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We present here some works on the strong competition between the Kondo e�ect, magnetic order and
eventually spin glass or frustration e�ect in anomalous rare-earth and actinide systems. First, we develop an
underscreened Kondo lattice model with Sf = 1 spins for the 5f -electrons and we have recently improved it by
deriving, by the Schrie�er�Wol� transformation, a 5f -band with a �nite bandwidth. The underscreened Kondo
lattice model can account for properties of some uranium and neptunium compounds, like UTe, Np2PdGa3
or UCu2Si2 which have a large Curie temperature Tc of order 100 K and present also a Kondo behavior. In
particular, we can account for the observed maximum of Tc under pressure in UTe and the magnetization curves
of NpNiSi2 showing the occurrence of the Kondo e�ect at low temperatures below Tc. Second, we have studied
the properties of disordered cerium alloys like CeCuxNi1−x or CeRhxPd1−x by considering the Kondo e�ect,
a ferromagnetic order and a spin glass behavior described by several approaches. The van Hemmen approach
gives a good explanation of the properties of cerium alloys and we are describing the magnetic glass clusters which
occur in both spin glass and ferromagnetic phases. Third, we present a new description of a frustrated Kondo
lattice model, which can account for the behavior under pressure or doping of some ytterbium compounds like
Yb2Pd2Sn and YbAgGe.

PACS: 71.27.+a, 75.10.Nr, 75.30.Nr

1. Introduction to Kondo lattice models

The physics of strongly correlated electron systems and
the Kondo e�ect were extensively studied in the last �fty
years [1]. It is well established that the competition be-
tween the Kondo e�ect and magnetism plays a very im-
portant role in anomalous rare-earth and actinide sys-
tems [2�6]. In fact, the 4f -electrons are well localized
and cerium compounds are either Kondo or mixed va-
lence ones. The 5f -electrons in actinides are less local-
ized than the 4f electrons of rare-earth systems and it
results that there is often an intermediate state between
localized and delocalized 5f -electrons in many actinide
compounds, especially at the beginning of the actinide
series for uranium and neptunium compounds.
The superconductivity observed in cerium and ura-

nium compounds, starting from the discovery of the su-
perconductivity of CeCu2Si2 by Steglich et al. [7] and ex-
tended to actinide compounds like UPd2Al3 [8]. Ameri-
cium metal [9] and PuCoGa5 [10] is extensively studied
at present [11, 12], but we will not discuss this problem
here.
The Kondo e�ect has been initially derived for an im-

purity by a perturbation calculation [13] and has been
then computed by exact calculations [14]. At very low
temperatures, a complete screening of the spins S = 1/2
of the localized 4f electrons by the spins s = 1/2 of the
conduction electrons and a heavy fermion behavior have
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been established [15]. But, in a compound containing
cerium or another anomalous rare-earth, there is a strong
competition between magnetism and the Kondo e�ect
and this competition has been �rstly described by the Do-
niach diagram [16], which gives, with increasing Kondo
interaction JK, a magnetic order, like in CeAl2 and then
a heavy fermion behavior without magnetism, like in
CeAl3. Moreover, the transition from magnetic order to
a non-magnetic heavy fermion state has been experimen-
tally observed with increasing pressure in many cerium
compounds, such as CeAl2 or CeRh2Si2 [4]. A similar ef-
fect has been observed in YbCu2Si2 [17] or in other ytter-
bium compounds, where the Néel temperature increases
rapidly with pressure, in opposite to cerium compounds.

To describe the behavior of the Kondo lattice, we have
used the following Hamiltonian:

H =
∑
kσ

εkn
c
kσ +

∑
iσ

E0n
f
iσ + JK

∑
i

si · Si

+ JH
∑
⟨ij⟩

Si · Sj , (1)

where εk is the energy of the conduction band, JK > 0
is the Kondo coupling between the localized spin Si and
the spin si of a conduction electron at the same site and
JH is the interaction between nearest-neighboring local-
ized spins. We choose here JH to be either positive or
negative for antiferromagnetic or ferromagnetic intersite
interactions. The Hamiltonian given by Eq. (1) is quite
general and we have chosen di�erent forms to treat the
di�erent physical cases, as we will explain in each case.
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We have used also the same type of mean �eld approx-
imation that we will explain later on [18�21]. We have
started by describing the normal Kondo lattice model for
S = 1/2 spins and we have considered �rstly here the
case of choosing JH to be positive, implying that inter-
site interactions are antiferromagnetic, as it is the case
of most cerium compounds [20�22]. We have studied the
Kondo e�ect and the short-range magnetic correlations
by considering respectively the two mean �eld operators
λ = ⟨c∗iσfiσ⟩ and Γ = ⟨f∗

iσfjσ⟩. We have computed the
Kondo temperature TK and the correlation temperature
Tcor at which the short-range magnetic correlations dis-
appear and we have shown that the Kondo e�et occurs
for a large JK value and that it is destroyed by an increase
of JH.

