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We discuss the spin-triplet pairing mechanism induced by the Hund rule ferromagnetic exchange. We include
explicitly the eect of interband hybridization and treat the problem by starting from an extended Hubbard
model for a doubly degenerate band, making the simplest HartreeFock approximation for the part involving the
pairing and the Hubbard interaction. The conditions of stability of various phases are determined as a function of
both band lling and microscopic parameters. The phase diagram contains regions of stability of the spin-triplet
superconducting phase coexisting with either saturated or non-saturated ferromagnetism. Phase diagrams for the
cases of constant density of states and that of square lattice have been provided. The inuence of hybridization
on the stability of considered phases, as well as the temperature dependences of magnetic moment and the
superconducting gap are also discussed.
PACS: 74.20.z, 74.25.Dw, 75.10.Lp
1. Introduction

The candidates for the spin-triplet superconductors
have been discovered in the last two decades. They are
Sr2 RuO4 [1], UGe2 [2], and URhGe [3]. Particularly interesting are the last two as the paired state appears
inside the ferromagnetic phase and, in the case of UGe2 ,
disappears at the critical pressure together with ferromagnetism.
The question we posed for the rst time a decade
ago [47] was whether the two phenomena may have
the same origin  the intra-atomic ferromagnetic Hund
rule exchange. This question originated from drawing an
analogy between the present systems and cuprate high-temperature superconductors where the antiferromagnetic kinetic exchange is often regarded as the source of
both antiferromagnetism (in parent MottHubbard insulating compound) and spin-singlet superconductivity
when the metallic state is stabilized by doping the insulator with holes. Namely, if the exchange interaction induced superconductivity is a reasonable mechanism, not
just an accident, one has to explore other possibilities
such as the ferromagnetic interaction.
One should note a principal limitation for the exchange
interaction to represent a feasible mechanism of pairing,
which takes place in direct space. Namely, this is the
pairing induced by interparticle exchange. Therefore one
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may think that the hopping (bare band) energy has to
become comparable to the exchange-interaction strength.
This idea is tested in the present paper in the simplest
HartreeFock approximation. It turns out that even in
the weak-coupling limit, the paired state (the so-called
A phase) may appear below the Stoner threshold for the
onset of ferromagnetism, as well as coexist with it above
that threshold (in the form of A1 phase). The result is
independent of the form of the density of states taken
and when interband hybridization is included.
2. Theoretical model

We consider the extended orbitally degenerate Hubbard Hamiltonian, which has the form
∑
∑
†
Ĥ =
tij a†ilσ ajlσ +
t12
ij ailσ ajl′ σ
ij(i̸=j)lσ

ij(i̸=j)ll′ (l̸=l′ )σ

)
∑ (
3
′
′
+U
n̂il↑ n̂il↓ − J
Ŝ il · Ŝ il + n̂il n̂il ,
4
il
ill′ (l̸=l′ )
(1)
where l = 1, 2 and the rst term describes electron hopping between atomic sites i and j . The second term introduces hybridization into the system. The third term describes the Coulomb interaction between electrons on the
same orbital. The fourth term introduces the Hund rule
ferromagnetic exchange between electrons localized on
the same site, but on dierent orbitals. In this model we
neglect the interaction-induced intra-atomic singlet-pair
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hopping ∼ J and the correlation induced hopping [8], as
we deal with the triplet-paired and ferromagnetic phases
only. It can be shown that [5] one can represent the full
exchange term with the help of the real-space pair operators, i.e.,
)
∑ †
∑ (
3
′
′
Ŝ il · Ŝ il + n̂il n̂il ≡ 2J
J
Âim Âim , (2)
4
′
′
i,m
ill (l̸=l )

which are dened in the following way [9, 10]:


a† a† ,
m = 1,

 i1↑ i2↑

†
†
m = −1,
Â†i,m ≡ ai1↓ ai2↓ ,

(
)


 √1 a† a† + a† a† ,
m = 0.
i1↑ i2↓
i1↓ i2↑
2

(3)

