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In the present paper, we construct the travelling wave solutions of two nonlinear Schrödinger equations with

variable coe�cients by using a generalized extended
(

G′

G

)
-expansion method, where G = G(ξ) satis�es a second

order linear ordinary di�erential equation. By using this method, new exact solutions involving parameters,
expressed by hyperbolic and trigonometric function solutions are obtained. When the parameters are taken as
special values, some solitary wave solutions are derived from the hyperbolic function solutions.
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1. Introduction

During the past decades, investigations on the opti-
cal �ber communications have become more and more
attractive [1], in which the optical solitons have their
potential applications in optical �ber transmission sys-
tems [2, 3]. As we all know, solitonic structures are seen
in many �elds of sciences and engineering [4, 5], among
which an optical soliton exists in a �ber on the basis of
the exact balance between the group velocity dispersion
(GVD) and the self-phase modulation (SPM). The prop-
agation of the optical solitons is usually governed by the
nonlinear Schrödinger equation (NLSE), which is one of
the most important models in modern nonlinear science.
Moreover, much attention has been paid to the investiga-
tion on the generalized NLSEs with constant coe�cients
as a kind of ideal models of the much more complicated
physical problems [6, 7]. As a matter of fact, in a real
�ber there exist some �ber nonuniformities to in�uence
various e�ects such as the gain or loss, GVD and SPM,
etc. Considering the varying dispersion, nonlinearity and
gain/loss, we would like to investigate the following two
variable coe�cients nonlinear Schrödinger equations:
1. The nonlinear Schrödinger equation with the gain

and variable coe�cients

iux +
1

2
β(x)utt + α(x)u|u|2 − iγ(x)u = 0 , (1)

where u(x, t) is the complex envelope of the electrical
�eld, x is the normalized propagation distance along
the �ber, t is the retarded time and the subscripts de-
note partial derivatives. All the parameters β(x), α(x)
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and γ(x) are real analytic functions of the normalized
propagation distance x, which represent the GVD, SPM
and distributed gain/loss, respectively. Equation (1) de-
scribes the ampli�cation or absorption of pulses prop-
agation in a single mode optical �ber with distributed
dispersion and nonlinearity. This equation appears in
many �elds of physical and engineering sciences, e.g., in
plasma physics [8], arterial mechanics [9], long-distance
optical communications [10�12]. It describes such situ-
ations more realistically than their constant coe�cient.
In practical applications, Eq. (1) can be used to describe
the stable transmission of managed soliton.

2. The higher-order nonlinear Schrödinger equation
with variable coe�cients

ux = iα1(x)utt + iα2(x)u|u|2 + α3(x)uttt

+α4(x)
(
u|u|2

)
t
+ α5(x)u

(
|u|2
)
t
+ Γ (x)u , (2)

where αi(x) (i = 1, 2, . . . , 5) are the distributed param-
eters, which are real analytic functions of the propaga-
tion distance x and t is the related time while Γ (x) de-
notes the ampli�cation or absorption coe�cient. Equa-
tion (2) has been paid attention by many researchers
[13�15] due to its wide range of applications. It describes
the femtosecond pulse propagation which can be applied
to telecommunication and ultrafast signal-routing sys-
tems extensively in the weakly dispersive and nonlinear
dielectrics with distributed parameters. The constant co-
e�cients of Eq. (2) has been studied well and the exact
solutions (including the dark solitary wave and bright
solitary wave) are presented [16, 17]. It is clear that
both Eqs. (1) and (2) are very important in the �eld of
mathematical physics. Therefore, it is a signi�cant task
to search for explicit solutions of the two equations.
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Up to now, many powerful methods have been es-
tablished and developed to obtain analytic solutions
of NLSEs, such as the inverse scattering method [18],
the Hirota bilinear method [19], the Bäcklund trans-
formation [20], the Painlevé expansion [21], the varia-
tional iteration method [22], the Adomian decomposi-
tion method [23], the tanh function method [24], the
Jacobi elliptic function expansion method [25], the exp-
-function method [26] and so on. More recently, the(

G′

G

)
-expansion method [27�30] has been proposed to

obtain traveling wave solutions. This method is �rstly
proposed by Wang et al. [27] for which the traveling
wave solutions of the nonlinear evolution equations are
obtained. This method has been extended to solve

di�erence-di�erential Eqs. [31]. The improved
(

G′

G

)
-

-expansion method has been used in [32�34]. Recently,
Guo and Zhou [35] and Zayed and Al-Joudi [36] have
obtained the exact traveling wave solutions of some non-
linear partial di�erential equations (PDEs) using an ex-

tended
(

G′

G

)
-expansion method.