The Kondo e�ect tends also to be destroyed by a de-
crease of the number of conduction electrons, called the
�exhaustion� e�ect [20, 21, 23]. Then, we have described
the competition between the Kondo e�ect and the anti-
ferromagnetic order, within the same type of mean-�eld
approximation and we have obtained a transition versus
JK from an antiferromagnetic ordering to a Kondo phase,
which can account roughly for the e�ect of pressure in the
Doniach diagram [22]. The detailed calculations can be
found in the original papers [20, 21]. Thus, the Kondo
lattice model explains well the behavior of many cerium,
ytterbium or other anomalous rare-earth systems. The
e�ect of pressure is often to change a magnetically or-
dered cerium compound to a non-magnetic compound
with a large heavy-fermion character and an opposite ef-
fect has been observed in some ytterbium compounds, in
good agreement with theory. A similar variation of the
magnetism of Ce or Yb in alloys has been also observed
when there is a change in the concentration of the matrix.

Recently a new and very interesting e�ect has been
also obtained by tuning the dimensionality of the heavy
fermion compound CeIn3 [24]. In fact, arti�cial superlat-
tices of the antiferromagnetic heavy fermion compound
CeIn3 and of the conventional non-magnetic metal LaIn3
have been experimentally studied. The heavy fermion
compound CeIn3 exhibits an antiferromagnetic ordering
at the Néel temperature TN = 10 K, which is destroyed
by applying pressure. By reducing the thickness of the
CeIn3 layers, the Néel temperature decreases and �nally
the magnetic order was suppressed; similarly, the Fermi
liquid coe�cient of the low temperature resistivity in-
creases. This very interesting result is �nally interpreted
by saying that the decrease of the dimensionality from 3D
to 2D has the same e�ect as the increase of pressure, giv-
ing, therefore, a decrease and �nally the disappearance
of the magnetic ordering [24]. This e�ect is very fas-
cinating and can be reproduced in other heavy fermion
compounds.

In the next sections, we will present recent works us-
ing the Kondo lattice models. First, the underscreened
Kondo lattice (UKL) model is described to account for
the Kondo-magnetism coexistence occurring in some ura-
nium and neptunium compounds [25] with a special em-

phasis on a recent improvement able to account for the
beginning of the delocalization of the 5f -electrons [26].
The following section is devoted to the competition be-
tween magnetism, a spin glass state and the Kondo e�ect
[27] and �nally the last section gives a brief review on a
new calculation on a frustrated Kondo lattice which gives
two non-magnetic phases, the Kondo one and a frustrated
valence bond solid state [28].

2. The underscreened Kondo lattice model

applied to actinide compounds

The Kondo lattice (KL) model has been, therefore,
recognized to be an appropriate tool for describing the
physics of intermetallic strongly correlated electron sys-
tems with rare earths or actinides. But, in actinide com-
pounds, the 5f -electrons have generally a spin larger than
S = 1/2 and moreover they are less localized than the
4f -electrons of rare-earths. In fact, it is often di�cult
to decide, on the basis of the experimental data in ac-
tinide systems, between a local Kondo behavior corre-
sponding to a 5fn con�guration and a mixed-valence sit-
uation. But here, we restrict our study to the case of the
Kondo actinide compounds.
Thus, we present here a study of the coexistence be-

tween ferromagnetic order and Kondo behavior in ac-
tinide compounds. Such a coexistence has been observed
in UTe [29], UCu0.9Sb2 [30], UCo0.5Sb2 [31], UCu2Si2
[32] and also in neptunium compounds NpNiSi2 [33]
and Np2PdGa3 [34]. All these systems undergo a fer-
romagnetic transition at relatively high Curie tempera-
tures: TC = 102 K (UTe), TC = 113 K (UCu0.9Sb2),
TC = 64.5 K (UCo0.5Sb2), TC = 103 K (UCu2 Si2),
TC = 51.5 K (NpNiSi2) and TC = 62.5 K (Np2PdGa3).
Above the ordering temperature, these materials exhibit
a Kondo-like logarithmic decrease of the electrical resis-
tivity, indicating a Kondo behavior. This coexistence and
the large Curie temperatures are clearly new features
that cannot be explained by the standard KL model,
which gives relatively small Curie temperatures in cerium
compounds, typically of order 5 K. Uranium monochalco-
genides provide a good experimental example showing
that the 5f electrons lie between localized and itinerant.
US lies closest to the itinerant side for the 5f -electrons
and USe is in the middle, while UTe is the closest to the
localized side and has relatively well localized 5f elec-
trons [35�37]. The ferromagnetic uranium monochalco-
genides UTe, USe, and US have been studied at very
high pressures. The Curie temperature of UTe increases
with pressure up to a maximum at roughly 7 GPa and
then decreases with larger pressures [38, 39]. On the op-
posite, the Curie temperature of US is continuously de-
creasing with pressure and Tc of USe remains constant up
to 10 GPa and decreases rapidly at higher pressures [38].
Thus, we have proposed a UKL model which consists

