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We analyse the ground state phase diagrams of the charge orderings in narrow band materials using two
e�ective models: (1) the spinless fermion model (t−W ) with repulsive intersite interaction (Wij > 0) and (2) the
molecular crystal model with the coupling of electrons to intramolecular (crystal �eld) vibrations. We present
results for the case of half �lled bands for d = 2 square lattice. The calculations are performed within the (broken
symmetry) Hartree-Fock approximation. The study takes into consideration the e�ects of frustrating next-nearest-
-neighbour hopping (t2) on the charge ordered states in these systems. We focus on the two cases: (i) homogeneous
phases and phase separations involving checkerboard charge ordering with the nesting vector Q = (π, π) only and
(ii) homogeneous phases and phase separations involving two types of charge ordering: (a) checkerboard charge
ordering with the nesting vector Q = (π, π), and (b) collinear (CL) charge ordering with Q = (0, π) or Q = (π, 0).

PACS: 71.10.Fd, 71.30.+h, 71.45.Lr, 64.75.Gh

1. Introduction

Two main mechanisms are invoked in explaining charge
orderings (CO) phenomena: electron correlations and
lattice distortion ([1�8] and references therein). In pre-
vious papers [3, 8] we analysed (1) one of the paradig-
matic models of correlated electrons � the so-called t−W
model of spinless fermions with repulsive intersite in-
teraction W [3] and (2) a simple paradigmatic model
of electron�lattice interactions � the molecular crystal
(MC) model in the static limit, with electrons coupled
to intramolecular (crystal �eld) vibrations [8]. So far our
analysis has been concentrated on the problem of phase
separations (PS) involving checkerboard (CB) CO only.
In this contribution we have extended our previous

works by considering collinear (CL) charge orderings. We
present results at half �lling for MC and t−W models
and compare them for two cases: (i) PS involving CB
CO only and (ii) PS involving both CB and CL CO.
Collinear charge orderings have been reported in the

RPA calculations of collective modes in the extended at-
tractive Hubbard model [9]. In�nite-dimensional general-
izations of collinear orderings have been shown to be sta-
ble analogs of incommensurate phases in the t−W model
on d = ∞ hypercubic lattice [10]. Here we present, for
the �rst time, an overview of the existence of CL CO on
the ground state (GS) phase diagrams of the t−W model
and the MC model on d = 2 square lattice, in a presence
of next nearest-neighbour hopping.
The model Hamiltonians have the following form: (1)

the t−W model with intersite density interaction [3, 4]:
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(2) the MC model [4, 8]:
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In both models tij are the single particle hopping in-
tegrals (between the nearest neighbours t and the next
nearest neighbours t2), µ � the chemical potential.
In the model (1) c+i (ci) are the creation (annihilation)

operators for spinless fermions on site i, ni = c+i ci, Wij

are the intersite density�density interactions, assumed to
be repulsive (Wij > 0), and restricted to nearest neigh-
bours.
In the model (2) c+iσ (ciσ) are the creation (annihila-

tion) operators for fermions on site i, niσ = c+iσciσ, A
E
qv

terms describe the coupling of electrons to various types
of intramolecular (or cation�ligand) vibrations via mod-
ulation of the molecular (crystal �eld) energy E, Ωqv are
the phonon branches, arising from these intramolecular

(cation�ligand) vibrations [4], b
(+)
qv are phonon operators

of the v-th phonon branch, φ̂qv = bqv + b+qv. We re-
strict considerations to the static limit and assume that
the macroscopic distortions are caused by phonon modes
with q = Q (Q � half the smallest reciprocal lattice vec-
tor). Therefore we put [4]
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√
N⟨φqv⟩δ|q|,Q,

φ̂qv →
√
Nφqvδ|q|,Q, (3)

neglecting all phonons with q ̸= Q and determining
the classical �eld φQv by minimizing of the free en-
ergy (for macroscopic distortion the phonon amplitudes
may be treated classically i.e. the large quantum number
correspondence-principle).
We have performed extensive studies of both models

within broken symmetry Hartree-Fock approximation for
arbitrary particle concentrations (ns, nE). Below we only
shortly summarize the main �ndings obtained at half-
-�lling and d = 2 lattice presenting selected phase dia-
grams which have been evaluated at T = 0.

2. Results and discussion

We use the following notation (for d = 2 SQ lattice):
W0 = 2dW/t, for the model (1) and G = GE

Q/t, where

GE
Q =

∑
v(4(A

E
Qv)

2/ΩQv), for the model (2), b = t2/t.

In the model (1) the CO phases are characterized by
the electron CO parameter: ∆s

Q = 1
N

∑
i⟨ni⟩e iQ·Ri ̸= 0,

where Q = (π, π) for CB CO and Q = (π, 0) or Q =
(0, π) for CL CO, whereas in the model (2) by: ∆e

Q =
1
N

∑
iσ⟨niσ⟩e iQ·Ri ̸= 0 and simultaneously by the static

internal distortions: φQv = −(2AE
Qv∆

e
Q)/(ΩQv) ̸= 0.