In the present article, we use the generalized extended(
G′

G

)
-expansion method to derive the exact traveling

wave solutions of Eqs. (1) and (2). The generalized ex-

tended
(

G′

G

)
-expansion method used in this article can

be considered as a greater generalization of that used in
[35, 36]. This method can be applied to further equa-
tions such as di�erence-di�erential equations which can
be done in forthcoming articles.

2. Description of a generalized extended
(

G′

G

)
-expansion method

For a given nonlinear PDEs with independent variables X = (x, y, z, t) and dependent variable u, we consider the
PDE

F (u, ut, ux, utt, uxx, uxt, . . .) = 0 , (3)

where F is a polynomial in u and its partial derivatives. In order to solve Eq. (3), we use the generalized wave
transformation

u(X) = u(ξ) , ξ = ξ(X) . (4)

Thus, the solution of Eq. (3) can be expressed by a polynomial in
(

G′(ξ)
G(ξ)

)
as follows:

u(X) = a0(X) +

M∑
i=1

ai(X)

[
G′(ξ)

G(ξ)

]i
+ bi(X)

[
G′(ξ)

G(ξ)

]i−1

√√√√σ

[
1 +

1

µ

(
G′(ξ)

G(ξ)

)2
], (5)

where G = G(ξ) satis�es the following second order linear ordinary di�erential equation:

G′′(ξ) + µG(ξ) = 0 , (6)

where µ is a nonzero constant and σ = ±1, while ξ = ξ(X), ai(X) and bi(X) are analytic functions of X to be
determined later and ′ ≡ d

dξ . To determine u(X) explicitly, we consider the following four steps:

Step 1. Determine the positive integer M by balancing the highest order nonlinear term(s) and the highest order
partial derivatives of u(X) in Eq. (3).

Step 2. Substitute (5) along with Eq. (6) into Eq. (3) and collect all terms with the same powers of
(

G′

G

)j
and

(
G′

G

)j√
σ
[
1 + 1

µ

(
G′

G

)2]
together and equating each coe�cient to zero, yield a set of over-determined di�erential

equations for a0(X), ai(X), bi(X) and ξ(X).

Step 3. Solve the system of over-determined di�erential equations obtained in Step 2 for ai(X), bi(X), (i =
0, 1, . . . ,M) and ξ(X) by the use of Maple or Mathematica.

Step 4. Use the results obtained in above steps to derive a series of fundamental solutions of Eq. (3), since the
solutions of Eq. (6) have been well known for us. Thus, we can obtain the exact solutions of Eq. (3).

Remark 1: From the general solution of Eq. (6) we have the ratio

G′(ξ)

G(ξ)
= i
√
|µ|sgn(µ)

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

) , (7)

where A and B are arbitrary constants.
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Remark 2: It is necessary to point out that by adding the term
(

G′

G

)j√
σ[1 + 1

µ

(
G′

G

)2
] into (5), the ansatz proposed

here is more general than the ansatz in the original
(

G′

G

)
-expansion method [27]. Therefore, the generalized extended(

G′

G

)
-expansion method is more powerful than the original

(
G′

G

)
-expansion method and some new types of traveling

wave solutions and solitary wave solutions would be expected for some NPDEs. If we choose the parameters in (5)

and (6) to take special values, the original
(

G′

G

)
-expansion method can be recovered by our proposed method.

3. Applications

In this section, we will apply the generalized extended
(

G′

G

)
-expansion method to construct the exact solutions of

two nonlinear evolution equations with variable coe�cients via the nonlinear Schrödinger equation with the gain and
variable coe�cients (1) and the higher-order nonlinear Schrödinger equation with variable coe�cients (2).

