
Vol. 121 (2012) ACTA PHYSICA POLONICA A No. 5�6

Proceedings of the European Conference Physics of Magnetism 2011 (PM'11), Pozna«, June 27�July 1, 2011

Mechanisms of Gap Solitons Formation in Periodic

Ferromagnetic Structures

M.A. Morozovaa, S.A. Nikitova,b, Yu.P. Sharaevskiia and S.E. Sheshukovaa,∗

aSaratov State University, Nonlinear Physics Department, Saratov, 410012, Russia
bKotel'nikov Institute of Radio Engineering and Electronics of Russian Academy of Sciences, Moscow, 125009, Russia

The features of envelope soliton formation in one-dimensional periodic ferromagnetic structure were consid-
ered. The model based on the coupled nonlinear Schrödinger equations was used for investigation. The parameter
space showing the region in which solitons similar to the Bragg solitons with di�erent features can form was
calculated. The mechanisms of the formation of the solitons localized on the limited length of the structure were
considered.
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1. Introduction

At present, the investigation of envelope solitons (lo-
calized wave packets) has become a topic of great in-
terest. These types of solitons are formed from pulses
propagating in di�erent media with nonlinearity and dis-
persion [1]. A new type of solitons called the Bragg soli-
ton or gap solitons are formed in nonlinear media whose
properties vary periodically with length, in a de�nite di-
rection [2]. The photonic crystals are an example of
such media in optics. In this structure the refractive
index is a periodic function of spatial coordinates [3].
The investigation of the Bragg solitons is of great inter-
est not only from a fundamental point of view, but also
has great potential for practical use in telecommunication
systems in optical communication lines. The magnonic
crystals, where spin waves propagate, are similar to the
photonic crystals [4�6]. The magnonic crystals have a
number of signi�cant advantages compared to the pho-
tonic crystals � the ability to manage their properties
by an external magnetic �eld; the use of planar technol-
ogy, and creating crystals with magnonic band-gap at
microwave frequencies (of the order of several millime-
ters). The nonlinear e�ects in ferromagnetic �lms ap-
pear at relatively low power levels [5]. The magnonic
crystals, by analogy with the photonic crystals, demon-
strate more interesting nonlinear phenomena in compar-
ison with the e�ects observed in homogeneous ferromag-
netic �lms. However, we can conclude that the nonlinear
processes in such periodic structures, including those as-
sociated with the peculiarities of formation of solitons,
are insu�ciently investigated. There are very few spe-
ci�c studies in this �eld [7�10] that show the experi-
mental and numerical simulation results based on one-
-dimensional nonlinear Schrödinger equation (NSE). The
coe�cients of dispersion and nonlinearity were calculated

∗ corresponding author; e-mail: SheshukovaSE@yandex.ru

based on the assumption that only one magnetostatic
wave (MSW) propagates in the ferromagnetic �lm. The
dispersion of this wave depends on the parameters of the
periodic structure.

The coupled-mode theory was used to investigate �ber-
-optic gratings [3]. The essence of this method lies in
the fact that the nonlinear wave processes in such struc-
tures are mainly due to a superposition of incident and
re�ected waves. The system of coupled NSE was used
to describe this structure. In this case, the use of one
NSE is a simpli�ed approach to describe the nonlin-
ear dynamics of periodic structures. The aim of this
study was to investigate the features of formation of the
solitons that are similar to the Bragg solitons in the
ferromagnetic one-dimensional periodic structure. The
system of coupled nonlinear Schrödinger equations for
the amplitude envelope of forward-propagating (FP) and
backward-propagating (BP) waves was used for numer-
ical simulation. Great attention was paid to the condi-
tions of formation of solitons, such as the Bragg or gap
solitons.

2. Theoretical model

A one-dimensional periodic ferromagnetic structure
(magnonic crystal) was considered. The structure is in�-
nite in the x and y directions (see inset in Fig. 1). A con-
stant magnetic �eld is applied perpendicularly to the �lm
plane. The value of this �eld was chosen in such a way
that the forward volume MSW (FVMSW) propagates in
the y direction. FVMSW is multimode, but in this work
a single-mode approximation is considered. In this case
only one basic mode is excited and all parameters of the
model are calculated for this mode. Following [5], disper-
sion relation for the one-dimensional system consisting
of alternating sections of the ferromagnetic medium, in
which wave propagates with di�erent velocities, can be
written as

(1172)



Mechanisms of Gap Solitons Formation . . . 1173

cosKL = cos(k1(ω)a1) cos(k2(ω)a2)−
k21(ω) + k22(ω)

2k21(ω)k
2
2(ω)

× sin(k1(ω)a1) sin(k2(ω)a2), (1)

where K is wave-number for a wave propagating in the
structure with the period L = a1 + a2, a2 is the width of
the groove, and functions k1(ω) and k2(ω) are the disper-
sion relations of FVMSW for �lm thicknesses d1 and d2,
respectively. These functions were determined by the ra-
tio (1). Numerical solution of Eq. (1) leads to appearance
of band gaps on the dispersion characteristics ofKL = π.
From the last condition (the Bragg condition), it follows
that KB = π

L = 2π
λB

, where KB and λB are the Bragg
propagation constant and the wavelength, respectively.