2.1. The phase diagrams for the case of PS
involving CB CO only

In the absence of frustration (t2 = 0) at half-�lling (i.e.
for ns = 0.5 for the t−W model and nE = 1 in case of the
MC model) and considering the phase separation involv-
ing CB CO only [3], the ground state (GS) of both models
for d ≥ 2 hypercubic lattices is homogeneous CB CO for
any interaction strengthW0, G > 0 (see Figs. 1a,b, 2a,b).
The next-nearest-neighbour hopping t2 breaks the

electron�hole symmetry of the systems considered and
for both models it suppresses the perfect nesting instabil-
ity towards CB CO phases at weak interactions strength
W0 (or G) at half-�lling.
The critical interactions Wc0 (or Gc) necessary to sta-

bilize the CB CO state decrease rather slowly with de-
creasing t2 for small b [(Wc0)

−1 ∼ (Gc)
−1 ∼ | ln(b)|].

In the case of PS involving CB CO only, the GS
diagrams for both models consist of three states (cf.
Fig. 1a, 2a). The �rst is the non-ordered metal (NO)
if the interaction parameter (IP) is smaller than a crit-
ical value for a given t2. If we increase IP the system
settles in the phase separated state: CB CO/NO. The
transitions at the critical value of the IP for both models
are of the 1st order for any t2, and the critical value in-
creases with the increase of t2. Above enough high value
of IP the system enters the homogeneous CB CO state.
Summarising, for t2 ̸= 0 the increasing of interaction pa-
rameter yields a sequence of two 1st order transitions
NO → PS(CB/NO) → CB CO.

Fig. 1. Ground state phase diagrams for the t−W
model at half �lling (ns = 0.5) as a function of b
for the two cases: (a) taking into account CB CO
only (the phase separated region is marked PB for
PS(CB/NO)), (b) taking into account CL and CB CO
(the phase separated regions involving CL are marked
PL for PS(CL/NO), and PBL for PS(CB/CL)). d = 2
SQ lattice.

Fig. 2. Ground state phase diagrams for the MCmodel
in the static limit at half �lling (nE = 1) as a function
of b for the two cases: (a) taking into account CB CO
only, (b) taking into account CL and CB CO. d = 2 SQ
lattice. Denotations as in Fig. 1.
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For large frustration the area of a phase diagram occu-
pied by the PS(CB/NO) state is relatively wide, while for
smaller values of b the area of phase separation is quite
narrow.

2.2. The phase diagrams taking into account
both CL and CB CO

In the absence of frustration (t2 = 0) when considering
possibility of existence of both types of CO, the ground
state of both models at half-�lling for d ≥ 2 hypercu-
bic lattices is found to be homogeneous CB CO for any
interaction strength G, W0 > 0 as in the case A.
An increase of t2 changes the perfect nesting instability

towards CB CO, into the instability towards CL CO. For
large t2 values, the CL CO phase takes over the CB CO
phase. The frustration introduced by any t2 ̸= 0 results
in the �nite value of W0 (G) below which no CO phase
occurs for ns = 0.5 (nE = 1) and system remains in the
NO metallic phase.
In the presence of large frustration the GS phase dia-

grams are considerably changed comparing to the case
of taking into account CB CO only (cf. Figs. 1, 2a
with Figs. 1, 2b). At T = 0 for both models at
half-�lling and t2 ̸= 0 one can observe several vari-
ous types of behaviour, depending on interaction pa-
rameter, and b: (i) a sequence of two 1st order transi-
tions NO → PS(CB/NO) → CB (which was discussed
in Sect. 2A); (ii) sequences of three 1st order transitions:
NO → PS(CL/NO) → PS(CB/CL) → CL, and NO →
PS(CL/NO) → PS(CB/CL) → CB; (iii) a sequence
of four 1st order transitions NO → PS(CL/NO) →
PS(CB/CL) → CB → CL.
More detailed discussion of the case of PS involving

CB and CL CO for arbitrary concentration and T ̸= 0
will be given elsewhere.

3. Conclusions

We have presented results for the t−W and the MC
models considering both the homogeneous phases (NO,

CL, CB) and the phase separated states [PS(CL/NO),
PS(CB/NO), PS(CL/CB)], for d = 2 SQ, non-frustrated
(t2 = 0) and frustrated (t2 ̸= 0) lattices, at half �llings.
We have found various possible sequences of transitions.
We compared results for the two cases (i) involving

CB CO only and (ii) involving two types of CO: CB and
CL. Generally we may conclude that the phase diagrams
at half-�lling are similar for both cases in the absence
of frustration while they are substantially di�erent for
large t2, where the existence of the CL CO states con-
siderably modi�es the GS diagram structure. One can
also conclude that at half �lling the ground state dia-
gram structures of both models (W vs. b and G vs. b)
are qualitatively similar for any considered values of b.
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