Hamiltonian (1) cannot be treated rigorously, apart from
model situations [11, 12]. In present paper we treat the
pairing and the Hubbard part in the mean-eld approximation. Eectively, after making the HartreeFock approximation we can write down the Hamiltonian in the
following way (in reciprocal space):
∑
(ϵk − µ − σIS z )n̂klσ
ĤHF =
klσ

∑

+

ϵ12k a†klσ akl′ σ

+

∆∗m Âk,m + ∆m Â†k,m

)

k,m=±1

)
√ ∑( ∗
+ 2
∆0 Âk,0 + ∆0 Â†k,0
[

k

|∆1 |2 + |∆−1 |2 + 2|∆0 |2
2J
]
2
n
z 2
+ (3J − U ) + 2I(S ) ,
(4)
2
where I = U + J is the eective magnetic coupling constant, N is the number of atomic sites and ϵk1 = ϵk2 ≡ ϵk
is the dispersion relation in the doubly degenerate band.
For modeling purpose, we assume that the bands are
identical. In the Hamiltonian written above we have introduced the superconducting spin-triplet gap parameters
2J ∑
2J ∑
∆±1 ≡ −
⟨Âk,0 ⟩.
⟨Âk,±1 ⟩, ∆0 ≡ − √
N
2N k
k
(5)
Moreover, as the bands are identical, we assume that the
corresponding band llings and magnetic moments are
also identical, i.e. n1 = n2 ≡ n/2 and S1z = S2z ≡ S z .
The one-particle part of the HF Hamiltonian can be
easily diagonalized via unitary transformation which introduces hybridized quasi-particle operators
1
ãk1σ = √ (ak1σ + ak2σ ),
2
+N

(7)

ϵ̃k2σ = ϵk − µ − σIS − |ϵ12k |,

(8)

(6)

z

for σ = +1, −1 corresponding to spin orientation up and
down, respectively.
In the calculations, we make a simplifying assumption
that ϵ12k = βh ϵk , where βh ∈ [0, 1]. Let us note that
the two energies correspond to the antibonding and the
bonding states, respectively.
A generalized NambuBogolyubovde Gennes scheme
is used next in order to write down the HF Hamiltonian
in a matrix form allowing an easy determination of its
eigenvalues. With the help of composite creation opera†
tor [5] f̃ k ≡ (ã†k1↑ , ã†k1↓ , ã−k2↑ , ã−k2↓ ), we can construct
the 4 × 4 Hamiltonian matrix and write
∑ †
∑
ĤHF =
f̃ k H̃ k f̃ k +
ϵ̃k2σ + N {. . .},
(9)
where

kll′ (l̸=l′ )σ

∑ (

1
ãk2σ = √ (−ak1σ + ak2σ ),
2
with new dispersion relations
ϵ̃k1σ = ϵk − µ − σIS z + |ϵ12k |,

k

kσ



ϵ̃k1↑ 0
∆1
∆0
 0 ϵ̃
∆
∆

k1↓
0
−1
H̃ k =  ∗
 ∆1 ∆∗0 −ϵ̃k2↑
0
0
−ϵ̃k2↓
∆∗0 ∆∗−1




,


(10)

†

and f̃ k ≡ (f̃ k )† . We limit ourselves to the case of real
gap parameters ∆∗m = ∆m , and distinguish between the
following superconducting phases: A (∆1 ̸= 0, ∆−1 ̸= 0,
∆0 = 0) and A1 (∆1 ̸= 0, ∆−1 = 0, ∆0 = 0). The phase
labeled as B , i.e. that with ∆1 ̸= 0, ∆−1 ̸= 0, ∆0 ̸= 0 is
not stable within this mechanism, so it does not appear
in the subsequent discussion. After making the diagonalization transformation of (10) we can write the HF
Hamiltonian
∑
∑as follows:
†
ĤHF =
λklσ αklσ
αklσ +
(ϵ̃k2σ − λk2σ )
klσ

kσ

+ N {. . .}.
(11)
The transformed (quasi-particle) operators have the form
(+) †
ã−k2↑ ,

(+)

αk1↑ = Ũk ãk1↑ + Ṽk
†
α−k2↑
= −Ṽk

(+)

