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In the article the cooperative N2-effect is considered, that is the radiation whose power is ∼ N2, where N is
the number of emitters which in this case is equal to the number of electrons in a bunch. The suggested effect is
the result of combining two other effects, Gunn-effect in GaAs and undulator-like radiation which can be produced
by means of microstructure with grating (microundulator). It is very probable that the effect can be used for the
developing of a new semiconductor-based room temperature source of the THz radiation.

PACS: 41.60.−m, 42.50.Gy, 73.61.Ey, 73.40.kp, 73.50.Fq

1. Introduction

Nowadays there is a growing interest in developing the
new sources of THz radiation because of variety of its
possible applications ranging from security service [1] to
biochemistry and medicine [2]. There are many propo-
sitions concerning possible schemes of THz generation/
detection, broad-band as well as narrow-band, based on
optical rectification, photoconductive effect, parametric
conversion etc. (for the review see [3, 4]). Each of the
proposed devices has its own advantages as well as the
limitations of its use. For example, some of them re-
quire cryogenic cooling, and until the sources require this
cooling, it limits greatly their possible application. Re-
cently the development of the room temperature tera-
hertz quantum cascade laser was reported [5]. It seems
however, that the existing modern fabrication techniques,
such as molecular beam epitaxy combined with ultrahigh-
-resolution electron beam lithography also enable to de-
velop another type of room temparature sources of THz
radiation, based on the “microundulator” which would be
able to generate in this spectral region.

Suppose we have a microstructure very similar to that
reported in [6], which was grown on a semi-insulating
GaAs substrate using molecular beam epitaxy, but dif-
fers from it in the respect that instead of two electrodes
on the sample surface there are multiple electrodes on
both sides of it, top and bottom (see Fig. 1), which cre-
ate gratings. If the electric bias is applied to the elec-
trodes, then a weak periodic potential modulation arises
within the GaAs-sample and this periodic electric field
becomes very similar to the periodic electric field used in
some types of undulators (in most of the cases in undu-
lators the periodic arrangement of magnets is used, how-
ever the periodic electric field is also employed, especially
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Fig. 1. A sketch (a) and the parameters (b) of generic
microstructure (microundulator). The symbols are: Ld

— the sample length, ld — the thickness of the bunch,
vd — bunch velocity, a — the period of grating (as for
numerical values of parameters, see the text).

in free electron lasers (FEL)). The radiation field pro-
duced by the charged particles moving in such structure
should consist of narrow spectral lines whose frequencies
are ω = 2πmT−1/

(
1− L

cT cosϑ
)
. Here T = L/v, where

v is the charges’ velocity, L — the spacing of grating
(or the period of potential modulation), c — the speed
of light, m — an integer and ϑ — the observation (ex-
cursion) angle. This is exactly the radiation spectrum
emitted by the particles in an undulator.

The spectrum described by the formulae mentioned
above does not depend on whether the periodic oscil-
lations of velocity are caused by periodic magnetic or
periodic electric field, since the situation in both cases
looks very similar and, in a sense, the two cases are dual.
Indeed, let us suppose that transversal oscillations of an
electron’s velocity is caused by the periodic arrangement
of magnets. Then, in a reference frame where electron is
at rest on average, the undulator field has not only mag-

(522)



Undulator-Like Radiation and Cooperative Phenomenon . . . 523

netic, but also the transverse electric component. That
is, it looks like the electromagnetic “pumping wave”, while
in case of the periodic arrangement of electric field, the
undulator field has the transversal magnetic component,
looking thus again like electromagnetic “pumping wave”.