of a periodic lattice of magnetic atoms with S = 1 spins,
corresponding to the 5f2 con�guration and interacting
with conduction electron spins s = 1/2 via an on-site
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Kondo coupling JK [25]. In addition, the localized spins
at neighbouring sites interact ferromagnetically with each
other. In this case the Kondo e�ect does not lead to a
complete screening of the localized spins, and the ferro-
magnetic exchange between the underscreened spins may
lead to the formation of a ferromagnetic order. We dis-
cuss here, as in Ref. [25], only the case of S = 1 spins,
corresponding to the 5f2 con�guration. Indeed, it would
be necessary to consider also S = 3/2 or S = 2 spins
to discuss di�erent con�gurations of uranium and neptu-
nium compounds.

The underscreened Kondo model has been well studied
for the case of one impurity [40, 41]. Also, the dual nature
of the 5f electrons, assuming two localized 5f electrons
and one delocalized one, has been considered by Zwick-
nagl et al. [42] who have obtained by band calculations a
mass enhancement factor in good agreement with exper-
iment in UPt3 and UPd2Al3 and by Schoenes et al. [29]
who have carefully analyzed the variation of the localiza-
tion of the 5f -electrons with concentration and pressure
in dilute US and UTe.

We will present now our results on the UKL model.
There are two steps in this calculation. The �rst one is
to derive the UKL model with S = 1 localized spins in
a model where the 5f electrons are relatively well local-
ized [25]. The second step is to start from the under-
screened Anderson lattice (UAL) model and to use the
Schrie�er�Wol� transformation to obtain a �nite f -band
and to describe a possible delocalization of the 5f elec-
trons [26]. All calculations can be found in Refs. [25, 26].

In the UKL model [25], the two 5f -electrons are bound
into a spin Sf = 1. The starting Hamiltonian is given by
Eq. (1), with the following essential di�erence: the lo-
calized spins are here S = 1 and the second term of the

Hamiltonian (1) can be written now as
∑

iσα E0n
fα
iσ , in

order to describe the energy E0 of the two 5f localized
electrons (de�ned by the notation α = 1, 2) of the 5f2

con�guration of uranium atoms. Then, the intersite in-
teraction is ferromagnetic with JH < 0.

We use here the mean �eld approximation which has
been extensively used for the normal Kondo lattice model
and which is appropriate to describe the competition be-
tween Kondo e�ect and magnetic ordering in the Kondo
lattice [18�20].

In the UKL model of Ref. [25], we have used the mean
�eld approximation by introducing the Kondo operators

λ̂iσ =
∑
α

λ̂α
iσ =

∑
α

⟨c∗iσfα
iσ⟩, (2)

which couples conduction and f electrons at the same
site.

Moreover, in order to describe the magnetic properties
of the system, we introduce also the magnetization oper-
ators for both f - and c-electrons

Mi = Sz
i =

1

2

(
nf
i↑ − nf

i↓

)
,

mi = σz
i =

1

2

(
nc
i↑ − nc

i↓
)
. (3)

The non-zero values of ⟨M⟩ and ⟨m⟩ describe the mag-
netic phase, while a non-zero λσ describes the Kondo ef-
fect and the formation of the heavy-fermion state. The
detailed calculations can be found in Ref. [25].

The two temperatures TC and TK have been computed
within the UKL model [25] and a ferromagnetic-Kondo
phase diagram has been obtained as a function of JK.
For a �nite value of JH, TC starts from a �nite value
at JK = 0 and increases continuously versus JK. On
the other hand, there is no Kondo e�ect for small val-
ues of JK, and at a critical value Jc

K of JK (typically of
order 0.5�0.6D, where D is the half band-width of the
conduction band), the Kondo temperature TK increases
very rapidly and crosses the curve of TC and continues to
increase above it. We have, therefore, obtained that fer-
romagnetism and Kondo e�ect coexist for a strong Kondo
coupling value and we have obtained a �ferromagnetic-
-Kondo phase diagram� with regions of pure ferromag-
netism and of Kondo-ferromagnetism coexistence when
the parameter JK increases.

The previous calculations assume that the 5f electrons
are relatively well localized and that the actinide ions are
well described by S = 1 localized spins. But, as already
described above, the 5f electrons are often in-between
localized and itinerant. In order to describe Kondo e�ect
in such weakly delocalized 5f electrons, we have consid-
ered the UAL model for the case of a twice degenerate f
orbital with two 5f electrons coupled with an itinerant
band [26]. Because of intra-atomic Hund's coupling, the
two 5f electrons are coupled in the triplet state S = 1
in their ground state. We take, as usual, the f�c hy-
bridization term for the two f -levels and we derive the
Schrie�er�Wol� transformation which is clearly new for
the present case of two f -states [26]. Detailed calcula-
tions can be found in Ref. [26]. The main result is that
we obtain now a �nite and narrow 5f bandwidth, in ad-
dition to the exchange Kondo-like usual interaction.

