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Two Kondo Impurities in Armchair Graphene Nanoribbon

S. Lipi«ski and D. Krychowski

Institute of Molecular Physics, Polish Academy of Sciences, M. Smoluchowskiego 17, 60-179 Pozna«, Poland

An interplay of the Kondo e�ect and inter-impurity correlations in the armchair graphene nanoribbon is
studied in the mean �eld slave boson approach. The e�ect of the hole doping is examined.
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1. Introduction

A band gap in graphene can be created by its pat-
terning into nanoribbon. The electronic structure of
nanometer-wide nanoribbon with well de�ned edge sym-
metries are dominated by con�nement e�ects and Van
Hove singularities. As an example we will discuss the
in�nite long armchair ribbon composed of seven carbon
dimer lines (7-AGNR, see the inset of Fig. 1). Due to
the con�nement, the spectrum breaks into a set of sub-
bands (2N = 14) and the wave vector along the con�ned
direction becomes discretized. The aim of the present
paper is to analyze the interplay between exchange inter-
action and the Kondo e�ect of a pair of magnetic impuri-
ties adsorbed on top of AGNR carbon atoms. Magnetic
moment of the impurity, contact interaction between im-
purity spin and nanoribbon electrons as well as e�ective
exchange interaction between the moments depends on
geometrical position of impurities and gate voltage. The
carrier number of AGNR can be manipulated with gate
voltage. We discuss the case of hole doping.

Fig. 1. Nearest neighbor (JA1−B1 � solid line) and
next nearest neighbor (JA1−A2 � dotted line) exchange
integrals of hole doped 7-AGNR versus position of the
Fermi level. Inset shows considered armchair graphene
nanoribbon with the marked sites of interest.

2. Model

We describe the electronic states of AGNR by the
tight-binding model (TB):

HGNR = −t
∑
ijσ

(
c†iσcjσ +H.c.

)
, (1)

where c†iσ denotes creation operator of π-electron on the
site i = (ix, α, iy), where x is con�nement direction ix =
1, 2, . . . N , and α labels graphene sublattices α = A,B.
The TB model with constant nearest-neighbor integral
t = 2.7 eV reasonably well reproduces AGNRs graphene
band structure calculated in the local spin density ap-
proximation (LSD), with the exception for N = 3p + 2,
where in contrast to LSD predictions no band gap re-
sults [1]. A reasonable and simplest way within TB
scheme to overcome this discrepancy is to introduce dis-
tortion induced changes of hopping integrals at the edges
and then gap appears for any N [1]. The case consid-
ered however (N = 7) does not fall into this category
and therefore we omit this straightforward generaliza-
tion, as giving only minor quantitative changes of the
results. The impurities are considered in the Anderson
approach

H =
∑
σ

E0d
†
1σd1σ + Un1+n1−

+
∑
σ

V (c†i1σd1σ +H.c.) +HGNR, (2)

where the �rst two terms describe interacting localized
electrons at impurity and the third hybridization with
nanoribbon electrons, i1 denotes the AGNR site that is
closest to the adsorbed impurity. For 3d elements in
graphene the estimated values of U are around 2�4 eV
[2, 3], V is of order of 1�1.5 eV [2, 4] and impurity on-
-site energies E0 ranges in the interval (−3, −0.5) eV
[2�4]. Hereafter t is used as the energy unit and we choose
E0 = −0.8, U = −2E0 = 1.6 and V = 0.5. The necessary
requirement for the occurrence of the Kondo e�ect and
magnetic coupling is that the impurities retain their mag-
netic moments in the presence of AGNR electrons. We
do not consider here the subtle problem of moment for-
mation, it is known that it is easier to generate magnetic
moment in graphene than in an ordinary metal [5], we
have only checked that in the Hartree�Fock approxima-

(1063)



1064 S. Lipi«ski, D. Krychowski

tion the magnetic moments of impurities do not vanish
in the considered parameter range. The exchange inter-
action Hαβ(R1, R2) = Jαβ(R1, R2)S1S2 may be written

Jαβ = − (~J0)2

2π

∫ EF

−∞
dω Im

(
G0

αβ(ω,R1, R2)

×G0
βα(ω,R2, R1)

)
, (3)

where G0 are unperturbed retarded Green's functions
of AGNR and contact interaction J0 = (V 2U)/[(E0 −
EF)(E0 + U − EF)]. We set ~ = kB = 1.

3. Results

Figure 1 presents exchange integrals for impurity po-
sitions shown in the inset. We discuss the case, when
chemical potential is located in the range of two high-
est conduction bands. The observed sharp jumps of ex-
change integrals occur close to the Van Hove (VH) singu-
larities and for the Fermi level lying at the center of VHs,
regardless on the positions of impurity sites, exchange
integrals become ferromagnetic. A precise estimation of
exchange integrals in this region certainly would require
going beyond linear response theory, but the conclusion
on the sign of integrals seems to be supported by sim-
ilar observations for nanoscopic systems for the case of
the Fermi level lying on one of resonant states of the
host [6]. Despite the broken electron�hole symmetry for
EF ̸= 0, nearest neighbor exchange integral JA1−B1, sim-
ilarly to the undoped graphene case, remains antiferro-
magnetic, except singularity points. Also similarly to
undoped graphene inter-lattice integral JA1−A2 is ferro-
magnetic in the wide range of EF, but for energies below
second singularity VH2 (EF < −0.4142) it changes sign.
To discuss the Kondo e�ect we have used slave boson
(SB) approach in its simplest U → +∞ formulation [7].
First let us consider the single impurity case. The slave
boson operator b† creates the empty state at the impurity

and pseudofermion operator f†
1σ creates a singly occu-

pied state. In the slave-boson mean �eld approximation
(SBMFA) the boson �eld is replaced by its expectation
value. The SBMFA Hamiltonian reads

H =
∑
σ

(E0 + λ)f†
1σf1σ +

∑
σ

V
(
bc†i1σf1σ +H.c.