It is clear that in the proposed structure not an ideal
narrow spectral line would be observed, but the spectrum
of finite width. Since the electrons undergo periodic os-
cillations in the structure in question, the generated field
consists of a wave train with the relative width of about
∆ω/ω ∼ 1/m where m is the number of periods of the
structure. Another source of the spectrum broadening
is of course the thermal variations of electrons’ veloci-
ties. An interesting question is: whether one should take
into account the higher harmonics of radiation or it is
sufficient to consider only the lowest one? It turns out
that if v ¿ c (remember, the electron velocity is not
greater than 107 cm s−1), the highest harmonics can be
neglected. Another argument in favour of considering
only the lowest harmonics is the following. It is well
known that if a function of a single variable f(t) is differ-
entiable everywhere within some closed interval and its
first derivative is a function of bounded variance, then the
coefficients of the Fourier series for f(t) decrease as their
index n increases, at least as n−2 (see [7]). If instead, the
smoothness of the function f(t) is of a higher order, then
the Fourier coefficients can decrease even exponentially.

It seems also that the structure can be used to pro-
duce and observe another interesting effect, namely the
cooperative N2-effect, the coherent radiation with the
intensity proportional to N2 at the frequencies of about
3 × 1011 Hz, where N is the number of electrons in an
electron bunch. The aim of this paper is just to show
and discuss how it can be done.

2. Cooperative N2-effect in an ensemble
of classical oscillators

The effect results in the radiation intensity propor-
tional to N2, where N is the number of emitters, and
is due to specific phase correlations arising in the en-
semble of radiating atoms. Perhaps the first person
who mentioned such a possibility was Schiff [8]. He no-
ticed that if N particles moving around the circle have
the same speed and instantaneous angular position ϕs,
then formula for radiation intensity contains the factor
|∑N

s=1 exp(imϕs)|2, where m is an integer. If the par-
ticles are distributed at random around the orbit, this
factor is equal to N and radiation intensity per particle
is independent of the other particles. If however parti-
cles are spaced equally around the circle, the expression
above gives zero unless m/N is an integer, in which case
it is equal to N2.

Particles’ movement in a periodic potential formally is
similar to the circular motion and hence, one can state
that if the ensemble of N identical oscillators (the source
of radiation) emits waves, the amplitudes of generated
fields being seen at some distance from the source, can

add together in a different way, depending on their rela-
tive phases. In general for more than one emitter, each
emitter radiates with its own phase, and these phases are
completely random with respect to one another. The to-
tal emitted field is Et = E+

t + E−
t , where

E+
t =

N∑
r=1

E+
r exp(iϕr)

and the sum runs over all emitters in the system. The
total radiated intensity

It = |
N∑

r=1

E+
r exp(iϕr)|2 =

N∑
r=1

|E+
r |2

+
∑

r 6=s

E−
r E+

s exp(− i(ϕr − ϕs)).

Assuming that the amplitudes of the fields emitted by
each oscillator are the same |Er|2 = I, we get

It = NI + I
∑

r 6=s

exp(− i(ϕr − ϕs)).

For random phases, the second term in the expression
above averages to zero, that is the total intensity is just
the sum of individual intensities: It = NI. If how-
ever, we could somehow force oscillators to emit with
roughly the same phase, ϕr ≈ ϕs, for all r and s, then
It = NI +N(N−1)I ∼ N2I, since usually N À 1. From
now on we shall term the proportionality of radiated in-
tensity to N2 as N2-effect for short.

The possibility to get the generated power ∼ N2 was
discussed many times in scientific literature and in differ-
ent contexts. For example, the similar problem appears
in discussing the operation modes of FEL (see for in-
stance, [9]). It was suggested many years ago that the
specific phase coherence which leads to ∼ N2-effect can
be achieved, if the linear sizes l of the electron bunch
in FEL is much smaller than the emitted wavelength λ.
Intuitively it is appealing, quite clear and seems to be
almost obvious that if l ¿ λ, the electron bunch gener-
ates waves as a single point source, that is, all electrons
in a bunch generate waves of the same phase, and since
the total charge of a bunch is equal to Ne, the generated
power is ∼ N2. But if FEL is to generate visible light, to
create a bunch whose linear size is of a wavelength then
it is, mildly speaking, not a trivial task. It seems how-
ever, that to produce a bunch whose linear size is much
smaller than the wavelength corresponding to THz region
is quite possible and we are discussing this possibility in
the next section.

