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Bayesian assessments of value-at-risk and expected shortfall for a given portfolio of dimension n can be based

either on the n-variate predictive distribution of future returns of individual assets, or on the univariate model for
portfolio volatility. In both cases, the Bayesian VaR and ES fully take into account parameter uncertainty and
non-linear relationship between ordinary and logarithmic returns. We use the n-variate type I MSF-SBEKK(1,1)
volatility model proposed specially to cope with large n. We compare empirical results obtained using this (more
demanding) multivariate approach and the much simpler univariate approach based on modelling volatility of the
whole portfolio (of a given structure).

PACS: 89.65.Gh, 87.55.kh, 02.50.Sk.

1. Introduction

For investors and banks accurate evaluation of risk is
very important. An underestimation of risk could throw
them into bankruptcy. On the other hand, an overesti-
mation of risk may have a negative effect on their profits.
Two risk measures are very popular: value-at-risk (VaR)
and expected shortfall (ES).

The VaR measures the least portfolio loss that may
happen with a given probability α (usually 0.05 or
smaller) over a certain time horizon (most often from
1 to 10 trading days). From mathematical point of view
the VaR is a quantile of the Profit-and-Loss distribution
of a given portfolio over a certain time horizon. A dis-
advantage of this measure is that it does not inform us
about the potential size of loss that exceeds the VaR.
Moreover, the VaR is not a coherent measure – it lacks
the property of sub-additivity, i.e. the VaR of a port-
folio may be greater than the sum of the VaR levels of
the constituents of the portfolio [1]. Despite theoretical
discussions, the VaR has become the standard measure
of market risk used both by financial institutions and by
their regulators; see [2]. According to the Capital Ade-
quacy Directive by the Bank of International Settlement
in Basel, banks are required to hold a certain amount
of capital as a protection against (among others) adverse
movements in the market values of assets. A bank should
possess sufficient capital “to cover losses on the bank’s
trading portfolio over a 10-day holding period in 99% of
occasions”; see [3].

Expected Shortfall is defined as the conditional expec-
tation of the loss given that it exceeds the VaR level; see
[4]. Expected Shortfall is a sub-additive, coherent mea-
sure. The property of sub-additivity means that the ES
for a portfolio is not greater than the sum of its sub-
portfolios’ ES.

The VaR and ES are characteristics of the distribu-
tion of the future portfolio value (conditional on histor-
ical data on asset prices) and are closely related to its
tails. More popular and traditional approaches to the
VaR and ES assessment are based on parametric sta-

tistical models (with explicit assumptions on the condi-
tional distribution of future returns) or methods related
to the extreme value theory. Other approaches are based
on non-parametric models, such as Conditional Autore-
gressive Expectiles (CARE, see [5]) and Conditional Au-
toregressive Value at Risk (CAViaR, see [2]). These ap-
proaches directly focus on the Expected Shortfall and on
the α-quantile modelled non-parametrically.

In this paper we discuss and compare VaR and ES
assessments based on multi- and univariate parametric
models. The multivariate approach is much more diffi-
cult, as it explicitly takes into account the full conditional
covariance structure of asset prices: individual volatilities
and correlations. Most of multivariate models in financial
econometrics either belong to the Multivariate GARCH
(MGARCH) or multivariate stochastic volatility (MSV)
classes or are based on copulas; see [6, 7]. These models
are difficult to estimate; only a few of them could be prac-
tical tools for large portfolios. A solution to the problem
of simple, but parsimonious, multivariate volatility mod-
elling is a hybrid model proposed by Osiewalski [8], see
also [9]. This hybrid model is based on scalar BEKK
(SBEKK) correlation structure and the simplest MSV
specification, the multiplicative stochastic factor (MSF)
model.

The VaR and ES require only the distribution of the
future value of the portfolio; it can be derived using a
univariate model for the historical values of the portfolio.

In our comparison we use the Bayesian MSF-SBEKK
type I model for portfolios of dimension n = 50 and the
univariate specification obtained from this model by tak-
ing n = 1. In the next section we discuss basic notions
and introduce notation. Section 3 is devoted to our mod-
els proposed for the assessment of VaR and ES. Section
4 contains empirical results. Section 5 concludes.

