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In the present work we employ the master-equation approach to describe the transport through a molecule
located in the central region between two external electrodes. In contrast to the transport through a quantum
dot, electron�phonon coupling should be taken into account for tunnelling through a molecule. The coupling
results in the appearance of additional e�ects such as vibrational sidebands or, for the case of strong coupling,
a suppression of the current at low bias voltage (Franck�Condon blockade). In contrast to previous studies, the
transport properties are described by the density matrix calculated explicitly with diagonal and o�-diagonal
elements. The observed phenomena are discussed and compared to previous studies.

PACS: 73.23.Hk, 73.63.�b, 81.65.+h

1. Introduction

Recently, there has been increased interest in trans-
port through single-molecule devices. Transport through
molecules shows similarities to the transport through ar-
ti�cial quantum dots including such e�ects as Coulomb
blockade [1, 2] and the Kondo e�ect [3�5]. However,
the coupling of electrons on the molecule to the phonon
modes [6�12] has also signi�cant in�uence on the trans-
port properties. Due to the electron�phonon coupling,
vibrational sidebands can be observed as characteristic
steps in the current�voltage curves. In addition, for the
case of strong electron�phonon coupling, single-electron
tunnelling on and o� the molecule (sequential tunnelling)
can be suppressed at low bias voltages. This e�ect is
called Franck�Condon (FC) blockade.
The purpose of this article is to extend the knowledge

about the transport properties of a molecular junction.
In order to describe the transport through the molecule,
we use a density-matrix approach including all coher-
ent tunnelling processes [13�16], thereby avoiding the as-
sumption of a diagonal reduced density matrix. The non-
linear transport properties are obtained from the mas-
ter equation. In the present study, the limit of weak
molecule-lead coupling will be employed. In this case the
tunnelling Hamiltonian Ht can be treated within per-
turbation theory. In the lowest order of this expansion,
sequential tunnelling is obtained. Because an electron
tunnelling into or out of the molecule can change the
excitation of vibrational modes, o�-diagonal elements of
the density matrix between di�erent excited states are
taken into account.

2. Model and method

The system consists of a molecule coupled to a phonon
mode and connected to external electrodes. It is de-
scribed by the Anderson�Holstein Hamiltonian Ĥ =
Ĥleads + Ĥt + Ĥmol [6, 9, 10], where the noninteracting

leads are described by Ĥleads =
∑

k,β,σ ξkβ ĉ
†
kβσ

ĉkβσ, the

tunnelling between molecule and leads is described by

Ĥt =
∑
k,β,σ

(
Vkβ ĉkβσd̂

†
σ + h.c.

)
and

Ĥmol =
∑
σ

(ϵd − eVg)d̂
†
σd̂σ +

U

2
n̂d(n̂d − 1)

+λω(b̂† + b̂)n̂d + ~ωb̂†b̂ (1)

with n̂d = d̂†↑d̂↑ + d̂†↓d̂↓ contains the electronic and vi-
brational degrees of freedom of the molecule. Opera-

tors ĉkβσ
(ĉ†
kβσ

) annihilate (create) electrons in the left

(β = L) or right (β = R) electrodes with the corre-
sponding energies. These energies are measured from
the chemical potentials shifted symmetrically by the ex-
ternal voltage µL − µR = eV . The densities of states of

the leads are approximated by constants. Operators d̂σ
and d̂†σ refer to the localized electrons on the molecule
with the single-particle energy ϵd, which can be tuned
by applying a gate voltage Vg. U is the Coulomb inter-
action on the molecule. The tunnelling matrix elements
Vkβ

characterize the strength of the molecule-lead cou-

pling. Vibrational excitations with energy ~ω are anni-

hilated (created) by b̂ (b̂†). A single vibrational mode
is taken into account within the harmonic approxima-
tion. The equilibrium distances between the nuclei of
the molecule are changed if an electron is added to or
removed from the molecule. The coupling between vi-
brational and electronic degrees of freedom is described

by the term λ~ω(b̂†+ b̂)n̂d. Unlike in most previous stud-
ies, we do not apply a Lang�Firsov transformation [17]
to transfer this coupling to the tunnelling term.
We introduce the reduced density matrix of the

molecule as ρD(t) = Trleads ρ(t), where the trace is over
many-particle states of the leads. We drop the subscript
D in the following. Using standard methods [14], the
master equation for the components of ρ with respect to
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the basis {|n, q⟩} can be written as

dρnn
′

qq′

dt
= −i

(
Enq − En′q′

)
ρnn

′

qq′
−

∑
sq′′′

Rns
qq′′′

ρsn
′

q′′′q′

−
∑
lq′′

Rln
′

q′′q′
ρnl
qq′′

+
∑

slq′′q′′′

R1,2,nl,sn
′

qq′′ ,q′′′q′
ρls
q′′q′′′

−(1− δnn′ )
1

τ2
ρnn

′

qq′

−δnn′
1

τ1

(
ρnn
qq′

− P eq,el
n

∑
n′′

ρn
′′
n
′′

qq′

)
. (2)

Here, |n, q⟩ denotes the molecular eigenstates, where n
speci�es the electronic state (0, ↑, ↓, or ↑↓), while q is the
harmonic-oscillator quantum number of the vibrational
mode. τ1 and τ2 are o�-diagonal and diagonal relax-
ation times, respectively, describing the e�ect of an addi-
tional heat bath on the electronic states. The equilibrium
distribution P eq,el

n is given by the Boltzmann distribu-
tion. The transition rates Rns

qq′′′
for sequential tunnelling

from state |n, q⟩ to |s, q′′′⟩ contain contributions from
the electronic and phononic wave functions. The elec-
tronic part is described by the couplings to the electrodes,
Γβ = 2π