3. Gunn-effect and undulator-like radiation

Suppose we have GaAs sample normally used for the
fabrication of the Gunn-effect diodes and assume that
this Gunn-effect diode structure is equipped with the
gratings similar to that presented in Fig. 1. Then, due to
the gratings on the top and bottom of the structure there
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will be a weak periodic potential modulation within the
semicondutor.

Suppose now that all other conditions necessary for
the Gunn-effect to appear are fulfilled. Then, the strong
electric field domain moving within the sample is accom-
panied by the electron “bunch”, whose electron concen-
tration is greater than some threshold concentration and
which can be estimated at about 1016 cm−3. The thick-
ness of the “bunch” ld ranges from 1/10 to 1/30 of the
sample length Ld. If we suppose the length of the Gunn-
-efect diode Ld to be equal to 10−3 cm, then the thick-
ness of a bunch can be estimated to be ≈ 3× 10−5 cm.
If we suppose the period of grating a on a top and
bottom of the structure to be about 2 × 10−4 cm, the
frequency of the undulator-like radiation produced by
the structure, will be about ω0 ≈ 2πvd

a /(1 − vd/c) ≈
3.14 × 1011 Hz. (Here we take into account that the
speed of the strong field domain vd is about 107 cm s−1

and hence, vd/c ≈ 10−3 and radiation frequency practi-
cally does not depend on the excursion angle ϑ.) The
corresponding wavelength is about λ ≈ 0.1816 cm and
obviously, ld ¿ λ.

If the velocity of electrons in a bunch is ultra-
-relativistic as in case of FEL or in general, in the un-
dulators, the last condition is sufficient for the radiation
power to be ∼ N2. But since in our case the velocity
of electrons is much smaller than c, to take into account
that the size of the bunch has to be much smaller than
the period of grating ld ¿ a is even more important than
to take into account the condition ld ¿ λ, as it will be
shown in some of the next sections. The last one guar-
antees that electrons in the bunch will generate roughly
with the same phase.

Now we have all reasons to believe that the electron
“bunch”, that is the domain of high electron concentration
accompanying the strong field domain in the Gunn-effect
diode, will generate as a point source. Then the structure
in question will generate the pulses of radiation, whose
intensity ∼ N2.

4. Undulator-like radiation and cooperative
N2-effect

Until now we have discussed the ∼ N2-effect from the
perspective of making undulator-like radiation coherent
due to the fact that the linear size of electron bunch in the
Gunn-effect diode is much smaller than the wavelength
λ of the generated radiation. This point of view makes
the situation very similar to the one which takes place in
FEL, since the undulator periodic structure is the basic
element of FEL.

Let us analyze now the effect which is discussed, from
the perspective of the coherence arising in the ensemble
of classical oscillators. Of course, the question is to what
extent the classical model is an adequate one in this case?
It is possible to demonstrate, however, that classical the-
ory works quite well in this situation and as a matter of
fact, is sufficient enough to describe it. The arguments
in favour of this statement are the following.

First, neither the Gunn-effect nor undulator radiation
do not need quantum theory to be properly understood.

Second, compare εph, the energy of a single photon
emitted by each of the electrons of the domain, with
its mean kinetic energy εk. Assuming the speed of the
moving strong field domain to be equal, as previously,
≈ 107 cm s−1, electron effective mass corresponding to
the “heavy valley” of GaAs conduction band as to be
1.2me (me is free electron mass) and the radiation fre-
quency to be ω ≈ 3.14 × 1011 Hz, one can easily obtain
the value of ratio εph/εk ≈ 0.006 ¿ 1. The last argu-
ment whatsoever indirect, appeals to an idea taken from
the laser theory. It is known that there are great many
approaches in a laser theory, in some of them an active
medium is treated as the quantum-mechanical ensemble
while the radiation as a classical electromagnetic field
(see, for instance, [10]), in some others, both atoms and
field, are treated quantum-mechanically [11, 12]. How-
ever, it turns out and it was shown by Borenstein and
Lamb [13] that laser action can be described perfectly
well in classical terms only. Hence, to our mind the pro-
cess of electromagnetic field generation in the structure in
question can also be considered in the frame of classical
model.

