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Spin-dependent tunneling through a quantum dot coupled to one ferromagnetic and one superconducting
electrodes is studied theoretically in the Andreev re�ection regime. Electrical conductance is calculated in terms
of the nonequilibrium Green function technique. E�ects due to the Zeeman splitting of the dot level are analyzed
in both linear and nonlinear transport regimes, and are compared with the corresponding e�ects due to coherent
intradot spin rotation.
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1. Introduction

Transport through hybrid structures consisting of
quantum dots, nanoparticles, carbon nanotubes or other
molecules attached via tunnel barriers to external non-
magnetic, ferromagnetic or superconducting leads have
been the subject of extensive studies in recent years. In
particular, some e�orts have been focused on the e�ects
due to competition of superconducting pairing, Coulomb
blockade, spin-�ip scattering, and interaction with boson
�eld in electronic transport through a system consist-
ing of ferromagnet (F), quantum dot (QD) and super-
conductor (S) [1�4]. It has been shown that the linear
conductance due to the Andreev re�ection (AR) allows
to determine spin polarization at the Fermi level of an
external ferromagnetic metallic electrode attached to a
quantum dot [1]. The Andreev re�ection in transport
through a QD coupled to two ferromagnetic electrodes
and a superconductor revealed some interesting proper-
ties associated with the matching condition for maximum
(4e2/h) linear conductance and the magnetoresistance ef-
fect. It has been also predicted that for strong enough
spin-�ip interaction in the dot, the interplay of spin prop-
erties of the AR processes and spin dependent electronic
transport leads to a double-peak structure in the linear
conductance [3]. Moreover, it has been shown that when
the electron�phonon interactions in the dot are taken into
account, new peaks appear on both sides of the main AR
conductance peak [4].
The main objective of this paper is to extend previ-

ous studies of the hybrid F�QD�S systems [3] � where
the e�ect of intradot spin-�ip processes on the AR linear
conductance was examined in detail � by considering
the Andreev re�ection phenomenon in the context of the
interplay between tunneling processes, intradot spin-�ip

transitions and Zeeman spin-splitting of the discrete en-
ergy level of the dot. Moreover, both linear as well as
nonlinear transport regimes are considered. In order to
calculate the current�voltage characteristics we employ
the nonequilibrium Green function technique, and use
the equation of motion method. The assumption of van-
ishing Coulomb correlations in the dot allowed to �nd
exact solutions for AR current and di�erential conduc-
tance.

2. Model and method

We consider a single-level QD coupled via tunnel barri-
ers to one ferromagnetic and one superconducting leads.
The whole system can be described by Hamiltonian of
the general form

H = Hf +Hs +Hd +Ht. (1)

The term Hf describes the ferromagnetic electrode in
the non-interacting quasi-particle approximation, Hf =∑

k,σ εkσf
+
kσfkσ, where εkσ is the single-electron energy

for wave vector k and spin σ (σ =↑, ↓) in the ferro-
magnetic electrode, whereas f+

kσ and fkσ are the corre-
sponding creation and annihilation operators. The sec-
ond term is the BCS Hamiltonian of the superconducting
lead, Hs =

∑
p,σ εps

+
pσspσ +

∑
p(∆

∗s+p↑s
+
−p↓ +∆s−p↓sp↑),

with εp denoting the single-particle spectrum in the cor-
responding normal-metal phase, and ∆ being the param-
eter describing the superconducting energy gap. The
quantum dot is described by the term Hd =

∑
σ(εd +

σ̂B)d+σ dσ + R(d+↑ d↓ + d+↓ d↑), where εd denotes the en-

ergy of the discrete level, d+σ and dσ are the relevant cre-
ation and annihilation operators, respectively, B stands
for magnetic �eld (measured in energy units) along the
quantization axis imposed by magnetization of the fer-
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romagnetic lead, σ̂ = 1 for σ =↑ and σ̂ = −1 for
σ =↓, while R is the spin-�ip coupling parameter (e.g.
due to magnetic �eld normal to the quantization axis).
Finally, the tunnelling term in Eq. (1) takes the form

