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Minor Loops in the Harrison Model
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A novel description of hysteresis phenomenon is presented. The examined description emphasizes the roles of
bistability and quantum phenomena as processes responsible for hysteresis loop formation in magnetic materials.
Major and symmetric minor hysteresis loops are modelled in chosen soft magnetic materials using the Harrison
model. A reasonable agreement between theory and experiment is achieved.
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1. Introduction

The century-old concept of �e�ective �eld� introduced
by Weiss [1] has withstood the test of time and remained
one of the most inspiring ideas in contemporary ferro-
magnetism [2]. It can provide a useful framework for
studying phase transitions and for thermodynamic con-
siderations, what is of interest to solid-state physicists [3�
11]. From the engineers' perspective the idea of e�ective
�eld is attractive, as it allows to develop low-dimensional
hysteresis models, which can be used e.g. for the descrip-
tion of magnetomechanical e�ects in nondestructive test-
ing of material properties (NDT applications) [12�17].
Many description of hysteresis phenomenon may be ex-

pressed with the relationship [18]:

M(t) = Γ̂ {Heff(t)} , (1)

where Γ̂ is the hysteresis operator and Heff is the
e�ective �eld, given in the �rst approximation as
Heff(t) = H(t) + αM(t).
The notation of relationship (1) emphasizes the self-

adjusting character of the relationship between the ex-
ternal �eld strength H(t) and the internal magnetization
M(t). The role of positive feedback in the system as
the most probable reason for hysteresis phenomenon, as
implied from the relationship for Heff , is pronounced in
many papers [3, 4, 6, 7, 12].
The study of bistability is not only interesting from

the scienti�c point of view, but it might be useful in
engineering applications. Those include e.g. nonlinear
optics [19], chaos control [20, 21] or sophisticated micro-
and nanodevices used as sensors [22�25].
Recently a novel description of hysteresis phenomenon

has been advanced by Harrison [26�28]. Despite its sim-
plicity the model provides some useful insights into the
physics of magnetization process. The aim of the present
paper is to verify the ability of Harrison model to describe
minor loops of chosen soft magnetic materials, commonly
used in electrical engineering.

2. Model description

2.1 Model equations in normalized form

The original description [26] describes a head-to-tail
alignment of magnetic moments within the ferromagnetic
material with the quantum-mechanical Brillouin function
for J = 1/2, written in the normalized form as

y = tanh

(
x+ y

τ

)
= tanh

(xe

τ

)
, (2)

where y is interpreted as reduced magnetization, the
meaning of x is reduced �eld strength, whereas τ is tem-
perature referred to Curie point. The relationship (2)
describes a bistable rectangular loop. It can be inverted
to yield the xhyst(y) relationship

xhyst = τ arctanh(y)− y. (3)

A more realistic sigmoid shape of hysteresis loop can
be obtained by consideration of another term of �eld
strength, related to reversible magnetization process. In
the proposed model the reversible magnetization process
is described with the unmodi�ed Langevin function

y = L(xanh) = coth
xanh

γ
− γ

xanh
, (4)

where γ is a parameter. It is assumed that the positive-
feedback �eld strength responsible for hysteresis and the
anhysteretic �eld strength can be added together to ob-
tain a complete description of hysteresis phenomenon,
yielding

x = xhyst(y) + xanh(y). (5)

The main drawback of the original model is its ability to
describe major hysteresis loops only.

In the subsequent paper [27] the model has been ex-
tended to take into account the initial magnetization
curve by the introduction of a functional dependence fβ ,
which can be given as inverse Gaussian

fβ(x+ y) = 1− d exp

{
−1

2

[
(x+ y)

σ

]2}
. (6)

The modi�ed relationship (2) has become

yhyst = tanh

[
(x+ y)fβ(x+ y)

θ

]
, (7)

where θ is the normalized temperature, di�erent from τ in
the original description [26]. For a detailed discussion the
readers are referred to [27]. It seems important to stress
that the presented model is able to describe and interpret
di�erent types of initial magnetization curves (either nu-
cleation or pinning dominated ones, cf. [2, p. 318], as well
as shapes of hysteresis loops di�erent from the most com-
monly encountered sigmoid one, like wasp-waisted loops.
Moreover the author claims his description is valid for
magnetic materials with intrinsic coercive �eld strengths
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ranging over six orders of magnitude.
An important step forward has been achieved in [28],

where a theoretical approach to model �rst order reversal
curves has been proposed. The author has suggested that
a const-fβ description might be valid for the whole y−x
plane apart from the initial magnetization curve, which
requires a separate fβ functional dependence. The con-
sequence of this assumption is the possibility to recover
the shapes of minor hysteresis loops and reversal curves
from the shape of the major i.e. saturating loop. A simi-
lar concept has been expressed in a number of papers on
hysteresis modelling [29�36].