5. The role of phasing

In this section we would like to present some evidence
in favour of our statement (see Sect. 3) concerning the
importance of the condition ld ¿ a for N2-effect to ap-
pear. Let us consider the system of N classical nonlinear
oscillators when each one is characterised by mass m,
charge e, some characteristic length a which we associate
with a period of grating and the undumped angular fre-
quency ω in the presence of an external forcing field with
the angular frequency ν. Our model is similar to the one
proposed in [13], but differs from it by taking into ac-
count the radiation damping, then the evolution of the
ensemble of nonlinear oscillators is described by the sys-
tem of equations

ẍi + ω2xi = f(xi, ẋ1, . . . , ẋN , t), (1)

for i = 1, . . . , N , where

f(xi, ẋ1, . . . , ẋN , t)

=
1
6

ω2

a2
x3

i −
2e2ω2

3mc3

N∑

j=1

ẋj +
eE

m
cos(νt).

The first term on the right-hand side is responsible for
nonlinearity, since we do not assume the displacements to
be small, they can be arbitrary. The second term repre-
sents radiation damping of electrons and the third one is
nothing else but an external driving field associated with
emitted undulator-like radiation whose amplitude is E.

As we will see below, each term in the right-hand side
is small compared to the terms in the left-hand side and
it is possible, by using the slowly varying amplitude and
phase method [14], to transform the initial system of N
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nonlinear differential equations of the second order into
the system of 2N nonlinear first order differential equa-
tions in the amplitude and phase variables. We seek a
solution xi(t) to the system of Eqs. (1) in the form

xi(t) = aAi(t) cos(νt + θi(t)), (2)

where by hypothesis Ai(t) and θi(t) are the functions
whose rate of variation is small compared with the angu-
lar frequency ν. Differentiating (2) we get

ẋi = a
[
Ȧi cos(νt + θi)−Ai(ν + θ̇i) sin(νt + θi)

]
.

If the functions Ai, θi were constants, then the deriva-
tives ẋi would be

ẋi = aνAi sin(νt + θi). (3)

Comparing the last two equations gives

Ȧi cos(νt + θi)−Aiθ̇i sin(νt + θi) = 0. (4)

Differentiating (2) twice we compute ẍi:

ẍi = −aν
[
Ȧi sin(νt + θi)

+Ai(ν + θi) cos(νt + θi)
]
. (5)

Inserting (2), (3) and (5) into (1) we get

νȦi sin(νt + θi) + Ai

[
(ν2 − ω2) + νθ̇i

]
cos(νt + θi)

= f(xi, ẋ1, . . . , ẋN , t)/ν. (6)

From (4) and (6) we compute the derivatives Ȧi, θ̇i:

Ȧi = − 1
ν2

[
Ai(ν2 − ω2) cos(νt + θi)

− f(xi, ẋ1, . . . , ẋN , t)
]
sin(νt + θi), (7)

θ̇i = −ν2 − ω2

ν
cos2(νt + θi) +

f(xi, ẋ1, . . . , ẋN , t)
ν2Ai

.

(8)
Because Ai and θi by assumption are slowly varying func-
tions, we substitute the right-hand sides of the last two
equations by their values averaged over the period 2π/ν.
Finally, the system (1) takes the form

dAi

dτ
= H




N∑

j=1

Aj(τ) cos(θi(τ)−θj(τ))


−G sin θi(τ),

(9)

dθi

dτ
= −1

2
ν2 − ω2

ν2
− 1

16
ω2

ν2
A2

i (τ)− G

Ai(τ)
cos θi(τ),

(10)
where

τ = νt, H =
e2ω2

3νmc3
, G =

eE

2amν2
.