3.1. Example 1. The nonlinear Schrödinger equation with the gain and variable coe�cients
In order to obtain the exact solutions of Eq. (1), we assume that the solution of this equation can be written in the

form

u(x, t) = υ(x, t) exp(iθ(x, t)), (8)

where υ(x, t) and θ(x, t) are amplitude and phase functions, respectively. Substituting (8) into (1) and separating the
real and imaginary parts, we obtain

−υθx +
1

2
β(x)

[
υtt − υ(θt)

2
]
+ α(x)υ3 = 0 , (9)

and

υx +
1

2
β(x)[2υtθt + υθtt]− γ(x)υ = 0 . (10)

Balancing υtt and υ3 in Eq. (8), we have M = 1. We assume that Eqs. (9) and (10) have the following formal
solutions:

υ(ξ) = a0(x) + a1(x)

(
G′(ξ)

G(ξ)

)
+ b1(x)

√√√√σ

[
1 +

1

µ

(
G′(ξ)

G(ξ)

)2
]
, (11)

and

θ(x, t) = f(x)t2 + g(x)t+ h(x) , (12)

where G = G(ξ) satis�es Eq. (6) and ξ = p(x)t+ q(x). The functions f(x), g(x), h(x), p(x) and q(x) are di�erentiable
functions of the normalized propagation distance x to be determined. Substituting (11) and (12) into (9) and (10),

collecting all terms with the same powers of ti
(

G′

G

)j(√
σ
[
1 + 1

µ

(
G′

G

)2])k
, i = 0, 1, 2, j = 0, 1, 2, 3, k = 0, 1, together

and setting them to zero, we have a system of over-determined di�erential equations which can be solved by Maple
or Mathematica to get the following cases:

Case 1.

a0(x) = 0 , a1(x) = 0 , b1(x) = c1 e
∫
γ(x)dx , p(x) = c2 , q(x) = −c2c3

∫
β(x)dx+ c4 , f(x) = 0 ,

g(x) = c3 , h(x) = −1

2

(
µc22 + c23

) ∫
β(x)dx+ c5 , α(x) =

(
−µc22β(x)

c21σ

)
e−2

∫
γ(x)dx , β(x) = β(x) ,

γ(x) = γ(x) , (13)

In this case, we have the exact solution

u(ξ) = c1

√√√√√√σ

1− |µ|sgn(µ)
µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
2


× exp

(
i

(
c3t−

1

2

(
µc22 + c23

) ∫
β(x)dx+ c5

)
+

∫
γ(x)dx

)
, (14)

where

ξ = c2

(
t− c3

∫
β(x)dx

)
+ c4 . (15)
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Case 2.

a0(x) = 0 , a1(x) = c1 e
∫
γ(x)dx , b1(x) = 0 , p(x) = c2 , q(x) = −c2c3

∫
β(x)dx+ c4 , f(x) = 0 ,

g(x) = c3 , h(x) =
1

2

(
2µc22 − c23

) ∫
β(x)dx+ c5 , α(x) =

−c22β(x)

c21
e−2

∫
γ(x)dx , β(x) = β(x) ,

γ(x) = γ(x) . (16)

In this case, we have the exact solution

u(ξ) = ic1
√
|µ|sgn(µ)

A exp
(
iξ
√

|µ|sgn(µ)
)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√

|µ|sgn(µ)
)
+B exp

(
− iξ

√
|µ|sgn(µ)

)


× exp

(
i

(
c3t+

1

2

(
2µc22 − c23

) ∫
β(x)dx+ c5

)
+

∫
γ(x)dx

)
, (17)

where ξ has the same form (15).

Case 3.

a0(x) = 0 , a1(x) = 0 , b1(x) = c1
√

f(x)e
∫
γ(x)dx, p(x) = c2f(x) , q(x) =

1

2
c2c3f(x) + c4 ,

f(x) =
1

2
∫
β(x)dx+ c6

, g(x) = c3f(x) , h(x) =
1

4
(µc22 + c23)f(x) + c5 ,

γ(x) = γ(x) , α(x) =
df(x)

dx

µc22
2σc21f(x)

e−2
∫
γ(x)dx , β(x) = β(x) . (18)