Ht =
∑

k,σ T
f
kσf

+
kσdσ +

∑
p,σ T

s
pσs

+
pσdσ +H.c., where T f

kσ

(T s
pσ) is the tunneling amplitude between the ferromag-

netic (superconducting) lead and the QD, and H.c. stands
for the Hermitian conjugate terms.
Making use of the nonequilibrium Green-function tech-

nique in the 4×4 Nambu representation [5], one can cal-
culate the current due to the Andreev re�ection from the
formula [3, 5]:

J =
e

h

∫
dω[fl(ω − eV )− fl(ω + eV )]

×
j=2,4∑
i=1,3

Gr
ij(Γ f G

aΓ f)ji, (2)

where fl(ω) stands for the Fermi�Dirac distribution func-

tion in the left (ferromagnetic) lead, and G r(a) is the
retarded (advanced) Green function of the QD. Apart
from this, Γ f in Eq. (2) is the coupling matrix between
the QD and ferromagnetic lead, which is determined by
the spin-up and spin-down coupling strengths de�ned as
Γf↑(↓) = Γf0(1 ± P ), where P is the corresponding spin
polarization factor and Γf0 is a coupling constant. Both

Γ f and G r(a) are matrices in the Nambu space.
With these de�nitions, the matching condition of the

Fermi velocity can be written as Γf↑Γf↓ = Γ 2
s0. Here, Γs0

describes the tunneling coupling strength between the
QD and the superconducting lead.

3. Numerical results

In the following we shall discuss features of the AR
conductance at zero temperature, T = 0, for the hybrid
F�QD�S system in both linear and nonlinear response
regimes. Energy is measured from the Fermi level at
equilibrium, and the energy gap of the superconducting
lead is taken as the energy unit. The spin polarization P
is assumed as P = 0.3.
In Fig. 1 we show the linear AR conductance versus

energy level εd of the QD, calculated for a �xed Γs0,
Γs0 = 0.1, and for indicated values of the coupling
strength Γf0 and selected values of the external magnetic
�eld B. To emphasize the features due to the Zeeman
splitting, the spin-�ip processes in the dot have been ex-
cluded in Fig. 1 assuming R = 0. Let us consider �rst
the case of B = 0, where the AR conductance exhibits
one resonance peak at εd = 0. As one can see in the up-
per part in Fig. 1, the conductance is relatively small
for Γf0 < Γs0. For weak enough magnetic �elds one
still observes one resonance peak. However, its height
increases with increasing magnitude of B. The conduc-
tance reaches the maximum value of 4e2/h at a certain
magnetic �eld, and the peak becomes asymmetrical with
respect to sign reversal of εd. Further enlargement of
magnetic �eld results in a splitting of the conductance

Fig. 1. AR linear conductance versus energy of the
quantum dot discrete level, εd, calculated for indicated
values of the magnetic �eld B. The other parameters
are: T = 0, P = 0.3, R = 0, Γs0 = 0.1, and Γf0 = 0.02
(upper part), Γf0 = 0.1 (middle part), and Γf0 = 0.2
(bottom part).

peak into two distinct asymmetrical peaks located at the
distance of 2B from each other. The conductance max-
ima become then reduced. This behavior may be ex-
plained as follows. When the external magnetic �eld lifts
the spin degeneracy of the dot level, the transition prob-
abilities relevant for the AR current become di�erent for
the spin majority and spin minority carriers, which leads
to the asymmetry of resonance peaks. For weak mag-
netic �elds, the interplay of the Zeeman e�ect and the dot
level broadening described by Γf0 leads to partial overlap
of the dot spin channels and thus the AR conductance
displays a single asymmetrical peak. By contrast, when
the spin-�ip processes are taken in to account instead of
magnetic �eld, R > 0 and B = 0, then the AR resonance
peaks are always symmetrical (not shown). This is in
agreement with Fig. 2 of Ref. [3], and is a consequence of
the fact that the dot states taking part in transport are
then superpositions of spin-up and spin-down states.