2. Portfolio value-at-risk and expected shortfall
- concepts and notation

Consider a portfolio kept at present time (T ) and con-
sisting of n assets; ai denotes the number of units of
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asset i possessed now and St,i is the price of asset i at
time t (St,i > 0, ai > 0 for i = 1, . . . , n, t = 1, . . . , T
), thus Wt =

∑n
i=1 aiSt,i is the time t value of this

portfolio. The s-period return rate on the portfolio

is R∗t:t+s = (Wt+s − Wt)/Wt =
n∑

i=1

ωt,iRt:t+s,i, where

Rt:t+s,i = (St+s,i − St,i)/St,i is the s-period return rate
on asset i and ωt,i = aiSt,i/Wt is the share of asset i in
the time t portfolio value. For most results the condition
ai > 0 is not required (short sale is allowed), only Wt > 0
has to be assumed. Note that the sum of ωt,i over the
assets (i = 1, . . . , n) is always 1 by construction.

Assume that we observe the n-variate time series of
individual return rates for t = 1, . . . , T and we are inter-
ested in forecasting R∗T :T+s, the s-period ahead return
on the portfolio kept at time T . Forecasting R∗T :T+s

is closely related to the definition of VaRL
T :T+s and

VaRS
T :T+s, the s-period ahead Value-at-Risk (VaR) for,

respectively, long and short trading positions of the port-
folio. If ΨT denotes the observations on asset prices up
to time T , then VaRL

T :T+s(α) for a given probability level
α is defined by the following equality:

Pr
[
WT+s ≤ WT −VaRL

T :T+s(α) |ΨT

]
= α, (1)

which can be written as

Pr

[
R∗T :T+s ≤

−VaRL
T :T+s(α)
WT

|ΨT

]
= α. (2)

That is, the relative s-period ahead VaR for a long trad-
ing position (corresponding to some fixed, small α) is
the negative of the α-quantile of the conditional distribu-
tion of the s-period ahead return on the portfolio, given
ΨT , the information (on asset prices) available at time T .
Similarly, we define the VaR for a short trading position:

Pr
[
WT+s ≥ WT + VaRS

T :T+s(α)|ΨT

]
= α, (3)

which can be written as

Pr

[
R∗T :T+s ≥

VaRS
T :T+s(α)
WT

|ΨT

]
= α. (4)

The relative s-period ahead VaR for a short trading posi-
tion is the (1−α)-quantile of the conditional distribution
of the s-period ahead return on the portfolio.

In equalities (2) and (4) we have the ordinary return
rate R∗T :T+s. In practice, the logarithmic return rates
rt+1,i = ln (St+1,i/St,i) = ln (Rt:t+1,i + 1) are the quanti-
ties being modelled. They can take any real value, easily
aggregate over time, and modelling them can be more
justified in view of the data; see [10]. Using the logarith-
mic return rates we can rewrite (2) and (4) as:

Pr


−1 +

n∑

i=1

ωT,i exp




s∑

j=1

rT+j,i


 ≤ −VaRL

T :T+s(α)
WT

|ΨT


 = α, (5)

Pr


−1 +

n∑

i=1

ωT,i exp




s∑

j=1

rT+j,i


 ≥ VaRS

T :T+s(α)
WT

|ΨT


 = α, (6)

for details see [11].
The s-period ahead Expected Shortfall (ES) for a long trading position at a given probability level α, denoted by

ESL
T :T+s(α), is defined by

ESL
T :T+s(α) = −E

[
WT+s −WT |WT+s ≤ WT −VaRL

T :T+s(α),ΨT

]
, (7)

and for a short trading position:
ESS

T :T+s(α) = E
[
WT+s −WT |WT+s ≥ WT + VaRS

T :T+s(α), ΨT

]
. (8)

Using the logarithmic return rates we can rewrite (7) and (8) as:

ESL
T :T+s(α) = −E


WT

n∑

i=1

ωT,i exp




s∑

j=1

rT+j,i


−WT |WT+s ≤ WT −VaRL

T :T+s(α),ΨT


 , (9)

ESS
T :T+s(α) = E


WT

n∑

i=1

ωT,i exp




s∑

j=1

rT+j,i


−WT |WT+s ≥ WT + VaRS

T :T+s(α), ΨT


 , (10)