The half f -bandwidth derived by the Schrie�er�Wol�
transformation is spin-dependent and it is given by

Aσ = −JKP

16

[
7 + 3(Mf )2 + 6σMf

]
, (4)

where σ is equal here to ±1. We see also that the e�ective
bandwidth and the f -magnetization Mf are correlated.

Finally, we study now the parameter dependence of
the e�ective bandwidth Wf and therefore we consider
the following de�nitions of Wf :

� case (a): a constant bandwidth: Wf = const;

� case (b): a bandwidth Wf proportional to the
Kondo coupling constant: Wf = QJK; in this way
we can take into account the e�ect of pressure on
both the bandwidth and the Kondo coupling, since
both are functions of the increase of hybridization
under pressure.
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� case (c): a spin-dependent bandwidth directly ob-
tained from the SW transformation Wf = Aσ, ac-
cording to the previous discussion. P is an ad-
justable parameter.

We have plotted in Fig. 1 the two temperatures TC and
TK versus JK for the three previously de�ned cases. We
obtain a very rapid increase of TK above a critical value
Jc
K of JK, while TC has a smoother variation. Concerning

the Kondo e�ect, a peculiar behavior has been obtained
for values of JK just above the crossing point: at the
temperature T1, the Kondo e�ect vanishes and is non
zero-only between T1 and TK, as explained in Ref. [26].

Fig. 1. Curie temperature TC and Kondo temperature
TK versus JK for the three cases (a), (b) and (c), with

JH = −0.01, nc = 0.8 and nf
tot = 2 [26].

But the most important result is that TC is passing
through a maximum with increasing JK, as shown in par-
ticular for the case (b). Since JK increases with pressure,
the present model can account very well for the observed
pressure dependence of the Curie temperature in UTe
compound. So, we have shown that our model includes
two e�ects which are essential to describe the 5f -electron
compounds: the small delocalization of the 5f -electrons,
and the S = 1 spins found in uranium or neptunium com-
pounds. The �rst e�ect works against magnetism, while
the second one favors magnetism. The competition be-
tween these two e�ects leads to complex phase diagrams
which can improve the description of some actinide com-
pounds and explain in particular the maximum of TC ob-
served experimentally in UTe compound with increasing
pressure.
We have also studied the opposite case where TC is

larger than TK and we have obtained a rapid decrease of
the magnetization at a low temperature corresponding
roughly to TK well below the Curie temperature. This
e�ect has been observed in the experimental magnetiza-
tion curve of neptunium compound NpNiSi2 [33] and our
model explains well the experimental behavior.
The resulting �ferromagnetic-Kondo� diagram, which

is given in Refs. [25, 26], is completely di�erent from the
Doniach diagram derived for the Kondo lattice model ap-
propriate for cerium or ytterbium compounds and repre-
sents really a new result for the study of magnetic ac-
tinide compounds.
The initial increase of TC with pressure is clearly ex-

plained by our �rst model [25], since JK increases with
increasing pressure. On the other hand, the maximum

and the decrease of TC at higher pressure is explained by
the UKL model with a weak delocalization of the 5f elec-
trons [26]. Similarly, the decrease of TC in US compound
corresponds to a continuous delocalisation of the 5f elec-
trons which are already itinerant at normal pressure. The
case of USe is intermediate, with 5f electrons between
localized and itinerant at normal pressure. Sheng and
Cooper [35] have performed ab initio band calculations
which can account for the pressure dependence of TC in
uranium monochalcogenides.
We can presently conclude that the behavior of TC and

TK shown in Fig. 1 [26] presents two important di�erences
with respect to the previous plots obtained with the UKL
model [25]: �rst, TC can pass through a maximum above
roughly Jc

K and decreases after with increasing JK; sec-
ond, in a certain JK range, two values of TK are obtained
and λ is non-zero only between these two temperatures.
The �rst e�ect can account for the maximum of TC ob-
served in UTe at high pressures. The second e�ect is
connected to the fact that the Kondo screening of S = 1
spins cannot be completed at very low temperatures [40]
and such an e�ect has been observed, for the �rst time,
in the experimental magnetization curve of neptunium
compound NpNiSi2 [33], which presents a rapid drop at
low temperatures. Indeed, the in�uence of the Kondo ef-
fect has to be studied in detail there and anyway these
results will be discussed elsewhere soon [43].