2.2 Model equations in physical units

It is advantageous to express the equations of Harrison
model in physical units in order to recognize the admis-
sible ranges of model parameters and to obtain realistic
modelled hysteresis loops.
The most important idea in the description is the lin-

ear addition of �eld strength contributions related to dis-
tinct physical phenomena occurring in di�erent time- and
space scales, cf. Eq. (5). The concept that �eld strength
summation might be carried out within the framework
of e�ective �eld has also been expressed elsewhere [37].
Equation (2), which describes the irreversible rectangu-
lar loop, in physical units becomes

M = Ms tanh

[
µ0mB

kBT
β(Hhyst + αM)

]
, (8)

where µ0 is free space permeability, µ0 = 4π × 10−7

[H/m], mB is Bohr magneton, mB = 9.274×10−24[Am2],
kB is Boltzmann's constant, kB = 1.381 × 10−23 [J/K],
whereas T [K] is the absolute temperature (assumed to
be equal to 300 K during the measurements). α is the
Weiss' dimensionless mean �eld parameter, whose value
is approximately equal to Hc/Ms [38]. β is the new di-
mensionless parameter introduced by Harrison in order
to describe the cooperative action of Bohr magnetons
within a magnetic domain. Ms expressed in [A/m] is the
technical saturation magnetization at temperature T .
Equation (4), which describes the reversible compo-

nent of magnetization, is given in physical units as

M = Ms [coth(Hanh/γ)− γ/Hanh] . (9)

It can be easily noticed that γ is expressed in the units
of �eld strength, [A/m].
In order to determine the inverse Langevin function

we have used the approximation advanced by Cohen [39]
and recalled recently by Arrott [40]

Hanh = γm
3−m2

1−m2
, (10)

where m = M/Ms.

2.3 Comparison with other hysteresis models

The description proposed by Harrison bears some sim-
ilarities with other hysteresis models, in particular the
T (x) model advanced by Takács [41] and the Jiles-
Atherton proposal [12]. In the Takács model the re-
versible magnetization component is linear, whereas the

non-linear, irreversible magnetization component is de-
scribed with the hyperbolic tangent function. A decom-
position of hysteresis loop into the reversible (related to
domain wall rotation) and the irreversible parts (related
to domain wall translation through pinning sites) has
been demonstrated by Varga et al. for the case of triangu-
lar H-excitation [42]. The idea that the irreversible and
reversible magnetization processes overlap in the whole
M−H plane, but can be decoupled and separately exam-
ined is common for the Takács and the Harrison models.

A much more complex situation is with the Jiles-
Atherton (JA) description, where both magnetization
components are coupled through the e�ective �eld term,
but moreover through a magnetization dependent R(m)
function in a recent model modi�cation [36, 43, 44]. An-
hysteretic magnetization is described in the JA formal-
ism with the modi�ed Langevin function with respect to
the e�ective �eld. On the other hand, the anhysteretic
magnetization in the Harrison description is a function of
external �eld strength only. The descriptions advanced
by Jiles and Harrison di�er signi�cantly as far as the
role of pinning sites within the ferromagnetic material is
considered, as already raised by the second author him-
self [26, 28]. Jiles and Atherton assume the existence
of pinning sites as the cause for hysteresis phenomenon.
In their description the hysteresis loop branches are ob-
tained by o�setting the irreversible magnetization from
the anhysteretic magnetization. A quantity proportional
to the product of density of pinning sites and their energy
is a weighting parameter in the JA ordinary di�erential
equation, which may be easily solved either for H- or
B-excitation case.

Total magnetization M plays the role of state variable
in Jiles-Atherton and Harrison descriptions alike.

3. Modelling

The measurements of major and symmetric minor hys-
teresis loops were carried out for two chosen soft magnetic
materials, used commonly in electrical engineering � an
amorphous Co-based alloy AMMET 212 in the form of
toroid core and a non-oriented alternator steel V350-50A
in the form of Epstein strips. The measurement setup ful-
�lled all the requirements of the appropriate IEC 60404
standards. Sine �ux wave was imposed into the system
(B-excitation case), the form factor of the output voltage
was approximately equal to 1.11. Further details con-
cerning the measurement setup may be obtained from
the website [45]. The excitation frequency was kept as
low as possible in order to avoid the disturbing e�ect of
eddy currents on the shape of measured hysteresis loops.