ãk1↑ + Ũk ã†−k2↑ ,
(+)

(−) †
ã−k2↓ ,

(−)

αk1↓ = Ũk ãk1↓ + Ṽk
†
α−k2↓
= −Ṽk

(−)

ãk1↓ + Ũk ã†−k2↓ ,
(−)

(12)

where the so-called Bogolyubov coherence factors acquire
the form
(
)1/2
1
ϵk − µ ∓ IS z
(±)
Ũk = √ 1 + √
,
2
(ϵk − µ ∓ IS z )2 + ∆2
±1

Spin-Triplet Pairing Induced by Hund's Rule Exchange . . .

(±)
Ṽk

)1/2
(
1
ϵk − µ ∓ IS z
. (13)
= √ 1− √
2
(ϵk − µ ∓ IS z )2 + ∆2±1

The dispersion relations for the quasi-particles λklσ are
then
√

λk1↑ =
λk1↓ =
λk2↑ =

√
√
√

λk2↓ =

(ϵk − µ − IS z )2 + ∆21 + βh |ϵk |,

(ϵk − µ + IS z )2 + ∆2−1 + βh |ϵk |,

∫

1/2

+

ρ(ϵ)
−1/2

∑
(ϵ̃2σ + λ2σ )dϵ + µn + {. . .},
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σ

where T ≡ kB T /W denotes the reduced temperature.
Substituting the solutions for ∆±1 , µ and S z coming
from Eqs. (15)(18) to Eq. (19), we obtain the physical
free energy which determine relative stability of dierent
magnetic and/or paired states which we discuss next.
3. Results and discussion

(ϵk − µ − IS z )2 + ∆21 − βh |ϵk |,
(ϵk − µ + IS z )2 + ∆2−1 − βh |ϵk |.

(14)

Dening the gap parameters as ∆±1 , the
∑ average number of particles per atomic site as n = l ⟨n̂il↑ + n̂il↓ ⟩,
and the average magnetic moment per band per site as
S z = ⟨n̂il↑ − n̂il↓ ⟩/2, the set of self-consistent equations
can be constructed for calculating all unknown mean-eld
parameters
∫ 1/2
ρ(ϵ)
√
1 = −J
(ϵ − µ − IS z )2 + ∆21
−1/2

× (f (λ1↑ ) + f (λ2↑ ) − 1)dϵ,
∫ 1/2
ρ(ϵ)
√
1 = −J
−1/2
(ϵ − µ + IS z )2 + ∆2−1

(15)

× (f (λ1↓ ) + f (λ2↓ ) − 1)dϵ,
{
∫ 1/2
ϵ − µ − IS z
n−2=
ρ(ϵ) √
(ϵ − µ − IS z )2 + ∆21
−1/2

(16)

Phase diagrams on the plane (n, J ) have been calculated for the case of constant density of states in the
starting (non-hybridized) bands and for that appropriate
for the square lattice. In both cases, regions of stability of
the following six dierent phases have been determined
and involve the states: NS  normal state, A  superconducting phase A, SFM  saturated ferromagnet,
FM  nonsaturated ferromagnet, A1+FM  coexisting
superconducting phase A1 and FM phase, A1+SFM 
coexisting superconducting phases A1 and SFM phase.
Exemplary phase diagrams for selected parameters are
shown in Fig. 1 for the constant density of states and for

ϵ − µ + IS z
× (f (λ1↑ ) + f (λ2↑ ) − 1) + √
(ϵ − µ + IS z )2 + ∆2−1
}
× (f (λ1↓ ) + f (λ2↓ ) − 1) dϵ,
1
S =
4

∫

1/2

z

−1/2

[
ρ(ϵ) √

(17)

ϵ − µ − IS z
(ϵ − µ − IS z )2 + ∆21

ϵ − µ + IS z
× (f (λ1↑ ) + f (λ2↑ ) − 1) − √
(ϵ − µ + IS z )2 + ∆2−1
]
× (f (λ1↓ ) + f (λ2↓ ) − 1) dϵ,