)
+λ(b2 − 1) +HGNR. (4)

The term with Lagrange multiplier λ prevents double
occupancy. The parameters b and λ are determined min-
imizing the ground state energy of (4).
Figure 2 displays evolution of the Kondo resonance

with the shift of the Fermi level. In the region of
smooth DOS of AGNR between VH singularities (EF =
−0.28, EF = −0.3) the decrease of the Kondo temper-
ature with lowering EF can be understood solely as an
e�ect of decreasing DOS of the host i.e. weaker coupling
with impurity. Close to singularities the Kondo tem-
perature enormously rises due to the strongly enhanced
DOS of the host and the structure of the many-body

Fig. 2. Representative single impurity Kondo densities
of states for adatom located on top of A1 or B1 sites for
the chosen values of the Fermi energy (vertical dashed
lines: EF = −0.44,−0.36,−0.28,−0.25).

resonance in this range is strongly in�uenced by reso-
nant like hybridization (enhanced real part of AGNR
self-energy). For the relatively deep position of impurity
level, as it is the case for the Fermi level lying close to
VH1 (EF = −0.25), the two pole structure of the many-
-body resonance is observed with δ-like peak in the gap.
For the Fermi level placed in vicinity of lower singularity
VH2 (EF = −0.44) a dip in many-body resonance is ob-
served. Atomic level in this case is closer to EF and impu-
rity is in mixed valence state. The SBMFA calculations
in this range should be taken with caution (b2 ≈ 0.2) and
they play only the qualitative role for visualization of ten-
dency. To get the detailed information on the structure
of the many-body resonances in this region and speculate
e.g. on the deviations from the Fermi liquid picture cer-
tainly more rigorous calculations going beyond SBMFA
are desired [8]. The estimated Kondo temperatures for
A1 or B1 positions for the Fermi level placed between
singularities ranges from 3 mK to 1700 K. In the regions
of VH singularities the Kondo temperatures are strongly
enhanced.

Before discussing magnetic interaction e�ect let us �rst
show that even neglecting exchange coupling (JA1−B1 =
0) the presence of another impurity can strongly re-
duce the Kondo temperature. Formally the extension of
Hamiltonian (2) to the two impurity case requires intro-
duction of additional slave boson operator for the second
impurity b2, supplement of (2) by hybridization term for
second impurity and introduction of additional Lagrange
condition with λ2.

We present in Fig. 3 results only for symmetric case
when impurities are located above n.n. carbon atoms
(A1, B1) (b1 = b2, λ1 = λ2). The Kondo peaks get
narrow which corresponds to the decrease of TK in com-
parison to single impurity case. Very roughly one can
think that since the Kondo e�ect on impurity sitting on
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Fig. 3. Density of states of the Kondo dimers sitting
on top of A1 and B1 sites for two values of the Fermi
energy calculated for JA1−B1 = 0 (vertical dashed lines
EF = −0.28,−0.25).

top of A1 induces a dip in DOS of A1 (the Kondo�Fano
resonance), e�ectively it weakens coupling of B1 with
AGNR conduction electron bath and consequently low-
ers TK. Similar arguing can be repeated choosing A1
instead of B1.

Fig. 4. Comparison of two-site Kondo temperature
TK
A1−B1(EF) (JA1−B1 = 0) and exchange integral

JA1−B1(EF). MV2, K2, AFK and AF denote respective
intervals where according to mean �eld approximation
mixed valence, pure Kondo, coexistence of the Kondo
e�ect and magnetic ordering or pure magnetic ordering
are expected. Inset shows representative DOS for K2
and AFK cases (EF = −0.25,−0.245).

Figure 4 presents comparison of the Kondo tempera-
tures with the exchange integrals. The detailed analysis
of ordering tendencies is postponed for the future publi-

cation [9]. Here we only show some preliminary results
obtained treating exchange interaction within mean-
-�eld approximation: JA1−B1S1S2 ≈ JA1−B1(S1⟨S2⟩ +
⟨S1⟩S2−⟨S1⟩⟨S2⟩). The expectation values ⟨Sz

1 ⟩ = −⟨Sz
2 ⟩

are found self-consistently together with SBMFA param-
eters minimizing ground-state energy. Four regions can
be distinguished: two-impurity Kondo state (K2) with-
out magnetic ordering (⟨Sz

1 ⟩ = 0, b2 ̸= 0, b2 < 0.15),
mixed valence state (MV2) (⟨Sz

1 ⟩ = 0, b2 > 0.15), coex-
istence of the Kondo e�ect and AF correlations (AFK)
(⟨Sz

1 ⟩ = −⟨Sz
2 ⟩, b2 ̸= 0), and the range where the Kondo

correlations are destroyed by exchange interactions (AF)
(b2 = 0). The latter case manifests in SBMFA formal-
ism by lack of solutions. The intervals of corresponding
mean �eld solutions are marked on the picture. Inset
shows representative DOS for the cases K2 and AFK.

4. Conclusions

In summary, present investigation only signals the rich-
ness of interplay of magnetic ordering tendencies and the
Kondo correlations in graphene nanoribbons bringing out
the role of con�nement induced Van Hove singularities.
The drastic changes around singularities suggest possibil-
ity to control magnetic behavior by applied gate voltage.
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