3. The spin glass-Kondo-magnetic

order competition

There are many compounds with cerium, ytterbium,
uranium, other anomalous rare-earths or actinides, which
have a Kondo behavior with the classical Fermi liquid
behavior at very low temperatures and eventually a non-
-Fermi liquid one. But in fact, there are not so many
compounds which present together a Kondo phase, a spin
glass one and a magnetic (ferromagnetic or antiferro-
magnetic) ordering. Such a competition has been ob-
served in disordered cerium or uranium alloys and here
we will discuss some examples of these systems. First,
CeNixCu1−x alloys have been extensively studied and the
transition from spin glass to ferromagnetism occurs with
decreasing temperature at a given concentration and re-
cent works on these alloys show the existence of a new
Kondo cluster spin glass state [44�48]. Another exam-
ple is provided by the CeRhxPd1−x alloys [49, 50], where
a careful experimental study shows the presence of the
Kondo clusters near x = 0.8 close to a quantum critical
point (QCP) when the ferromagnetic phase is very close
to disappear [49].
We will present here some features on the spin glass-

-Kondo-magnetic order and we describe �rstly the case
of the well known CeNixCu1−x alloys, that we have ex-
tensively studied, and �nally we discuss brie�y the other
cases.
The CeNixCu1−x alloys present, at low temperatures,

an antiferromagnetic order for low Ni concentration



Kondo Lattice Models for Rare-Earth and Actinide Systems 1009

(x small) and a Kondo behavior for low Cu concentra-
tion (x large). But, in the intermediate concentration
range, typically for x between 0.4 and 0.7, it was �rstly
shown that, when temperature decreases, there are suc-
cessively a spin-glass phase and then a ferromagnetic one
[44, 45]. Very recently, these alloys have been investi-
gated by µSR spectroscopy, small angle neutron scat-
tering (SANS) and magnetic experiments leading to the
determination of hysteresis loops [46�48]. The proposed
phase diagram in the intermediate concentration range
consists �rstly in the presence of an intermediate mag-
netic state where dynamic clusters develop with decreas-
ing temperature below the paramagnetic state; then, the
volume fraction of these clusters increases as temperature
decreases and they become frozen at very low tempera-
tures. Thus, recent experiments have shown the occur-
rence of an inhomogeneous �cluster glass� (CG), followed,
with decreasing temperature, by an inhomogeneous fer-
romagnetic (IFM) order, with a percolative evolution of
the clusters from the CG state to the IFM state [47, 48].

On the other hand, there has been an extensive the-
oretical work to understand the complicate competition
between the Kondo e�ect, the spin glass (SG) and mag-
netic orderings in such disordered cerium alloys. The cal-
culation starts from a Hamiltonian similar to that given
by Eq. (1), including the same intra-site Kondo interac-
tion term with an exchange integral JK and a di�erent
last term corresponding to the spin glass phase given by

HSG =
∑
i,j

JijS
z
fiS

z
fj . (5)

We have performed di�erent calculations for the spin
glass-Kondo interaction and the main di�erence between
them lies in the approach used to describe the spin glass.

In our �rst calculation, we have taken the Sherrington�
Kirkpatrick model [51] for the exchange intersite integrals
which are assumed to be randomly distributed with a
Gaussian distribution. The �rst model assumes a zero
mean value of the Gaussian distribution in order to study
only the Kondo-spin glass interaction and we have, there-
fore, obtained a phase diagram showing �rst a spin glass
phase and then a Kondo phase with increasing the Kondo
exchange parameter JK [52]. Then, in order to obtain a
more complex phase diagram with a ferromagnetic [53]
or an antiferromagnetic [54] phase occurring at low tem-
peratures for small JK values, we have taken the same
model but with a non-zero mean value J0 of the Gaus-
sian distribution. Thus, it results that the Kondo phase
obtained for large JK values is still there, but that there
is a competition between the spin glass phase and the
magnetic phase for smaller JK values. However, in the
ferromagnetic case, when JK is typically of order J0, we
have obtained, with decreasing temperature, successively
a ferromagnetic phase, then a mixed ferromagnetic-spin
glass phase and �nally a spin glass phase. The evidence
of a spin glass phase at very low temperatures is in dis-
agreement with experimental results previously described
for CeNixCu1−x alloys.

Thus, we have then considered another spin glass ap-
proach which introduces a generalization of the Mattis
model [55] and which represents an interpolation between
ferromagnetism and a highly disordered spin glass [56].
For a reasonable value of the relative importance of the
ferromagnetic and spin glass phases, we have obtained,
with decreasing temperature, a spin glass phase, then a
mixed ferromagnetic-spin glass phase and �nally a fer-
romagnetic phase with decreasing temperature for rel-
atively small JK values. The Kondo phase is always
present for large JK values. This theoretical result ac-
counts better for the experimental phase diagram of
CeNixCu1−x alloys, with in particular at low tempera-
tures the ferromagnetic phase below the spin glass phase.
Finally, we have used recently the van Hemmen model

[57] to describe the interplay of the Kondo e�ect, spin
glass and ferromagnetism in disordered Ce alloys. This
model gives a good description of this interplay and ap-
pears to be simpler than the previous models, in par-
ticular for the treatment of clusters, as we will see later
on [27].
Thus, in order to improve again the agreement with

the experimental case of CeNi1−xCux alloys, we intro-
duce here a new kind of disordered coupling Jij given by
van Hemmen (vH) [57] as