∑
β ρβ |Vkβ |

2, the matrix elements of annihila-

tion (Cσ
ns = ⟨n|d̂σ|s⟩) and creation (C+σ

ns = ⟨n|d̂†σ|s⟩)
operators and the Fermi function fβ depending on the
energy of the molecule in the state |n, q⟩,

Enq = (ϵd − eVg)n+
U

2
n(n− 1) +

(
q +

1

2

)
~ω

−nλ2~ω. (3)

In order to simplify the form of Eq. (2), the master equa-
tion can be rewritten in the matrix form [13, 16]

dρ

dt
= Mρ, (4)

where M is the N2 × N2 rate matrix and N is a num-
ber of molecular state we are taking into account. In the
stationary state, which satis�es dρ/dt = 0, Eq. (4) takes
the form 0 = Mρ. In order to calculate the stationary
occupation probabilities P ss

qq , the diagonal (d) and o�-
diagonal (n) density-matrix elements can be separated
into two vectors P d and P n. Then Eq. (4) can be split
into two blocks [16],[

0d

0n

]
=

[
Mdd Mdn

Mnd Mnn − iLnn

][
P d

P n

]
.

After solving the equation for P n, its solution can be
inserted into the equation for P d. In this way the non-
diagonal elements are eliminated and an e�ective equa-
tion MdP d = 0 for P d is obtained, where

Md = M
(2)
dd +M

(4)
dd − iM

(2)
dn L−1

nnM
(2)
nd

and

L−1
nn = (Eq

n − Eq′
n′ ). (5)

This equation resembles the rate equation, but it con-

tains the e�ective rates iM
(2)
dn L−1

nnM
(2)
nd . By these e�ec-

tive rates the 4th order e�ects of coherences are included.

One should emphasize that due to the absence of Mnn

the evaluation of Eq. (2) can be signi�cantly simpli�ed.
From the obtained reduced density matrix, one can

calculate the current �owing out of the left electrode
into the molecule, IL(t) = Tr

(
ILρ(t)

)
, where Tr is the

trace over the full system. Then, after analogous cal-
culations for the corrections to the current one obtains
Ir = eTd [MIr ]dP d with

(MIr )d = (M
(2)
Ir

)dd + (M
(4)
Ir

)dd

−i(M
(2)
Ir

)dnL
−1
nn(M

(2)
Ir

)nd, (6)

where eTd is a unit vector eTd = (1, ..., 1).

3. Results

Using the master equation described in the previ-
ous section, we determine the current �owing through
a molecule between two external electrodes. Represen-
tative results for the current as a function of the bias
voltage are shown in Fig. 1 for the single-electron en-
ergy ϵd = 0.5 and thermal energy kT = 0.05 in units
of the phonon energy ~ω = 1. Two cases of the inter-

Fig. 1. Current through the molecule calculated using
the full master equation for ϵd = 0.5, kT = 0.05, ~ω = 1,
and the two cases λ = 1 and λ = 4.

mediate (λ = 1) and strong (λ = 4) electron-phonon
coupling are considered in the present study. For the
smaller electron�phonon coupling, the current is found
to be symmetric with respect to the applied source-drain
voltage V . Moreover, it increases with the bias voltage
with characteristic steps in the IV characteristic. The
observed steps correspond to transitions between molec-
ular states. Additional steps observed for higher bias
voltages appear due to vibrational states of the molecule.
Each subsequent step is observed when eV is increased by
twice an integer multiple of the phonon frequency. For
strong electron�phonon coupling another characteristic
feature is observed: The low-bias current is suppressed
due to the Franck�Condon blockade [11, 13]. The dis-
tribution of the transition rates broadens considerably,
opening a gap of suppressed transitions between low-
lying phonon states due to very small FC matrix ele-
ments Fqq′ . Figure 2 shows the corresponding conduc-
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Fig. 2. Conductance through the molecule calculated
using the full master equation for the same parameters
as in Fig. 1.

tance dI/d(eV ) as a function of applied bias voltage.
The weights of the conductance peaks observed in Fig. 2
are determined by the FC factors.
Similar results to those shown in Figs. 1 and 2 have

been reported in Ref. [11], where o�-diagonal components
of the reduced density operator were ignored. Evidently,
taking these o�-diagonal components into account does
not qualitatively change the IV characteristics. Further
studies, possibly taking higher-order processes into ac-
count, are necessary to clarify this result. We note that
our results are in good qualitative agreement with ex-
perimental data reported by di�erent groups [3, 18]. FC
blockade has also been observed in the di�erential con-
ductance of quantum dots formed in suspended single-
wall carbon nanotubes [18], where the electron�phonon
coupling is strong. Moreover, the temperature depen-
dence of the experimental data con�rms that the side-
bands originate from excited vibronic states.

4. Summary and conclusions

Using a master-equation approach, we have investi-
gated electron transport through a single molecule. In
particular, we have included o�-diagonal matrix elements
of the reduced density matrix. In good agreement with
previous studies [11, 13], the strong suppression of the
current in case of strong electron phonon coupling, inde-
pendently of the local Coulomb interaction U , was ob-
served. The e�ect of including the o�-diagional compo-
nents is found to be small.
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