The VaR and ES are related to quantiles of some non-
linear function of future logarithmic returns∗. Condi-

∗ The usual linear approximation exp

(
s∑

j=1
rt+j,i

)
≈ 1+

s∑
j=1

rt+j,i

tioning on observed data and inference on non-linear
functions of unobserved quantities are natural within the
Bayesian approach to statistics; see [12]. Therefore this

can lead to serious errors, especially when s is so large that the
s-period ahead return distribution is diffuse, see [11].
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approach is advocated for determining the s-period ahead
VaR and ES. Foundations of Bayesian VaR assessment
are presented in [11]. The same approach is used here
for the ES assessment. Similarly as in [11], we consider
two modelling strategies for the portfolio VaR and ES.
The first one amounts to assuming some n-variate model
for individual logarithmic returns rt,i and obtaining the
α- and (1-α)-quantile of the predictive distribution of

R∗T :T+s = −1 +
n∑

i=1

ωT,i exp

(
s∑

j=1

rT+j,i

)
, a nonlinear

function of future returns. The second approach amounts
to directly modelling univariate series of portfolio loga-
rithmic returns rW

t+1 = ln (Wt+1/Wt) and examining the
predictive distribution of rW

T :T+s = ln (WT+s/WT ). The
two approaches (n- and univariate) are not formally co-
herent and their comparison is an empirical task, under-
taken in this paper. The question is whether a univariate
specification from a flexible parametric family can ex-
plain and predict portfolio returns better than n-variate
models that require huge simplifications in order to cope
with large n. In the case of VaR assessments for a long
trading position, the results presented by Osiewalski and
Pajor [11] are not conclusive, although reasonable per-
formance of our n-variate hybrid model is somewhat sur-
prising. In this paper we also consider VaR assessments
for a short trading position and the ES.

3. The hybrid VAR(1)-MSF-SBEKK type I
Bayesian model

First we consider a multivariate specification for indi-
vidual assets. Let rt = [rt,1 . . . rt,n] denote n-variate ob-
servations on logarithmic return rates, which we model
using the basic VAR(1) framework:

rt = d0 + rt−1Φ + et, t = 1, . . . , T + s. (11)
The n(n+1) elements of the row vector d = [d0 (vecΦ)′]′
are common parameters, which can be treated as a priori
independent of all other (model-specific) parameters; we
can assume for them some multivariate prior, e.g. stan-
dard Normal N

(
0, In(n+1)

)
, truncated by the restriction

that all eigenvalues of Φ lie inside the unit circle.
Following [9], we specify the conditional distribution of

the residual process et by conditioning on its past (Ψt−1),
some univariate latent process (gt) and the parameters.
We assume the so-called type I hybrid specification:

et = ztH
1
2
t

√
gt, (12)

ln gt = φ ln gt−1 + σgηt,

[zt, ηt]′ ∼ iiN
(
0[(n+1)×1], In+1

)
, (13)

Ht = (1− β − γ)A + β(e′t−1et−1) + γHt−1. (14)
That is, et is conditionally Normal with mean vector 0
and covariance matrix gtHt, where gt is a latent process
and Ht is a square matrix of order n that has the scalar
BEKK(1,1) structure. Thus, the conditional distribution
of rt (given its past and latent variables) is Normal with
mean mt = d0 + rt−1Φ and covariance matrix gtHt.

The presence of the latent AR(1) process in the condi-
tional covariance matrix helps in explaining outlying ob-
servations, and the dependence on the past data (through
the SBEKK structure of Ht) prevents the entries of
the conditional covariance matrix gtHt from sharing the
same dynamic pattern. Thus the model has time-varying
conditional correlations without introducing more latent
processes. In fact, the hybrid model defined by (12)-(14)
nests two simple basic structures. In the limiting case
when σg → 0 and φ = 0 we are in the SBEKK model,
while β = 0 and γ = 0 lead to the MSF case.