In this case, we have the exact solution

u(ξ) = c1

√√√√√√σ

1− |µ|sgn(µ)
µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
2


×

(√
1

2
∫
β(x)dx+ c6

)
exp

(
i

(
t2 + c3t+

1
4

(
µc22 + c23

)
2
∫
β(x)dx+ c6

+ c5

)
+

∫
γ(x)dx

)
, (19)

where

ξ =
c2(2t+ c3) + c4

2
(
2
∫
β(x)dx+ c6

) . (20)

Case 4.

a0(x) = 0 , a1(x) = c1
√
f(x)e

∫
γ(x)dx , b1(x) = 0 , p(x) = c2f(x) , q(x) =

1

2
c2c3f(x) + c4 ,

f(x) =
1

2
∫
β(x)dx+ c6

, g(x) = c3f(x) , h(x) =
−1

4

(
2µc22 − c23

)
f(x) + c5 , β(x) = β(x) ,

α(x) =
df(x)

dx

c22
2c21f(x)

e−2
∫
γ(x)dx , γ(x) = γ(x) , (21)

In this case, we have the exact solution

u(ξ) = ic1

√
|µ|sgn(µ)

2
∫
β(x)dx+ c6

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
× exp

(
i

(
t2 + c3t− 1

4

(
2µc22 − c23

)
2
∫
β(x)dx+ c6

+ c5

)
+

∫
γ(x)dx

)
, (22)

where ξ has the same form (20).
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Case 5.

a0(x) = 0 , a1(x) = c1σ

√
σ

µ
e
∫
γ(x)dx , b1(x) = c1 e

∫
γ(x)dx , p(x) = c2 , q(x) = −c2c3

∫
β(x)dx+ c4 ,

f(x) = 0 , g(x) = c3 , h(x) =
1

4

(
µc22 − 2c23

) ∫
β(x)dx+ c5 , α(x) =

−µc22β(x)

4σc21
e−2

∫
γ(x)dx ,

β(x) = β(x) , γ(x) = γ(x) . (23)

In this case, we have the exact solution

u(ξ) = c1

 iσ

√
σ|µ|sgn(µ)

µ

A exp
(
iξ
√

|µ|sgn(µ)
)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√

|µ|sgn(µ)
)
+B exp

(
− iξ

√
|µ|sgn(µ)

)

+

√√√√√√σ

1− |µ|sgn(µ)
µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
2



× exp

(
i

(
c3t+

1

4

(
µc22 − 2c23

) ∫
β(x)dx+ c5

)
+

∫
γ(x)dx

)
, (24)

where ξ has the same form (15).

Case 6.

a0(x) = 0 , a1(x) = c1σ

√
σf(x)

µ
e
∫
γ(x)dx , b1(x) = c1

√
f(x)e

∫
γ(x)dx , p(x) = c2f(x) ,

q(x) =
1

2
c2c3f(x) + c4 , f(x) =

1

2
∫
β(x)dx+ c6

, g(x) = c3f(x) , h(x) =
−1

8

(
µc22 − 2c23

)
f(x) + c5 ,

β(x) = β(x) , α(x) =
df(x)

dx

µc22
8σc21f(x)

e−2
∫
γ(x)dx , γ(x) = γ(x) . (25)

In this case, we have the exact solution

u(ξ) = c1

 iσ

√
σ|µ|sgn(µ)

µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)


+

√√√√√√σ

1− |µ|sgn(µ)
µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
2



×

(√
1

2
∫
β(x)dx+ c6

)
exp

(
i

(
t2 + c3t− 1

8

(
µc22 − 2c23

)
2
∫
β(x)dx+ c6

+ c5

)
+

∫
γ(x)dx

)
, (26)

where ξ has the same form (20). In particular, we deduce from (14) that the solitary wave solutions of Eq. (1) are
derived as follows:

If B = 0, A ̸= 0 and µ < 0, then we obtain

u(ξ) = c1
√
−σ csch

(√
−µξ

)
exp

(
i

(
c3t−

1

2

(
µc22 + c23

) ∫
β(x)dx+ c5

)
+

∫
γ(x)dx

)
, (27)

while, if B ̸= 0, B2 > A2 and µ < 0, then we obtain

u(ξ) = c1
√
σ sech

(√
−µξ + ξ0

)
exp

(
i

(
c3t−

1

2

(
µc22 + c23

) ∫
β(x)dx+ c5

)
+

∫
γ(x)dx

)
, (28)

where ξ0 = tanh−1
(
A
B

)
. Similarly, we can �nd more solitary wave solutions of Eq. (1) using (17), (19), (22), (24) and