Jij =
J

N
(ξiηj + ηiξj) +

I0
N

, (6)

where ξi and ηj are equal to ±1 and are random vari-
ables which follow a bimodal distribution [27]. We take
here both a random SG contribution and a ferromagnetic
(FM) one respectively proportional to the parameters J
and I0. Our calculations using the vH approach have
given di�erent phase diagrams which depend on the ra-
tio I0/J . Several cases are described in Ref. [27] and
we have obtained the typical case of a transition with
decreasing temperature from spin glass (SG) to ferro-
magnetism (FM) with an intermediate �mixed� phase
SG+FM for small JK values and still the Kondo phase
for large JK values [27]. The use of the van Hemmen
model o�ers some advantages: �rst the calculation does
not need the use of the replica method and is simpler;
second there exists a real mixed phase between spin
glass and ferromagnetism, which is in good agreement
with the experimental phase diagram of CeNixCu1−x al-
loys [27]. Thus, the more �local� description [27] given
by the van Hemmen model seems to be more adequate
here than the �average� description used for example in
the Sherrington�Kirkpatrick approach [51, 53].
However, a real improvement will be provided by try-

ing to describe better the clusters which are yielding the
cluster-glass state (CG) with ferromagnetic correlations
and the IFM state and also the observed percolative
CG�IFM transition observed with decreasing tempera-
ture [46, 47]. A �rst approach had been proposed to ob-
tain clusters with intrasite Kondo interactions and both
intra- and inter-cluster magnetic interactions within the
Sherrington�Kirkpatrick approach [58].
More recently, a Kondo cluster-glass model for spin
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glass cerium alloys, like CeNixCu1−x or CeRhxPd1−x,
has been proposed using the vH model [59]. This model
starts from the Kondo and ferromagnetic intra-cluster
interactions and an inter-cluster vH interaction given by
Eq. (6). The intra-cluster interactions are treated ex-
actly by diagonalisation and the inter-cluster interaction
is treated by the mean �eld approximation, as previ-
ously used for the vH model. The number of atoms ns

inside each cluster is presently limited to 4 or 5 [59].
However, for relatively large values of JK and I0, we
have obtained successively with decreasing temperature
a Kondo phase followed by a Kondo cluster spin glass
where both the Kondo and the cluster spin glass (CG)
order parameters are non-zero; �nally a mixed Kondo-
-CG-ferromagnetic phase can be obtained at very low
temperatures. Thus, the transition with decreasing tem-
perature is rather smooth and can be interpreted as a
percolative one, which can present an account for the
experimental percolative CG�IFM transition observed in
disordered cerium alloys [48, 59].

Fig. 2. Comparison between experimental and theo-
retical phase diagrams: the upper �gure is the exper-
imental phase diagram of Ce2Au1−xCoxSi3 alloys [60];
the lower �gure is a theoretical phase diagram T/J
versus JK/J for the relations Γ = 0.011(JK/J)

2 and
J0/J = 0.73Γ/J , where the dotted lines are the extra-
polations carried to lower temperatures [61].

After the description of the well studied case of
the CeNixCu1−x alloys, we will discuss the behavior
of a spin glass-Kondo-magnetic order competition in
Ce2Au1−xCoxSi3 alloys; these alloys present versus the
concentration x a transition from spin glass to an antifer-
romagnetic order and �nally to a Kondo phase, as shown
in the experimental (upper) part of Fig. 2 [60]. We have
studied theoretically the behavior of such a system by
taking two Kondo sublattices with an intrasite Kondo
interaction given by JK, an interlattice quantum Ising
interaction and a transverse �eld Γ [61]. The interlattice

coupling is a random Gaussian distributed variable, with
an average and a variance given respectively by 2J0 and
32J2. We have taken here the assumption of choosing
both J0/J and Γ/J proportional to (JK/J)

2; this as-
sumption which has been already used in Ref. [20] allows
to describe the variation of the intersite interaction or the
Néel temperature as coming from the Ruderman�Kittel�
Kasuya�Yosida (RKKY) interaction. One consequence
of this choice is to obtain an increase of the intersite in-
teraction with increasing JK and consequently to favour
magnetism and reduce the increase of the Kondo e�ect
when JK increases.
Figure 2 gives a comparison between the experimen-

tal phase diagram of Ce2Au1−xCoxSi3 alloys and the
theoretical phase diagram giving T/J versus JK/J ob-
tained with the previous calculation. We have taken
here reasonable parameters Γ = 0.011(JK/J)

2 and J0 =
0.73Γ [61]. The agreement between the theoretical curves
and the experimental phase diagram of Ce2Au1−xCoxSi3
alloys is relatively good and gives an improvement of this
model with respect to previous ones. However, the re-
lationship between the parameters of the model and the
matrix concentration is certainly less clear than the pres-
sure dependence and the assumed dependence of the in-
tersite interaction in (JK)