In (14) A is a free symmetric positive definite matrix
of order n, with an inverted Wishart prior distribution
(in fact, for A−1 we assume the Wishart prior with n
degrees of freedom and mean In), and β and γ are free
scalar parameters, jointly uniformly distributed over the
unit simplex. As regards initial conditions for Ht, we take
H0 = h0In and treat h0 > 0 as an additional parameter,
a priori Exponentially distributed with mean 1. For the
parameters of the latent process we use the same priors
as in [13]; for φ: Normal with mean 0 and variance 100,
truncated to (−1, 1), for σ−2

g : Exponential with mean
200; g0 is fixed (equals 1).

In order to obtain the required quantiles of the predic-
tive distribution of future logarithmic returns, we follow
the approximation explained in [9]. That is, we use OLS
for the VAR(1) parameters and replace A by the em-
pirical covariance matrix of the OLS residuals from the
VAR(1) part. The Bayesian analysis for the remaining
parameters and future return rates is then based on the
conditional posterior and predictive distributions given
the particular values of the highly dimensional parame-
ters (d and A). These conditional distributions are sam-
pled using the Gibbs scheme with Metropolis-Hastings
steps, as shown in detail in [9].

In order to make the univariate model of portfolio value
comparable to the n-variate volatility model of individual
assets, we consider for the portfolio logarithmic returns
the univariate AR(1) specification with the error term
described by the hybrid SV-GARCH(1,1) process, which
is the n = 1 special case of the MSF-SBEKK(1,1) struc-
ture. So we assume

rt = δ0 + δrt−1 + εt, (15)

εt = ζt

√
gtht, (16)

ln gt = φ ln gt−1 + σgηt,

[ζt, ηt]′ ∼ iiN
(
0[2×1], I2

)
, (17)

ht = (1− β − γ)ã + β(εt−1)2 + γht−1,

t = 1, . . . , T, . . . , T + s. (18)
We take the prior distribution corresponding to the pre-
vious (n-variate) case (now with n = 1). Now we do
not face the dimensionality problem, but for compari-
son with the n-variate model, the posterior and predic-
tive distribution is sampled (using the Gibbs scheme with
Metropolis-Hastings steps) conditionally on preliminary
non-Bayesian (OLS) estimates of δ0, δ, ã - as in the n-
variate case.
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4. Empirical results

As the dataset we use the same stock data as in [11];
they represent 50 companies and cover the period May
13, 2005 – February 23, 2010. In February or March
2010 these companies were included in the two important
indices of the Warsaw Stock Exchange, namely WIG20
and mWIG40. We start with T = 939 initial observations
(from the period May 13, 2005 – May, 12, 2009) and
consider p = 200 VaR and ES assessments for 1–, 2–, . . .,
10–day trading horizons. For Bayesian estimation the
whole dataset available at time T + k (k = 0, 1, . . . , p −
1) is used. We calculate predictive distributions of rt

based on the dataset available at time T +k for each k =
0, 1, . . . , p− 1 (up to T + p− 1 = 1138). Thus we obtain
200 distributions for 1-, 2-, . . ., 10-day forecast horizons,
and then VaRj

t:t+1(α) and ESj
t:t+1(α) for j ∈ {L, S} and

t = T, . . . , T + p− 1.
We consider two portfolios: one consisting of one unit

of each asset, i.e. a = [a1, a2, . . . , an] = [1, . . . , 1] and the
other of aτ,i = 1

Sτ,i

[
1
n

∑n
j=1 Sτ,j

]
units of asset i, that is

ωτ,i = 1/50, where i = 1, . . . , 50, and τ represents May
12, 2009.

In order to compare one period ahead VaR and ES
obtained in two different ways, i.e. using n-variate
MSF-SBEKK model for individual assets or its univari-
ate counterpart for the portfolio value, we use popular
non-Bayesian criteria. They include the failure rate and
p-value for the Kupiec test as well as the “tick” and the
Lopez loss functions (defined below); see Tables I-IV . For
the sake of comparison we also use some non-parametric
models, specially designed for direct VaR or ES assess-
ment. In particular, we apply the CAViaR model with
asymmetric slope:

qt(α) = β0 + β1qt−1(α) + β2 |Dt−2:t−1|+ β3 |Dt−2:t−1| I(−∞,0)(Dt−2:t−1) (19)
of [2]; it is applied directly to the series {Dt:t+s} of daily value changes Dt:t+s = Wt+s −Wt (not to the logarithmic
returns); thus, qt(α) denotes the conditional α-quantile of Dt−1:t, I(−∞,0)(·) is the characteristic function of the
interval (−∞, 0). We also use the CARE model with asymmetric slope:

µt(τ) = γ0 + γ1µt−1(τ) + γ2 |Dt−2:t−1|+ γ3 |Dt−2:t−1| I(−∞,0)(Dt−2:t−1), (20)
where µt(τ) is the conditional τ expectile, i.e.