(26) but we omitted them for simplicity.
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3.2. Example 2. The higher-order nonlinear Schrödinger equation with variable coe�cients

In order to obtain the exact solutions of Eq. (2), we assume that the solution of Eq. (2) has the same form (8).
Substituting (8) into (2) and separating the real and imaginary parts, we obtain

υx = (−2υtθt − υθtt)α1(x) +
(
υttt − 3υt(θt)

2 − 3υθtθtt

)
α3(x) + υ2υt(3α4(x) + 2α5(x)) + υΓ (x) , (29)

and

υθx =
(
υtt − υ(θt)

2
)
α1(x) +

(
3υttθt + 3υtθtt − υ(θt)

3
+ υθttt

)
α3(x) + υ3α2(x) + υ3θtα4(x) . (30)

Balancing υttt and υ2υt in Eq. (29), we have M = 1. In order to search for explicit solutions, we deduce that
Eqs. (29) and (30) have the same formal solutions (11) and (12). Consequently, we have the following cases:

Case 1.

a0(x) = 0 , a1(x) = 0 , b1(x) = c1 e
∫
Γ(x)dx , p(x) = c2 ,

q(x) = −c2

[
2c3

∫
α1(x)dx+

(
µc22 + 3c23

) ∫
α3(x)dx

]
+ c4 ,

h(x) = −
(
µc22 + c23

) ∫
α1(x)dx− c3

(
3µc22 + c23

) ∫
α3(x)dx+ c5 , f(x) = 0 , g(x) = c3 , α1(x) = α1(x) ,

α3(x) = α3(x) , α4(x) = α4(x) , α2(x) = −c3α4(x)−
2µc22
σc21

[α1(x) + 3c3α3(x)]e
−2

∫
Γ(x)dx ,

α5(x) =
−3

2
α4(x)−

3µc22
σc21

α3(x)e
−2

∫
Γ(x)dx , Γ (x) = Γ (x) . (31)

In this case, we have the exact solution

u(ξ) = c1

√√√√√√σ

1− |µ|sgn(µ)
µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
2


× exp

(
i

(
c3t−

(
µc22 + c23

) ∫
α1(x)dx− c3

(
3µc22 + c23

) ∫
α3(x)dx+ c5

)
+

∫
Γ (x)dx

)
, (32)

where

ξ = c2

{
t−

[
2c3

∫
α1(x)dx+

(
µc22 + 3c23

) ∫
α3(x)dx

]}
+ c4. (33)

Case 2.

a0(x) = 0 , a1(x) = c1 e
∫
Γ(x)dx , b1(x) = 0 , p(x) = c2 ,

q(x) = −c2

[
2c3

∫
α1(x)dx+

(
−2µc22 + 3c23

) ∫
α3(x)dx

]
+ c4 ,

h(x) =
(
2µc22 − c23

) ∫
α1(x)dx+ c3

(
6µc22 − c23

) ∫
α3(x)dx+ c5 , f(x) = 0 , g(x) = c3 , α1(x) = α1(x) ,

α3(x) = α3(x) , α4(x) = α4(x) , α2(x) = −c3α4(x)−
2c22
c21

[α1(x) + 3c3α3(x)]e
−2

∫
Γ(x)dx ,

α5(x) =
−3

2
α4(x)−

3c22
c21

α3(x)e
−2

∫
Γ(x)dx , Γ (x) = Γ (x) . (34)

In this case, we have the exact solution

u(ξ) = ic1
√
|µ|sgn(µ)

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
× exp

(
i

(
c3t+

(
2µc22 − c23

) ∫
α1(x)dx+ c3

(
6µc22 − c23

) ∫
α3(x)dx+ c5

)
+

∫
Γ (x)dx

)
, (35)

where

ξ = c2

{
t−

[
2c3

∫
α1(x)dx+

(
−2µc22 + 3c23

) ∫
α3(x)dx

]}
+ c4 . (36)
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Case 3.