2 can also be subject to discus-
sion.
Another cases are provided by disordered uranium al-

loys such as UCu5−xPdx [62], U1−xYxPd2Al3 [63] or
U1−xLaxPd2Al3 [64]. When the concentration x in-
creases, one observes �rst an antiferromagnetic order,
then a spin glass state and �nally a non-Fermi liq-
uid Kondo behavior. A non-Fermi liquid behavior has
been also observed in the Kondo alloys Y1−xUxPd3
[65, 66]. Other interesting cases, like Ce2NiGe3 [67],
U3Co4+xAl12−x [68], U3Rh3Sb4 [69] or UCu2Si2−xGex
[70] can have also a competition between a Kondo be-
havior, a spin glass one and a magnetic ordering.
Indeed, there was a very important experimental and

theoretical research in the �eld of spin glasses [71], but
the presence of the Kondo e�ect and the magnetic order
in spin glass disordered alloys occurs mainly in cerium
or uranium alloys, as we have seen in this section. How-
ever, several questions are still under discussion. First,
the problem of clusters and in particular the increase of
the size of the clusters with decreasing temperature are
still under present study. Second, the in�uence of an
applied random �eld on the spin glass-Kondo-magnetic
disordered alloys is presently theoretically studied [58],
in order to improve the description of recent experiments
performed in CeNixCu1−x alloys [72, 73]. Third, the dif-
ference of behavior between cerium or uranium alloys or
consequently between the di�erent Kondo models is not
clearly established at present, but it is important to con-
sider this point. Fourth, the position of the spin glass
phase in the phase diagram with respect to the other
phases is also a very interesting question [74]. Finally,
the role of the spin glass in the Kondo lattice has been
well studied and continues to be very attractive.
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4. Frustration in the Kondo lattice model

The frustration in many systems, especially in mag-
netic ones, has been extensively studied [75] and here
a recent work on frustrated magnetic Kondo compounds
will be presented brie�y with an extension of the Doniach
phase diagram to include frustration e�ects [28]. A qual-
itative phase diagram had been already presented [76],
but here we present a more quantitative derivation of
a frustrated Kondo lattice which can describe the be-
havior of heavy fermion compounds and in particular
of ytterbium compounds as a function of pressure. De-
tailed calculations can be found in the paper of Bernhard
et al. [28].
The Kondo lattice problem is studied here in the

Shastry�Sutherland geometry [77]. The starting Hamil-
tonian contains several terms as in Eq. (1): a conduction
band term, a Kondo term on each site and a Heisen-
berg lattice term between localized spins Si on di�er-
ent sites with exchange interactions Jij . In the Shastry�
Sutherland lattice [77] before introducing the Kondo ef-
fect, the most important point is that one takes two dif-
ferent positive values J and J ′ when sites i and j are
connected respectively by a diagonal or a non-diagonal
bond in a lattice equivalent to a square lattice. But in
fact, in some compounds, the lattice is distorted, the dis-
tance along the diagonal is reduced and the correspond-
ing J value becomes larger than J ′. For strong frustra-
tion, J ≫ J ′, the ground state consists of singlet dimers
formed along the diagonal bonds, while, for weak frus-
tration, J ≪ J ′, the ground state is a two-sublattice
antiferromagnetic state on the square lattice.
Here, we introduce now the Kondo e�ect on each site

and, in the mean �eld approximation, we take 3 solu-
tions: the antiferromagnetic (AF) solution with �nite
magnetizations for both localized and conduction elec-
trons, the valence bond solid (VBS) phase with non-zero
values of ⟨f∗

jσfiσ⟩, where i and j are along the diagonal
bond and �nally the Kondo (K) phase with essentially,
as usual, a non-zero value of ⟨f∗

iσciσ⟩, but also small non-
-zero values of ⟨f∗

jσfiσ⟩ with i and j along the diagonal or
non-diagonal bonds. The conduction band is described in
the tight-binding approximation by hopping integrals tij ,
which are de�ned by the two values t and t′ along diago-
nal or non-diagonal bonds. The VBS phase is a frustrated
one without magnetic order and Kondo e�ect and repre-
sents a new phase in the magnetic phase diagram [28].
Only these three phases have been taken here and we do
not study the possibility of a superconducting phase [76]
or eventually of a mixed AF�K phase.
The zero temperature phase diagram of the Shastry�

Sutherland Kondo lattice model has been determined and
is presented in Fig. 3 as a function of the Kondo parame-
ter JK/t

′ and the frustration parameter J/J ′ for a num-
ber of conduction electrons nc = 0.9 [28]. We see that
there is a direct transition from the VBS phase to the
Kondo one versus JK/t