Fig. 1. The parameter space (χ, Vg), corresponding to
envelope solitons formation (φ0f = 0.04 and φ0b = 0).
Inset shows the scheme of the YIG �lm with the grating
of grooves.

The Bragg condition provides the addition of a weak
re�ected wave on a phase along the entire length of the
lattice. It leads to an e�ective re�ection of the incident
wave. To construct a nonlinear model of a periodic fer-
romagnetic structure, similar to optical systems [3], the
coupled-wave approximation is used. The distribution of
magnetostatic potential near the gap represents as the
sum of FP and BP waves

Ψ(y, t) = φf (y, t) exp(i(ωt−KB)y)

+φb(y, t) exp(i(ωt+KB)y), (2)

where φf (y, t) and φb(y, t) are slowly varying complex
envelopes of FP (incident) and BP (re�ected) waves, re-
spectively. Taking [3] into account for the approximation
of weak nonlinearity, the nonlinear equations for the en-
velopes of direct and re�ected waves can be represented
as

i

(
∂φf

∂t
+ Vg

∂φf

∂y

)
− β

∂2φf

∂y2
+ ηφf + χφb

+ γ
(
|φf |2 + 2|φb|2

)
φf = 0,

i

(
∂φb

∂t
− Vg

∂φb

∂y

)
− β

∂2φb

∂y2
+ ηφb + χφf

+ γ
(
|φb|2 + 2|φf |2

)
φb = 0, (3)

where Vg is the group velocity; η = ω0 − ωB is fre-

quency detuning (ω0 � center frequency of the pulse,
ωB = KBVph; Vph is the MSW phase velocity in homo-
geneous structure); β is the coe�cient of dispersion; χ is
the coe�cient of coupling; γ is the nonlinear coe�cient.
Equations (3) are similar to the system of two coupled
nonlinear Schrödinger equations describing the propaga-
tion of direct and re�ected waves in the Bragg optical
lattices [2, 3]. However, in contrast to the model of NSE
in optics, the coe�cient of coupling in Eq. (3) is mostly
determined by periodicity of the boundary conditions. In
addition the electrodynamic parameters of the medium
do not change. This approach is actual when features
of nonlinear phenomena are considered in ferromagnetic
�lms, in which periodic structure is created on the �lm
surface. It should be noted that the system (3), with-
out taking into account the dispersion (β = 0), as shown
in [3], may have the soliton solutions, namely, the family
of the Bragg solitons. This type of soliton represents a
combination of two waves either moving together or re-
maining in place. If φf (y, t) = φb(y, t), soliton does not
move � a stationary gap soliton. In the case of excitation
of magnetostatic waves with a carrier frequency near the
band gap, the dispersion medium plays a more important
role than the dispersion caused by the structure's period-
icity. Moreover, the coupling parameter, the coe�cient
of dispersion and the nonlinearity depend signi�cantly on
the type of MSW excited in a ferromagnetic �lm. When
FVMSW is excited in a periodic structure the coe�cient

β = ∂2ω
∂k2 and the group velocity Vg = ∂ω

∂k are calculated if

the thickness of the lattice d = d0 = a1d1+a2d2

L is the ef-
fective thickness. The nonlinear coe�cient for FVMSW

at kd ≪ 1 is γ = −1
4

(
1 +

ω2
H

ω2

)
ωM (kd

2

2 ). To calculate

the coupling coe�cient, we assume that the thickness of
�lm in the direction of wave propagation in the periodic
structure is described by the expression

d = d2 + δ(y), (4)

where

δ(y) = δ(y + L) =

{
∆d = d1 − d2, 0 ≤ y ≤ a1,

0, a1 ≤ y ≤ L.

The function δy is expanded as a Fourier series, and
by restricting the expansion coe�cients with n = 0,±1,
Eq. (4) can be represented as

d = d0

[
1 + δd cos

(
2πy

L

)]
, (5)

where δd = 2∆d
πd0

sin πa1

L . Taking (5) into account, the
coupling parameter for a one-dimensional periodic lat-
tice of �rst order for kd0 ≪ 1 can be written as

χ =
πVg

λ
δd, (6)

where λ is a wavelength of FVMSW at frequency ω.