a0(x) = 0 , a1(x) = c1 e
∫
Γ(x)dx , b1(x) = c1σ

√
µ

σ
e
∫
Γ(x)dx , p(x) = c2 ,

q(x) =
1

2
c2

[
−4c3

∫
α1(x)dx+

(
µc22 − 6c23

) ∫
α3(x)dx

]
+ c4 ,

h(x) =
1

2

(
µc22 − 2c23

) ∫
α1(x)dx+

1

2
c3
(
3µc22 − 2c23

) ∫
α3(x)dx+ c5 , f(x) = 0 , g(x) = c3 , α1(x) = α1(x) ,

α3(x) = α3(x) , α4(x) = α4(x) , α2(x) = −c3α4(x)−
c22
2c21

[α1(x) + 3c3α3(x)]e
−2

∫
Γ(x)dx ,

α5(x) =
−3

2
α4(x)−

3c22
4c21

α3(x)e
−2

∫
Γ(x)dx , Γ (x) = Γ (x) . (37)

In this case, we have the exact solution

u(ξ) = c1

 i
√
|µ|sgn(µ)

A exp
(
iξ
√

|µ|sgn(µ)
)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√

|µ|sgn(µ)
)
+B exp

(
− iξ

√
|µ|sgn(µ)

)

+ σ

√
µ

σ

√√√√√√σ

1− |µ|sgn(µ)
µ

A exp
(
iξ
√
|µ|sgn(µ)

)
−B exp

(
− iξ

√
|µ|sgn(µ)

)
A exp

(
iξ
√
|µ|sgn(µ)

)
+B exp

(
− iξ

√
|µ|sgn(µ)

)
2



× exp

(
i

(
c3t+

1

2

(
µc22 − 2c23

) ∫
α1(x)dx+

1

2
c3
(
3µc22 − 2c23

) ∫
α3(x)dx+ c5

)
+

∫
Γ (x)dx

)
, (38)

where

ξ = c2

{
t− 1

2

[
−4c3

∫
α1(x)dx+

(
µc22 − 6c23

) ∫
α3(x)dx

]}
+ c4 . (39)

In particular, we deduce from (32) that the solitary wave solutions of Eq. (2) will be given as follows:
If B = 0, A ̸= 0 and µ < 0, then we obtain

u(ξ) = c1
√
−σ csch

(√
−µξ

)
× exp

(
i

(
c3t−

(
µc22 + c23

) ∫
α1(x)dx− c3

(
3µc22 + c23

) ∫
α3(x)dx+ c5

)
+

∫
Γ (x)dx

)
, (40)

while, if B ̸= 0, B2 > A2 and µ < 0, then we obtain

u(ξ) = c1
√
σ sech

(√
−µξ + ξ0

)
× exp

(
i

(
c3t−

(
µc22 + c23

) ∫
α1(x)dx− c3

(
3µc22 + c23

) ∫
α3(x)dx+ c5

)
+

∫
Γ (x)dx

)
, (41)

where ξ0 = tanh−1
(
A
B

)
. Similarly, we can �nd more solitary wave solutions of Eq. (2) using (35) and (38) but we

omitted them for simplicity.

Remark 3: All solutions of this article have been checked with the Maple by putting them back into the original
Eqs. (1) and (2).

4. Conclusions

In this article, the generalized extended
(

G′

G

)
-

-expansion method has been proposed to �nd out ex-
act solutions of NLSEs. As applications of the proposed
method, some new traveling wave solutions of the nonlin-
ear Schrödinger equation with the gain and variable co-
e�cients (1) and the higher-order nonlinear Schrödinger
equation with variable coe�cients (2) are successfully ob-
tained. These solutions include hyperbolic function so-
lutions and trigonometric function solutions. When the

parameters are taken as special values, the solitary wave
solutions are derived from the hyperbolic function solu-
tions. This work shows that the generalized extended(

G′

G

)
-expansion method is direct, e�ective and can be

applied to many other NLSEs in mathematical physics.

Acknowledgments

The authors wish to thank the referee for his comments
on this paper.



580 E.M.E. Zayed, M.A.M. Abdelaziz

References

[1] B. Tian, Y.T. Gao, H.W. Zhu, Phys. Lett. A 366,
223 (2007).