µt(τ) = argmin
µ

E
[∣∣τ − I(−∞,0)(Dt−1:t − µ)

∣∣ (Dt−1:t − µ)2|Ψt−1

]
. (21)

Given τ , the best choice of γ = [γ0, γ1, γ2, γ3]′ is:

γ̂ = argmin
γ

T∑
t=1

∣∣τ − I(−∞,0)(Dt−1:t − µt(τ))
∣∣ [Dt−1:t − µt(τ)]2. (22)

Using conditional expectiles we estimate the Expected Shortfall by:

ESL
t:t+1(α) = −

[
1 +

τ

(1− 2τ)α

]
µt(α) +

[
τ

(1− 2τ)α

]
E (Dt−1:t|Ψt−1) , (23)

see [5]. Note that in the case of E (Dt−1:t|Ψt−1) = 0, inserting µt(α) from (20) into (23) gives the following equality:
ESL

t:t+1(α) = λ0 + λ1ESL
t−1:t(α) + λ2 |Dt−2:t−1|+ λ3 |Dt−2:t−1| I(−∞,0)(Dt−2:t−1), (24)

where λ1 = γ1, λi = −
[
1 + τ

(1−2τ)α

]
γi, i = 0, 2, 3.

To obtain ES for a short trading position we apply (23) to the series of daily value changes multiplied by minus
one (i.e. {−Dt:t+s}, for details see [5]).

The losses are generally calculated as Lj
s = 1

p

T+p−1∑
t=T

ljt:t+s, where for ljt:t+s and j ∈ {L, S} we have

• the “tick” loss if

lLt:t+s =

{
(α− 1)

[
Dt:t+s + VaRL

t:t+s(α)
]
, if Dt:t+s < −VaRL

t:t+s(α),
α

[
Dt:t+s + VaRL

t:t+s(α)
]
, if Dt:t+s ≥ −VaRL

t:t+s(α);

lSt:t+s =

{
(α− 1)

[
Dt:t+s −VaRS

t:t+s(α)
]
, if Dt:t+s > VaRS

t:t+s(α),
α

[
Dt:t+s −VaRS

t:t+s(α)
]
, if Dt:t+s ≤ VaRS

t:t+s(α);

• the Lopez loss if

lLt:t+s =

{
1 +

[
Dt:t+s + VaRL

t:t+s(α)
]2

, if Dt:t+s < −VaRL
t:t+s(α),

0, if Dt:t+s ≥ −VaRL
t:t+s(α);
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lSt:t+s =

{
1 +

[
Dt:t+s −VaRS

t:t+s(α)
]2

, if Dt:t+s > VaRS
t:t+s(α),

0, if Dt:t+s ≤ VaRS
t:t+s(α);

see e.g. [14–16].
For backtesting the forecasted Expected Shortfall we use different measures proposed by Zhu and Galbraith [17],

Kaufmann and Patie [18], and Embrechts, Kaufmann and Patie [19]. We compute the mean error:
MEj

s(α) = ESA,j
s (α)−ALj

s(α) (25)
where j ∈ {L, S}, ESA,j

s (α) is the average predictive ES:

ESA,L
s (α) =

1
JL

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s + VaRL

t:t+s(α)
]
ESL

t:t+s(α), (26)

ESA,S
s (α) =

1
JS

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s −VaRS

t:t+s(α)
]
ESS

t:t+s(α), (27)

ALj
s(α) is the average loss on the portfolio when the loss is larger than VaRj

t:t+s(α):

ALL
s (α) =

1
JL

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s + VaRL

t:t+s(α)
] |Dt:t+s| , (28)

ALS
s (α) =

1
JS

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s −VaRS

t:t+s(α)
] |Dt:t+s| , (29)

