
Vol. 121 (2012) ACTA PHYSICA POLONICA A No. 4

Proceedings of the XV-th National School �Hundred Years of Superconductivity�, Kazimierz Dolny, October 9�13, 2011

E�ects of Frustrating Hopping on Charge Ordered States

in Itinerant Fermion Systems for Arbitrary Concentration

in 2D Lattice

W.R. Czart∗, P.R. Grzybowski, M. Nogala and S. Robaszkiewicz

Faculty of Physics, A. Mickiewicz University, ul. Umultowska 85, 61-614 Pozna«, Poland

There is ongoing, intense, research in the �eld of electron charge orderings (CO) and charge density waves
phenomena, due to experimental discovery of such phases in numerous important compounds. The aim of this
work is to extend recent advances in the �eld by studying two simple e�ective paradigmatic models used to
describe CO in narrow band materials i.e. (i) a model of correlated electrons: the so-called t�W model of spinless
fermions with repulsive interaction W and (ii) the molecular crystal model with the coupling of electrons to
intramolecular (crystal �eld) vibrations in the static limit. The �nite temperature phase diagrams are evaluated
at arbitrary carriers concentration for several representative cases. Our calculations are performed within the
(broken symmetry) HFA for d = 2 square lattice and arbitrary carriers concentration. In this contribution we
focus on the e�ects of next-nearest-neighbor hopping on the CO states in these systems and the problem of phase
separations involving checkerboard CO with the nesting vector Q = (π, π). The results we show here are an
extension of our previous work on the subject.

PACS: 71.10.Fd, 71.30.+h, 71.45.Lr, 64.75.Gh

1. Introduction

Charge orderings (CO) and charge density waves phe-
nomena have been discovered experimentally in many im-
portant materials including manganites, cuprates, several
nickel, vanadium and cobalt oxides, heavy fermion sys-
tems and numerous organic conductors (see e.g. [1�14]
and references therein). The CO phenomena in narrow
band materials can be explained on the bases of two main
mechanisms: electron correlations and electron-lattice
couplings. Here, as in our recent papers [12, 15, 16] we
study this subject using the following two e�ective mod-
els: (i) model of correlated electrons � the so-called t�W
model of spinless fermions with repulsive intersite inter-
actionW [12, 16] and (ii) a model of electron-lattice inter-
actions � the molecular crystal (MC) model in the static
limit, with electrons coupled to intramolecular (crystal
�eld) vibrations [15, 16].
So far our analysis has been mainly concentrated on

the problem of phase separations (PS) involving checker-
board CO [12, 15] for arbitrary concentration and the
exact half-�lling case for MC and t�W models at the
ground state.
In present work we analyze the �nite temperature

phase diagrams of these models for d = 2 square lat-
tice. The calculations are performed within the (broken
symmetry) HFA. In the study we take into consideration
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the e�ects of frustrating next-nearest-neighbor hopping
t2 on the charge ordered states in these systems at arbi-
trary concentration. We focus on the problem of homo-
geneous phases and PS(CO/NO) with the nesting vector
Q = (π, π). The results we show are an extension of our
previous work on the subject.

Here we present, for the �rst time, an overview of the
e�ects of next-nearest-neighbor hopping t2 on the �nite
temperature phase diagrams involving the CO states of
the t�W and the MC models for d = 2 square lattice.

The model Hamiltonians have the following form: (i)
the t�W model with intersite density interaction [12, 14,
16]:

Ĥ =
∑
ij

tij ĉ
+
i ĉj +

1

2
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∑
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Ns

N
=

1

N
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i

⟨n̂i⟩, 0 < ns < 1. (1)

(ii) the MC model [14, 15, 16]:
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∑
ijσ
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+
iσ ĉjσ +

1√
N
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AE
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In both models tij are the single particle hopping in-
tegrals (between the nearest neighbors t and the next
nearest neighbors t2), µ � the chemical potential.

(828)
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In the model (1) ĉ+i (ĉi) are the creation (annihilation)
operators for spinless fermions on site i, n̂i = ĉ+i ĉi, Wij

are the intersite density�density interactions, assumed to
be repulsive (Wij > 0), and restricted to nearest neigh-
bors.
In the model (2) ĉ+iσ(ĉiσ) are the creation (annihilation)

operators for fermions on site i, n̂iσ = ĉ+iσ ĉiσ, A
E
qv terms

describe the coupling of electrons to various types of in-
tramolecular (or cation � ligand) vibrations via modu-
lation of the molecular (crystal �eld) energy E, Ωqv are
the phonon branches, arising from these intramolecular

(cation�ligand) vibrations [14], b̂
(+)
qv are phonon opera-

tors of the v-th phonon branch, φ̂qv = b̂qv + b̂+qv. We re-
strict considerations to the static limit and assume that
the macroscopic distortions are caused by phonon modes
with q = Q (Q � half the smallest reciprocal lattice
vector). Therefore we put [14]

b̂(+)
qv → ⟨b̂(+)

qv ⟩ = 1

2

√
N⟨φ̂qv⟩δ|q|,Q,

φ̂qv →
√
Nφqvδ|q|,Q, (3)

neglecting all phonons with q ̸= Q and determining
the classical �eld φQv by minimizing of the free energy
(for macroscopic distortion the phonon amplitudes may
be treated classically i.e. the large quantum number
correspondence-principle).
We have performed extensive studies of both models

for arbitrary concentrations [17]. Below we only shortly
summarize the main �ndings presenting selected �nite
temperature phase diagrams which have been evaluated
at arbitrary concentration, by comparing the free ener-
gies of the homogeneous phases (CO, NO) and the PS
states.

