matrix con-
nects the Stokes vectors representing the input and the
output beams. In the present work, we adopt the Jones
matrix formalism. In this case the transmitted electric
�eld Et in terms of the incident �eld Ei is then given by

Et =

[
cos2A sinA cosA

sinA cosA sin2A

][
rp 0

0 rs

]

×

[
cos2 P sinP cosP

sinP cosP sin2 P

][
cos θ

sin θ

]
Ei. (9)

Performing the product of matrices in Eq. (9) and cal-
culating the light intensity I received by the detector as

E†
tEt we obtain

I =

[
N

2
+
M(s1 + s2)

2
+
Ns1s2

2
+ ρpρss3s4 cos∆

]
× [1 + cos 2(ωt+ τ − θ)], (10)

where N = ρ2p+ρ
2
s,M = ρ2p−ρ2s, s1 = cos 2(ωt+τ), s2 =

cos 2(−ωt + δ), s3 = sin 2(ωt + τ), s4 = sin 2(−ωt + δ),
and ∆ = δp − δs. The amplitudes of the re�ection coe�-
cients in terms of M and N are given by

ρp =

√
N +M

2
and ρs =

√
N −M

2
. (11)

The intensity at the detector in terms of the angular
speed of the polarizer will be

I(t) = a0 +

3∑
n=1

an cos 2nωt+

3∑
n=1

bn sin 2nωt. (12)

Assuming that the azimuth angles θ, τ , and δ are equal
to zero, Eq. (12) reduces to

I(t) = a0 + a1 cosωt+ a2 cos 2ωt+ a3 cos 3ωt, (13)

where

a0 = 5
4
ρ2p +

1
4
ρ2s − 1

2
ρpρs cos∆, (14)

a1 = 15
8
ρ2p − 1

8
ρ2s − 1

4
ρpρs cos∆, (15)

a2 = 3
4
ρ2p − 1

4
ρ2s +

1
2
ρpρs cos∆, (16)

a3 = 1
8
ρ2p +

1
8
ρ2s +

1
4
ρpρs cos∆. (17)

The ellipsometric parameters ψ and ∆ can be obtained
using any set containing three coe�cients. In terms of a1,
a2, and a3, tanψ and cos∆ are given



Noise E�ect on Thin Film Characterization . . . 17

tanψ =

√
a1 + a3√

a1 − 4a2 + 9a3
, (18)

cos∆ =
3a3 − a1 + 2a2√

(a1 + a3)(a1 − 4a2 + 9a3)
. (19)

3. Numerical calculations

In the following calculations, we assume the incidence
angle to be 70◦ and the azimuth angles θ, τ , and δ are set
to zero. Based on the published values for the refractive
indices of c-Si and SiO2 [16], we calculate rp and rs using
Eq. (3). Simulated light signals are generated based on
Eq. (9). The Fourier transform of the generated signal
was taken to extract the coe�cients a0 through a3. Equa-
tions (18) and (19) are used to calculate the ellipsometric
parameters ψ and ∆ in the spectrum range 200�800 nm.
In practical work, random �uctuations in the recorded
signal appear due to the noise. This noise may originate
from a variety of sources such as thermal �uctuations in
the light source, mechanical vibrations, pickup of stray
AC light, and the self-generated noise in detectors and
electronics. In order to simulate real signals, noise was
generated using MathCAD code and was superimposed
on the clean signal according to the following equation:

Inoise = [rnd(c)− c/2]I + [rnd(e)− e/2]

+ 0.0001Imax, (20)

where MathCAD's rnd(c) function produces random
noise in the range from 0 to c and rnd(e) function pro-
duces random noise in the range from 0 to e. In our
simulation, we consider c = e = 1. The �rst term rep-
resents the random noise recorded by the detector due
to thermal �uctuations of the light source after passing
through the system, the second corresponds to the John-
son noise and shot noise encountered in the detector and
readout electronics, and the third term represents the dc
o�set due to long time drifts. Figure 3 shows the noise
superimposed on the clean signal.

Fig. 3. The noise superimposed on the clean signal.

This noise is added to the pure signal. The Fourier
transform of the noisy signal is taken to extract the new
coe�cients a0 through a3 in the presence of the noise.
Equations (18) and (19) are used again to calculate the
ellipsometric parameters ψ and ∆ for the noisy signal in

the same spectrum range. Figures 4 and 5 show the cal-
culated ellipsometric parameters ψ and ∆, respectively,
for the clean and noisy signals.

Fig. 4. The ellipsometric parameter ψ as a function of
the wavelength from 200 to 800 nm.

Fig. 5. The ellipsometric parameter ∆ as a function of
the wavelength from 200 to 800 nm.