Fig. 2. Di�erential conductance versus bias voltage for
the case of εd = 0. The other parameters are as in Fig. 1.
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When the coupling strength Γf0 increases, then for the
speci�c case of Γf0 = Γs0 one observes perfect AR tun-
neling processes at εd = 0, as shown by the solid line for
B = 0 in the middle part in Fig. 1. Further increase of
the parameter Γf0 (see the bottom part in Fig. 1) reduces
the Andreev re�ection and consequently the height of the
AR resonance peak is suppressed. By applying a mag-
netic �eld, one still may observe the splitting of the AR
conductance at the resonance. However, for Γf0 > Γs0

the overlap of the broadening of the spin-split dot level
seems to overwhelm entirely the Zeeman e�ect for the
assumed parameters.
The current�voltage characteristics for the nonequilib-

rium situation, calculated for selected values of the mag-
netic �eld B, are shown in Fig. 2. Consider �rst the
upper part, where the case of Γf0 < Γs0 is presented.
As shown by the solid line, the Andreev re�ection for
B = 0 and for εd = 0 leads to renormalization of the dot
energy level for both bias voltage polarizations, so that
the resonance conductance peaks occur at ±Γs0/2. The
left and right conductance peaks for B = 0 correspond to
the hole and electron Andreev transmission, respectively,
and as stated earlier in [6], the particle�hole splitting is
controlled by Γs0.
For a nonzero magnetic �eld, each resonance peak

splits into two peaks separated by the distance equal
to 2B. As a result, a large AR conductance peak ap-
pears at V = 0 for the speci�c case of B = Γs0/2.
Consequently, the di�erential conductance at zero bias
increases, exceeding signi�cantly the value observed for
B = 0. The conductance in the middle part indicates
that the e�ects of the dot level renormalization become
diminished with increasing Γf0, and thus at the resonance
a single broad peak appears. Similarly as in the linear
case, perfect AR transmission through the F�QD�S sys-
tem appears for Γf0 = Γs0, i.e. the conductance reaches
then maximum value equal to 4e2/h at the resonance.
On the other hand, the splitting of the conductance peak
may still be observed for large enough values of the mag-
netic �eld B. When Γf0 > Γs0 (bottom part in Fig. 2),
the conductance behavior is qualitatively similar to the
one displayed in the middle part in Fig. 1. However
stronger coupling to the F-lead diminishes the AR pro-
cesses and the conductance is reduced.
Above, we have presented in detail nonlinear conduc-

tance for nonzero magnetic �eld and in the absence of
spin-�ip rotation in the dot. However, taking into ac-
count spin-�ip processes (R > 0) and assuming zero �eld,
B = 0, one �nds the nonequilibrium di�erential conduc-
tance similar to that shown in Fig. 2. This similarity
is particularly pronounced when plotting the di�erential
conductance (not shown) for R of the same magnitude
as B in Fig. 2.

4. Summary and conclusions

Using the non-equilibrium Green function approach we
have considered spin-polarized transport, associated with
the Andreev re�ection, through a single-level quantum

dot coupled to one ferromagnetic and one superconduct-
ing leads. Features of the AR conductance due to the
Zeeman spin-splitting of the dot energy level were ana-
lyzed in the context of similar e�ects induced in the AR
linear conductance by the intradot spin-�ip processes [3].
We have shown that the competition between broadening
of the spin-split discrete dot's level and the Zeeman e�ect
may lead to single or double resonances in the linear AR
conductance. The latter is consistent with the previous
result obtained for AR tunneling through a spin-split dis-
crete level due to intradot spin-�ip rotation [3]. We have
also shown here that since the Zeeman spin splitting gives
rise to a net spin polarization and spin accumulation in
the dot, the AR double-peak conductance resonance may
be strongly asymmetric. This feature is di�erent from the
corresponding one found for spin-�ip rotation in the dot.
When taking such processes into account one has to con-
sider e�ects due to tunneling of a spin-polarized carrier
into a superposition of spin up and spin down states in
the dot. As a consequence, the double-peak of the linear
conductance is symmetrical when the spin-�ip scattering
is strong enough.
In nonequilibrium situation, the numerical results re-

veal e�ects due to renormalization of the dot energy level
when Γf0 < Γs0. Such a renormalization is mainly due
to the coupling between the dot and superconducting
lead. For nonzero magnetic �elds (or spin-�ip processes),
B > 0 (or R > 0), the resonance peaks in the di�erential
conductance may become split into two peaks separated
by the energy equal to 2B (or 2R). With increasing
QD�F coupling strength, Γf0, the e�ects due to renor-
malization of the dot discrete level become suppressed.
However, at strong magnetic �elds or for strong enough
spin-�ip coupling the double-peak feature still may be
observed.
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