2. Results and discussion

We use the following notation (for d = 2 SQ lattice):

W0 = 2dW/t, for the model (1) and G =
GE
Q
t , where

GE
Q =

∑
v

4(AE
Qv)

2

ΩQv
, for the model (2), b = t2/t.

In the model (1) the CO phases are characterized by
the electron CO parameter:

∆s
Q =

1

N

∑
i

⟨n̂i⟩e iQ·Ri ̸= 0, (4)

where Q = (π, π), whereas in the model (2) by:

∆e
Q =

1

N

∑
iσ

⟨n̂iσ⟩e iQ·Ri ̸= 0, (5)

and simultaneously by the static internal distortions:

φQv = −
2AE

Qv∆
e
Q

ΩQv
̸= 0. (6)

Obviously, the following relation also holds:

∆e
Q = −

∑
v

2AE
QvφQv/G

E
Q. (7)

2.1. The phase diagrams in the absence of frustration
(t2 = 0)

In the absence of frustration (t2 = 0) at half-�lling
(i.e. for ns = 0.5 for the t�W model and ne = 1 in case
of the MC model) and considering the phase separation
involving CO [12], the ground state (G S) of both models
for d ≥ 2 hypercubic lattices is homogeneous CO for any
interaction strength W0, G > 0 (see Figs. 1a,b and 2a,b
in [16]), which is in agreement with the renormalization
group results for d ≥ 2 lattices [18].
At arbitrary concentration with increasing tempera-

ture the systems discussed can exhibit several di�erent
types of behavior. For the MC model one can observe
either : (i) a sequence of two transitions PS(CO/NO) →
CO → NO, or (ii) a single 1st order transition PS → NO,
or (iii) a single 2nd order transition CO → NO at half-
�lling only. In Fig. 1b we show the T�n phase diagram
of the MC model for d = 2 lattice and a representative
value of G. The diagram is qualitatively di�erent from
the analogous diagram for the t�W model (Fig. 1a). On
the diagram for the t�W model in de�nite ranges of n
and W0 one �nds the reentrant charge-order phenomena:
NO → CO → NO or NO → PS → CO → NO. On the di-
agram of the MC model the PS (CO/NO) state extends
over much larger area of a phase space, preventing the
reentrant CO transition.

Fig. 1. Finite temperature phase diagram plotted for
d = 2, t2 = 0 and �xed interaction values: (a) t�W
model, (b) MC model. Transitions between NO and
PS(CO/NO) phases and between PS(CO/NO) and CO
are of the �rst order; transition between NO and CO
phases are of the second order. Filled dots denote the
tricritical points (TCP).
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2.2. The e�ects of frustration (t2 ̸= 0)

The next-nearest-neighbor hopping t2 breaks the
electron-hole symmetry of the systems considered and
it can substantially change the structure of the phase di-
agrams (compare Fig. 1 with Fig. 2).

Fig. 2. Finite temperature phase diagrams for b =
−0.45, d = 2 and a few �xed interaction values. TCP �
the point where the second order transition line (above
TCP) and the �rst order transition lines (below TCP)
meet. (a) t�W model, (b) MC model.

For both models the frustration introduced by t2 at
half-�lling suppresses the perfect nesting instability to-
wards CO phases at weak interactions strength W0 (or
G).
In the presence of large frustration the GS phase di-

agrams are considerably changed when compared to the
case t2 = 0 (see Ref. [15]).
For T > 0 and t2 ̸= 0 in the t�W model one can observe

several di�erent sequences of transitions with increasing
T depending on carrier concentration:

(i) at half �lling, a single second order transition: CO
→ NO. It occurs if the ground state is CO,

(ii) a sequence of two transitions: PS → CO → NO,

(iii) a single 1st order transition PS → NO,

(iv) the reentrant charge-order phenomena NO → CO
→ NO or NO → PS → CO → NO.

Similar features are also found for the MC model but
the latter model does not show the reentrant charge-order
phenomena.

3. Conclusions

We have presented results for the t�W spinless model
with repulsive intersite interaction W and the MC model
in the static limit considering two homogenous phases
(NO, CO) and the PS(CO/NO) states, for d = 2 SQ, non-
frustrated (t2 = 0) and frustrated (t2 ̸= 0) lattices, at
arbitrary �llings at the ground state and �nite tempera-
tures. We have restricted our study to the two-sublattice
CO case. We have found various �rst and second order
phase transitions, possible sequences of transitions and
critical points.
We compared results for the MC model with the anal-

ogous results for the t�W model. Generally we may con-
clude that for both models, the increasing interaction
parameters increase critical temperature and extend the
regions of CO phases stability on the phase diagrams. For
both models phase transitions to the PS states are of the
�rst order, while phase transitions to homogeneous CO
phase are continuous, of the second order. In the absence
of frustration the diagrams are symmetrical against the
line of half �lling. At the case of half �lling below critical
temperature analyzed systems are at homogeneous CO
state both with and without frustration for considered
frustration strength b = −0.45. For all shown cases there
are the tricritical points where the studied phases meet.
In spite of many similarities the diagrams for both

models show also lots of di�erences.
The PS(CO/NO) states are favored by the MC model

and they are stable in much more extended ranges of n
and T than in the case of the t�W model, as it is clearly
seen on corresponding phase diagrams.
In a de�nite range of W0 and n the t�W model can

exhibit the reentrant charge-order phenomena (the tran-
sitions: NO → CO → NO or NO → PS → CO → NO
with increasing T ) (cf. Figs. 1a and 2a), and this feature
is absent in the MC model.
More detailed discussion of the case of PS involving

not only two-sublattice CO but also collinear CO for
arbitrary concentration and T ̸= 0 will be given else-
where [17].
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