′ for a large frustration parame-
ter J/J ′ and this transition is a �rst-order one. On the
opposite, for a smaller frustration parameter J/J ′, there

Fig. 3. Phase diagram of the Shastry�Sutherland
Kondo lattice model for J ′ = 0.5t′, t = 0.1t′ and
nc = 0.9, as explained in the text [28].

are two transitions from VBS to AF and from AF to
Kondo versus JK/t

′. For JK = 0, the transition between
AF and VBS phases occurs at J/J ′ = 1.6, which is very
close to the value previously obtained for the S = 1/2
Shastry�Sutherland model without any Kondo e�ect.
The two phases VBS and K shown on the phase di-

agram of Fig. 3 are both non-magnetic, but they are
deeply di�erent because the VBS phase corresponds to
the coupling of localized spins on 2 sites along the diag-
onal to give singlet dimers, while magnetism disappears
in the Kondo phase as due to the local screening of the
localized spins on each site by the conduction electrons;
in particular, the VBS phase does not have the proper-
ties of the Kondo phase and must have a small electronic
speci�c heat constant. For large enough JK, we recover,
as usual, a Kondo phase.
Thus, the consideration of the frustration in the

Shastry�Sutherland Kondo lattice model gives a new
non-magnetic phase for small JK values. It is well known
that the increase of pressure increases JK/t

′ in cerium
compounds and decreases it in ytterbium compounds.
The phase diagram shown in Fig. 3 can, therefore, ac-
count for the pressure dependence of some ytterbium
compounds [28] and we present two clear examples pro-
vided by Yb2Pd2Sn [78] and YbAgGe [79].
The compound Yb2Pd2Sn, which has the topology of

the Shastry�Sutherland lattice, is a non-magnetic Kondo
compound with an electronic speci�c heat constant γ =
560 mJ/(mol K2) at normal pressure and low tempera-
tures. It becomes AF above 1 GPa; its Néel temperature
increases up to maximum of 1.2 K at 2.5 GPa and de-
creases till 4 GPa; the compound Yb2Pd2Sn becomes
non-magnetic above 4 GPa and we can think that this
high pressure non-magnetic phase is a VBS one, accord-
ing to the present predictions of Fig. 3. A similar re-
sult has been obtained for alloys Yb2Pd2In1−xSnx, where
there are successively, with increasing x, a non-magnetic
phase, then an AF one for x roughly between 0.4 and 0.9
and �nally a second non-magnetic phase [78]. Further
experimental work is necessary to check the VBS nature
of the second non-magnetic phase which is clearly very
di�erent from the Kondo phase.
The compound YbAgGe has a di�erent crystallo-

graphic structure similar to the kagome geometry, but
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it is strongly frustrated. It is weakly magnetic at nor-
mal pressure and the Néel temperature TN increases up
to a maximum of 5.4 K at 6.8 GPa and then decreases
to 2.2 K at 13.8 GPa. The extrapolated zero value of
TN corresponds roughly to a pressure of 16 GPa, above
which there is again a second non-magnetic phase.
There are presently many other strongly frustrated

cerium and ytterbium compounds, like CePdAl [75],
Ce2Pd2Sn [78] or Yb2Pt2Pb [80]. The present study of
the frustration in heavy fermion compounds is a positive
feature of the Kondo lattice, because it yields the exis-
tence of a second non-magnetic phase which originates
from the peculiar situation of the coupling of localized
spins on 2 sites along the diagonal bond. However, fur-
ther experimental works are certainly necessary to better
identify the nature of this VBS phase, which is clearly
di�erent from the non-magnetic Kondo lattice phase.

5. Conclusions

Thus, we have presented here Kondo lattice models
which can explain di�erent interplays between the Kondo
e�ect and magnetism in many cerium compounds, start-
ing from the coexistence between ferromagnetism and the
underscreened Kondo lattice model observed in some ura-
nium and neptunium compounds, then the in�uence of
spin glass on the Kondo lattice in disordered cerium or
uranium alloys and �nally the in�uence of frustration on
heavy fermion compounds and in particular ytterbium
compounds.
In conclusion, there is a lot of works in the �eld of

the interplay between the Kondo e�ect and magnetism,
particularly the di�erent properties of actinide systems
which can present a multichannel Kondo e�ect and the
interaction between the spin glass and Kondo states in
disordered cerium or uranium alloys or the in�uence of
frustration. We have not discussed here the occurrence
of superconductivity in cerium or actinide compounds
which is also a fascinating subject. We can also men-
tion the recent and very interesting work of tuning the
dimensionality of a heavy fermion compound by reduc-
ing the thickness of the layers [24]. Indeed the study of
the extremely thin layers or more generally of nanoscale
Kondo systems is also extremely promising for the study
of heavy fermion physics.
The problem of the hidden order in the compound

URu2Si2 is extensively studied and a phase transition
arising from the underscreened Anderson lattice model
has been recently presented to explain such a transition
in URu2Si2 [81].
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