In the Harrison description the modelled hysteresis
loop consists of upper and lower segments of the S-shaped
curve obtained from the solution of equation

Hmodel =
kBT

µ0mBβ
arctanh

M

Ms

−αM + γm
3−m2

1−m2
, (11)
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and sigmoid reversible curves obtained by o�setting hor-
izontally the anhysteretic Langevin function by the value
±Hc. The intermediate part of the S-shaped curve is
not observable, yet it is possible that it manifests itself
in the so-called re-entrant hysteresis loops, obtained in
measurements e.g. on single, high-purity 3.2 % SiFe crys-
tals, cf. [2, p. 322]. The model equations may be recast
into the normalized form by referring the M and H val-
ues to Ms and αMs, respectively. Then it is su�cient
to know the coercive �eld strength and the amplitude of
a symmetric minor loop to recover its shape using a re-
verse transformation from the normalized into the phys-
ical units.
Table comprises the estimation results for the consid-

ered soft magnetic materials.

TABLE
Estimation results for the considered materials

AMMET 212 V350-50A
α[−] 9.69× 10−6 7.214× 10−5

β[−] 2.23× 108 9.98× 108

γ [A/m] 0.44 37.51

Ms [A/m] 8.12× 105 1.206× 106

For the estimation of model parameters the MATLAB
implementation of the robust DIRECT algorithm [46] is
used. The algorithm implements the Banach's contrac-
tion theorem in n-dimensions simultaneously. Its impor-
tant advantage is that the dimensions of the search space
are normalized into unit segments, thus the solution sen-
sitivity against variations in any direction is indirectly
controlled. The toolbox has already been successfully ap-
plied for estimation of Jiles-Atherton model parameters
[38].
Figure 1 depicts the measured and the modelled ma-

jor loop for AMMET 212, Bm = 1 [T], whereas Fig. 2
presents the measured and modelled minor loop for this
material at Bm = 0.5 [T]. In Fig. 3 some modelling re-
sults concerning minor loops in the non-oriented alterna-
tor steel, grade V350-50A are presented.

Fig. 1. The measured and the modelled major loops
for AMMET 212.

On the basis of the presented results it can be stated
that a reasonable agreement between theory and experi-
ment has been achieved. The validity of Harrison model

Fig. 2. The measured and the modelled minor loops
for AMMET 212.

Fig. 3. The measured and the modelled minor loops
for V350-50A alternator steel.

should however be further supported with the results of
modelling and experiments carried out in a wide tem-
perature range including Curie point [5, 7, 9], what is
beyond our laboratory capabilities.
It can be also concluded that the use of Brillouin func-

tion or its speci�c cases (hyperbolic tangent or Langevin
function) for modelling hysteresis in soft magnetic mate-
rials is adequate, as already pointed out in a number of
papers [5, 12, 35, 41, 43, 44].
The description of anhysteretic processes has been the

subject of intensive studies due to their role in the mag-
netomechanical e�ects and thermodynamics [14, 47]. Re-
cently Takács has noticed, that the knowledge of either
the hysteretic or the anhysteretic curve makes it possi-
ble to describe the behaviour of magnetic material, as
they both carry an equivalent piece of information on re-
magnetization history [48]. Some years ago Atherton et
al. have conjectured, that in fact there might exist fam-
ilies of o�set anhysteretic curves [13], but no explana-
tion for this phenomenon has been provided. Sablik and
Langman have envisaged anhysteretics as surfaces in the
M − H − σ space, where σ denoted the external stress
[49]. By analogy one may consider anhysteretic surfaces
in the M − H − T space. For a constant ambient tem-
perature one obtains di�erent o�set anhysteretic curves,
which correspond to di�erent reversal curves, de�ned by
magnetization values at the beginning and at the end of
the magnetization process. This concept has been imple-
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mented for the modi�ed JA description in [36], where two
JA model parameters have been updated according to
some power laws with respect to relative magnetization
level. In the Harrison model the update of anhysteretic
curve (and, what is more noticeable � of the S-shaped
hysteretic curve) for the minor loops is achieved by the
normalization of model equations. This e�ect is clearly
visible in Fig. 1 and 2. The existence of similar relation-
ships, useful for monitoring material aging in NDT, has
been proven experimentally in a number of recent papers,
cf. e.g. [34, 50].

4. Conclusions
A novel description has been applied for modelling ma-

jor and symmetric minor hysteresis loops in chosen soft
magnetic materials. A reasonable agreement between
theory and experiment has been achieved.
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