Equations (9), (10) can be solved numerically. In our
calculations we set c = 3 × 1010 cm/s, e = 4.0832 ×
10−10 cgs units, m = 1.2× 0.91× 10−28 g (effective mass
of an electron in the “heavy valley” of GaAs-conduction
band), ω = ν = 3.14×1011 Hz, E ≈ 4 V/cm = 0.0135 cgs

units (assuming one hundredth of electron energy in a
Gunn diode will be converted into generated radiation),
a = 2 × 10−4 cm, N = 104, G = 0.0015, and H =
8.18× 10−12.

Figures 2 and 3 present the solutions of Eqs. (9), (10)
in a series of phase diagrams where Ai(τ) is plotted as a
function of θi(τ) for the consecutive moments of dimen-
sionless “time” τ = 0, 25, 50, 75, 100 for two cases: the
first one, when initial phases of individual oscillators are
uniformly distributed ranging from 0 to 2π, and the sec-
ond one, when initial phases are clustered around π/4
with the dispersion 0.15.

Fig. 2. Phase portrait in case of initial phases of indi-
vidual oscillators uniformly distributed in the interval
from 0 to 2π. Individual solid lines represent trajec-
tories for different values of initial phase. Black dots
indicate oscillators.

Fig. 3. Phase portrait in case of initial phases clustered
around π/4 with the dispersion 0.15. Individual solid
lines represent trajectories for different values of initial
phase. Cluster of black dots indicates oscillators.

Obviously, the first case corresponds to the situation
when ld ≥ a, while the second one, when ld/a = 0.15. In
both cases initial amplitudes Ai(0) for all oscillators are
taken to be equal to 0.5. Phase diagrams are accompa-
nied by the plot of a function P (τ), which is a measure
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of phasing of the electrons in a bunch, defined as:

P (τ) =
1
N

∣∣∣∣∣∣

N∑

j=1

exp θj(τ)

∣∣∣∣∣∣

2

.

It ranges from 0 when all oscillators have completely ran-
dom phases, to N when all of them oscillate with roughly
the same phase. We conclude that in the first case the
driving field is too small to cause phasing of oscillators.

Analysing the second case, we set the upper bound of
the sequence of moments of “time” as to be 100; that
corresponds to the time needed for an electron bunch to
flight through a Gunn diode.

In Figs. 2 and 3 we have shown the results of calcula-
tions obtained by using the number of oscillators N = 25,
because at the greater number of oscillators the trajecto-
ries become too dense for the phase portraits to be read-
able and clear. However, it should be noted that with
a greater number of oscillators taken into consideration,
the picture remains the same in its general features. This
is because even if one assumes N = 107, the first term on
the right side of Eq. (9) (the only term dependent on N)
will be by far smaller as compared to other terms even
in case of the most favorable conditions when all phases
θi coincide.

6. Conclusion

In this paper we have considered cooperative N2-effect
which to our mind, can occur in the GaAs-structure
with grating due to combining two other effects, namely
the Gunn-effect and the undulator-like radiation. The
mechanism which leads to the proportionality of radia-
tion power to N2 is the initial phasing of electrons in
a bunch due to the Gunn effect and the fact that lin-
ear size of a bunch ld is much smaller than the period
of grating a (ld ¿ a). As it is known, the length of the
Gunn-efect diode Ld ranges from 10−2 to 10−3 cm; and
the thickness of the bunch ld ∼ Ld/30. Assuming Ld ≈
10−3 cm the thickness of the bunch will be estimated as
ld ∼ 3× 10−5 cm. In order to fulfil the condition ld ¿ a
we need to have a ∼ 10−4 cm. Then, the frequency of
the undulator-like radiation produced by the structure
will be about ω0 ≈ 2πvd

a /(1− vd/c) ≈ 3.14× 1011 Hz.

It seems very probable that the predicted effect can be
used for the developing of generators which could produce
radiation at the frequencies up to THz at room temper-
ature. A general concept presented here describes the
main physical phenomena underlying the operation prin-
ciple of this kind of devices.
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