[2] M. Nakazawa, H. Kubota, K. Suzuki, E. Yamada,
A. Sahara, Chaos 10, 486 (2000).

[3] A.C. Peacock, R.J. Kruhlak, J.D. Harvey, J.M. Dud-
ley, Opt. Commun. 206, 171 (2002).

[4] B. Tian, Y.T. Gao, Phys. Lett. A 362, 283 (2007).

[5] R. Hao, L. Li, Z. Li, W. Xue, G. Zhou, Opt. Commun.
236, 79 (2004).

[6] M. Gedalin, T.C. Scott, Y.B. Band, Phys. Rev. Lett.
78, 448 (1997).

[7] D. Mihalache, L. Torner, F. Moldoveanu,
N.C. Panoiu, N. Truta, Phys. Rev. E 48, 4699
(1993).

[8] I. Kourakis, P.K. Shukla, Phys. Plasmas 10, 3459
(2003).

[9] H. Demiray, Bull. Math. Biol. 58, 939 (1996).

[10] V.N. Serkin, A. Hasegawa, Phys. Rev. Lett. 85, 4502
(2000).

[11] V.I. Kruglov, A.C. Peacock, J.D. Harvey, Phys.
Rev. E 71, 056619 (2005).

[12] X. Lu, H.W. Zhu, X.H. Meng, Z.C. Yang, B. Tian,
J. Math. Anal. Appl. 336, 1305 (2007).

[13] R. Yang, R. Hao, L. Li, Z. Li, G. Zhou, Opt. Commun.
242, 285 (2004).

[14] J. Ren, H.Y. Ruan, Commun. Theor. Phys. (Beijing,
China) 50, 575 (2008).

[15] J. Tian, G. Zhou, Phys. Scr. 73, 56 (2006).

[16] S.L. Palacios, A. Guinea, J.M. Fernández-Diáz,
R.D. Crespo, Phys. Rev. E 60, 45 (1999).

[17] J. Zhang, Q. Yang, C. Dai, Opt. Commun. 248, 257
(2005).

[18] M.J. Ablowitz, P.A. Clarkson, Soliton, Nonlinear
Evolution Equations and Inverse Scattering, Cam-
bridge Univ. Press, New York 1991.

[19] R. Hirota, Phys. Rev. Lett. 27, 1192 (1971).

[20] M.R. Miurs, Bäcklund Transformation, Springer,
Berlin 1978.

[21] J. Weiss, M. Tabor, G. Carnevale, J. Math. Phys. 24,
522 (1983).

[22] J.H. He, Chaos Solitons Fractals 19, 847 (2004).

[23] T.A. Abassy, M.A. El-Tawil, H.K. Saleh, Int. J. Non-
linear Sci. Numer. Simul. 5, 327 (2004).

[24] E.M.E. Zayed, M.A.M. Abdelaziz, Int. J. Nonlinear
Sci. Numer. Simul. 11, 595 (2010).

[25] S.K. Liu, Z.T. Fu, S.D. Liu, Q. Zhao, Phys. Lett. A
289, 69 (2001).

[26] J.H. He, X.H. Wu, Chaos Solitons Fractals 30, 700
(2006).

[27] M.L. Wang, X.Z. Li, J.L. Zhang, Phys. Lett. A 372,
417 (2008).

[28] E.M.E. Zayed, J. Appl. Math. Computing 30, 89
(2009).

[29] E.M.E. Zayed, M.A.M. Abdelaziz, Int. Rev. Phys. 4,
161 (2010).

[30] E.M.E. Zayed, M.A.M. Abdelaziz, AIP Conf. Proc.
1281, 2216 (2010).

[31] I. Islan, Appl. Math. Comput. 215, 3140 (2009).

[32] Z. Yu-Bin, L. Chao, Commun. Theor. Phys. 51, 664
(2009).

[33] E.M.E. Zayed, S. Al-Joudi, AIP Conf. Proc. 1281,
2220 (2010).

[34] E.M.E. Zayed, S. Al-Joudi, AIP Conf. Proc. 1168,
371 (2009).

[35] S. Guo, Y. Zhou, Appl. Math. Comput. 215, 3214
(2010).

[36] E.M.E. Zayed, S. Al-Joudi, Math. Problems Eng.
2010, 768573 (2010).