3. Simulation results

The results relating to the formation of solitons in
this system were obtained based on the numerical so-
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lution of the coupled system of NSE (3) using a split-
-step Fourier method [3]. The coe�cients in (3) were
calculated taking into account the relation (6) and were
accepted as β = −2 × 104 cm2 s−1, γ = 3 × 1010 s−1,
and η = 1× 106 s−1. The pulse was speci�ed only on FP
wave as the initial conditions φ0f = φ0 exp(−y2/y2imp)
and φ0b = 0, where yimp is the pulse width and φ0 is
the dimensionless pulse amplitude during the initial mo-
ment of time, which rose above a soliton threshold [3].
We consider the features of the wave evolution at a �xed
value Vg depending on the parameter χ. This parameter
characterizes the geometrical parameters of the periodic
structure and the relationship between FP and BP waves
accordingly.

The extreme case (when χ = 0) corresponds to a ho-
mogeneous �lm (a1 = 0), and BP wave is not excited in
the structure. When χ ̸= 0, a linear relationship leads to
the exchange of power between the waves. In this case,
BP wave is excited and the solitons are formed, such as
the Bragg solitons. The parameter space (Vg, χ) cor-
responding to soliton formation with di�erent features
is shown in Fig. 1. The parameter space corresponding
to solitons, which move with some velocity Vs < Vg, is
shown in white. The parameter space corresponding to
the solitons that remains localized on the limited length
of structure is shown in grey in Fig. 1. Figure 2a demon-
strates the dynamics of soliton formation for parameter
values conformable to point 1 in Fig. 1. For small val-
ues χ, there is incomplete transfer of power of FP wave

Pf =
∫ l

0
|φ2

f |dy into BP wave Pb =
∫ l

0
|φ2

b |dy, where l is

the length of a structure (Fig. 2a). FP wave dominates
and solitons move in the positive direction of y-axis at a
velocity Vs < Vg (Fig. 2a).

Figure 3 demonstrates the dynamics of soliton forma-
tion for parameter values conformable to point 2 in Fig. 1.
A complete power swap between waves with period T is
observed (Fig. 2b). Thus, on FP wave, a soliton is formed
moving in the positive direction of y-axis (Fig. 3a). Fig-
ure 3b demonstrates that its power proceeds to the soli-
ton on FP wave, traveling in the same direction. After
the time cell T/2, the power of these solitons turns equal
and solitons stop. Thus, the solitons change their prop-
agation direction periodically in time and move in the
direction of the major power wave. One can notice some
�kinking� of the solitons, but it remains localized on a
limited length of structure. The period T decreases and
�zigzags� become smooth with increasing χ, and solitons
can exist without moving (Vs = 0). In the parameter
space situated to the right of the gray area (point 3 in
Fig. 1), solitons are not localized in space and travel with
a certain velocity. This phenomenon can be explained as:
when the period T becomes small in comparison with
soliton period Ts ≈ 1/φ0, it leads to the power swap
periodicity getting disturbed and provokes soliton move-
ment. On increasing Vg power swapping becomes less
e�ective (period T decreases and swapping becomes in-
complete), which leads to a pulling down of pulses with
increase in Vg.

Fig. 2. The power swap of FP (grey dotted curve)
and BP (black solid curve) waves eventually; lines of
equal level of envelope amplitudes for φf (shown by
grey color) and φb (shown by black color); (a) at χ =
1×106 s−1 (point 1 in Fig. 1) and (b) at χ = 2.5×106 s−1

(point 2 in Fig. 1) (Vg = 0.3× 106 cm s−1).

Fig. 3. The spatio-temporal evolution of the envelope
amplitude φf (a) and φb (b) at χ = 2.5 × 106 s−1,
Vg = 0.3× 106 cm s−1 (point 2 in Fig. 1).

4. Conclusion

In this paper, a model based on coupled nonlinear
Schrödinger equations was used to calculate the parame-
ter spaces corresponding to solitons, similar to the Bragg
solitons, with di�erent properties. The features of enve-
lope soliton formation in one-dimensional periodic ferro-
magnetic structure were considered in FP and BP waves.
In particular, the basic mechanisms for the formation of
solitons, similar to the Bragg solitons and localized on the
limited length of structure, were found to be the mutual
capture of pulses on FP and BP waves. These pulses
moved with the cumulative velocity (velocity, in turn,
is de�ned by relative power of two waves). The power
swapping between FP and BP waves is de�ned by value
coupling between the waves. The features of wave evolu-
tion depending on coupling parameter and group velocity,
and the areas of parameters corresponding to formation
of pulses, similar to the Bragg solitons and localized on
the limited length of structure, are investigated.
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