The percent error in the calculated values of ψ and ∆
is shown in Fig. 6. These �uctuations shown in the �gure
are due to the noise imposed on the clean signal as men-
tioned before. It is worth to mention that these values
of ψ and ∆ were calculated using the coe�cients a1, a2,
and a3 without depending on the dc o�set of the signal
for the clean and the noisy signals. If the dc term is con-
sidered in the calculations, the percent error in ψ and ∆
would be much higher [15]. This ellipsometer in which
the polarizer and the analyzer rotate in the opposite di-
rections with the same angular speed has the advantage
that the results do not depend entirely on this term. As
can be seen from Fig. 6, the percent error in ∆ is higher
than that in ψ. The phase change ∆ is critically depen-
dent on the noise.
Making use of Eqs. (1) and (3), tan(ψ)e i∆ can be writ-

ten as

ρ = tan(ψ)e i∆ (21)

=
r01p + r12p exp(−2iβ)

1 + r01pr12p exp(−2iβ)

1 + r01sr12s exp(−2iβ)

r01s + r12s exp(−2iβ)
.
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Fig. 6. Percent error in ψ and ∆ as a function of the
wavelength. This error arises from the noise imposed on
the signal.

Equation (21) can be simpli�ed [17] to give a quadratic
equation as

Aξ2 +Bξ + C = 0, (22)

where

A = (ρr01p − r01s)r12pr12s, (23)

B = r01pr01s(ρr12p − r12s) + ρr12s − r12p, (24)

C = ρr01s − r01p, (25)

and

ξ = exp(−2iβ). (26)

The solutions of Eq. (22) have the conventional form

ξ = exp(−2iβ) =
−B ±

√
B2 − 4AC

2A
. (27)

The thickness of the SiO2 �lm, d, in terms of ξ, N1

and θ1 is

d =
iλ ln(ξ)

4πN1 cos(θ1)
. (28)

In the considered spectrum range, SiO2 is lossless. In this
case the extinction coe�cient is zero, i.e. k = 0. Thus β
will be real and hence ξ = exp(−2jβ) is pure complex.
Therefore,

ln |ξ| = 0. (29)

Finally, the solution is to �nd the value of N1 that makes

ln |ξ| = ln

∣∣∣∣∣−B ±
√
B2 − 4AC

2A

∣∣∣∣∣ = 0. (30)

A computer program was generated using MathCAD
2000 to solve Eq. (30) and to �nd the refractive index of
the sample. Figure 7 shows the results obtained for the
refractive index of SiO2 thin �lm using the ellipsometric
parameters ψ and ∆ of the noisy signal as a function
of the wavelength in the range 200�800 nm. The �gure
also shows a comparison between accepted and calculated
values of the �lm index. The percent error in the �lm
refractive index as a function of the wavelength is shown
in Fig. 8. This error arises from the noise imposed on the
clean signal. The error ranges between ±1.3% which is
accepted range.
The �lm thickness can be calculated by substituting

the calculated values of the �lm index into Eq. (29). The

Fig. 7. Refractive index of the �lm versus the wave-
length. Line: published values, points: calculated val-
ues with the noise.

Fig. 8. Percent error in the �lm refractive index as a
function of the wavelength.

results obtained for the thickness are plotted in Fig. 9 as
a function of the wavelength. The percent error in the
�lm thickness as a function of the wavelength is shown
in Fig. 10. This error arises from the noise imposed on
the clean signal. The error ranges between ±2% which is
accepted range.

It should be pointed out that in real situations it is
not easy to align the optical elements with respect to the

Fig. 9. Film thickness obtained from simulated data
with noise as a function of the wavelength.
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Fig. 10. Percent error in the �lm thickness as a func-
tion of the wavelength.

Fig. 11. Percent error in ψ, ∆, n, and d, for SiO2 �lm
at λ = 632.8 nm and θ0 = 70◦, as a function of the
error in (1) θ, (2) τ , and (3) δ successively varied from
−0.1◦ to 0.1◦ in steps of 0.01◦ while keeping the two
other variables equal to zero.

plane of incidence. Azimuthal misalignment of optical
elements is considered one of the main sources of system-
atic errors. Thus, it is important to study the e�ect of
misalignment of these optical elements on the parameters
extracted from the ellipsometric structure. The percent
error in the ellipsometric parameters ψ and ∆ as well as
the index of refraction n and the �lm thickness d are here
studied as a function of the misalignment of the optical
element. Figure 11 shows the percent error on ψ, ∆, n,
and d as a function of the errors of the �xed polarizer
azimuth angle θ, the rotating polarizer azimuth angle τ ,
and the rotating analyzer azimuth angle δ successively
varied from −0.1◦ to 0.1◦ in steps of 0.01◦ while keeping
the two other variables equal to zero. As can be seen

from the �gure, the impact of these errors on ψ, ∆, n,
and d is not signi�cant for small misalignment. The �g-
ure also reveals that the error due to misalignment of the
azimuth angle δ has almost the lowest impact on the four
parameters under consideration.

4. Conclusion

We have presented theoretically the characterization of
100 nm SiO2 thin �lm using RPAE in which the polarizer
and the analyzer rotate synchronously in opposite direc-
tions with the same angular speed. The �lm thickness
and the optical constants of the �lm are calculated for
the noisy signal in the spectrum range 200�800 nm. As
can be seen from the results, the proposed RPAE is very
accurate and the percent error in the calculated optical
parameters and thickness of the �lm is in the accepted
range.
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