(18)

where ρ(ϵ) is the bare density of states (per site per spin
per orbital) and we have normalized all energies to the
bare bandwidth, W , while f (x) stands for the Fermi
Dirac distribution function. Using Eq. (11) we can calculate the free energy functional per site of the system
(
))
∫ 1/2
∑ (
λlσ
F
= −T
ρ(ϵ)
ln 1 + exp −
dϵ
N
T
−1/2
lσ

Fig. 1. Phase diagrams for T = 10−4 for the case
of constant density of states in the starting (non-hybridized) bands for βh = 0.0 (a) and βh = 0.04 (b).
The Coulomb repulsion constant U = 7 J. No antiferromagnetism was included here.

hybridization parameter βh = 0 (a) and βh = 0.04 (b).
The presence of hybridization enriches remarkably the
phase diagram. Let us note that the Stoner threshold is
reached for J = 0.125; only above this critical value the
coexistent (S)FM+A1 phase appears. One has to emphasize that the pairing is induced by the exchange, not
by any spin (moment) uctuation. This is clearly seen
from the fact that it can appear even in the ferromagnetically saturated state. The same type of phase diagrams
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Fig. 2. Phase diagrams for T = 10−4 for the case of
square lattice for βh = 0.0 (a) and βh = 0.04 (b). The
Coulomb repulsion constant U = 7 J. No antiferromagnetism was included here.

Fig. 3. Temperature dependence of the superconducting gap ∆ ≡ ∆±1 and magnetic moment S z (a), as well
as the chemical potential µ (b), for selected values of βh
parameter. Figures correspond to a stable coexisting
A1+(S)FM phase for the density of states in the starting (non-hybridized) bands appropriate for the square
lattice.

but for a square lattice (with W = 8|t|) are exhibited
in Fig. 2.
It can be seen in the presented diagrams that the
stronger is the hybridization parameter the smaller are
the regions of stability of the superconducting phases for
both density-of-states functions considered. One has to
note that these phase diagrams are still incomplete. This
is because near the half-lling one can expect the ap-

pearance of stable antiferromagnetic phases [13]. Therefore, the regime of superconductivity stability may be
restricted to even narrower strips on the phase diagrams.
On the other hand, because of the peaked nature of the
density of states in both cases, ferromagnetism may compete successfully with antiferromagnetism even close to
n ≈ 2. This question requires certainly further studies.
One should notice that the A1+FM phase disappears for
n = 2 even for the case where there is no hybridization,
i.e., only the SFM phase survives then.
For the sake of completness, we display in Fig. 3 the
thermodynamic quantities S z , ∆ ≡ ∆±1 , and µ, all versus temperature, for selected values of βh . The values
of microscopic parameters n and J have been chosen
so that the A1+(S)FM phase would be the stable one.
As the temperature of considered system is rising one
can observe two phase transitions. The strength of hybridization inuences the temperatures in which phase
transitions occur. The increase of βh parameter results
in diminution of the critical temperature, TS , and increase of the Curie temperature, TC . What is more the
hybridization makes the magnetic moment smaller in low
temperatures. Let us note that the transition temperature ratio TC /TS ≈ 5.
4. Conclusions

We have carried out the HartreeFock analysis of the
phase diagrams involving the ferromagnetic and spin-triplet superconducting phases within the extended two-band degenerate Hubbard model. Stable and coexisting
superconducting and ferromagnetic phases have been obtained. We have analyzed in detail the inuence of inter-band hybridization on the stability of these phases, as
well as have provided the temperature dependence of the
order parameters. For particular set of microscopic parameters, one observes two separate phase transitions as
a function of temperature. The rst is the transition from
A1+FM phase to FM at TS and the second one is from
FM to NS at TC ∼ 5TS . According to our results, the
hybridization has a negative inuence on the spin-triplet
superconductivity, as it decreases the critical temperature and reduces the regime of stability of the superconducting phases. On the contrary, TC increases with the
increasing hybridization parameter βh . The phase diagrams determined by us supplement the corresponding
magnetic phase diagrams [13] with the A and coexistent
A1+FM, A1+SFM phases for theoretical model of the
same class.
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