JL
s =

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s + VaRL

t:t+s(α)
]
, (30)

JS
s =

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s −VaRS

t:t+s(α)
]
, (31)

As Zhu and Galbraith [17] have noticed, if the average predictive ES is lower (higher) than ALj
s (“observed ES”),

then the model tends to underestimate (overestimate) risk. A good forecast of ES will lead to a low absolute value of
the mean error. Another measure of predictive out-of-sample performance for ES is the mean absolute error:

MAEL
s (α) =

1
JL

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s + VaRL

t:t+s(α)
] ∣∣ALL

s (α)− ESL
t:t+s(α)

∣∣ , (32)

for a long trading position;

MAES
s (α) =

1
JS

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s −VaRS

t:t+s(α)
] ∣∣ALS

s (α)− ESS
t:t+s(α)

∣∣ , (33)

for a short trading position.
Also, the mean absolute percentage error can be considered:

MAPEL
s (α) =

1
JL

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s + VaRL

t:t+s(α)
] ∣∣ALL

s (α)− ESL
t:t+s(α)

∣∣
|ALL

s (α)| , (34)

for a long trading position;

MAPES
s (α) =

1
JS

s

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s −VaRS

t:t+s(α)
] ∣∣ALS

s (α)− ESS
t:t+s(α)

∣∣
|ALS

s (α)| , (35)

for a short trading position.
We also compute the backtesting measures proposed by Kaufmann and Patie [18]:

V ES,L
1 (α) =

1
JL

1

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s + VaRL

t:t+s(α)
] [

Dt:t+1 + ESL
t:t+1(α)

]
, (36)

V ES,S
1 (α) =

1
JS

1

T+p−1∑

t=T

I(−∞,0)

[
Dt:t+s −VaRS

t:t+s(α)
] [

Dt:t+1 − ESS
t:t+1(α)

]
, (37)
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V ES,L
2 (α) =

T+p−1∑
t=T

I(−∞,0)

(
Dt:t+s −Dα,L

) [
Dt:t+1 + ESL

t:t+1(α)
]

T+p−1∑
t=T

I(−∞,0) (Dt:t+s −Dα,L)
, (38)

V ES,S
2 (α) =

T+p−1∑
t=T

I(−∞,0)

(
Dt:t+s −Dα,S

) [
Dt:t+1 − ESS

t:t+1(α)
]

T+p−1∑
t=T

I(−∞,0) (Dt:t+s −Dα,S)
, (39)

where Dα,L and Dα,S are the empirical α-quantiles of[
Dt:t+1 + ESL

t:t+1(α)
]
and

[
Dt:t+1 − ESS

t:t+1(α)
]
, respec-

tively, t = T, . . . , T + p − 1. A good prediction of ES
will lead to low absolute values of V ES,j

1 (α), V ES,j
2 (α)

and V ES,j(α). Note that V ES,L
1 (α) = MEL

1 (α) and
V ES,S

1 (α) = −MES
1 (α). Moreover, V ES,j

1 (α) strongly
depends on VaR assessments, because it considers only
values of Dt:t+1 which exceed this threshold.

4.1. 1-day risk measures assessments

The outcomes of the Kupiec test for one period ahead
VaR seem to indicate that our Bayesian assessment
(based on the parametric MSF-SBEKK structure) com-
petes with the one based on CAViaR (Table II; the best

TABLE I
The failure rate for VaRL

t:t+1(α) and VaRS
t:t+1(α). Here

and further PF1 is Portfolio with a = [1, . . . , 1]′,
PF2 — Portfolio with ωτ,i = 1/50, AA — n-variate
MSF-SBEKK, BB — univariate SV-GARCH, CC —
CAViaR.

α PF1 PF2
AA BB CC AA BB CC

long trading position
0.01 0.010 0.015 0.015 0.010 0.020 0.010
0.025 0.020 0.025 0.030 0.020 0.025 0.025
0.05 0.045 0.065 0.060 0.055 0.040 0.035
0.1 0.110 0.120 0.105 0.090 0.100 0.090

short trading position
0.1 0.115 0.145 0.125 0.110 0.105 0.070
0.05 0.065 0.100 0.075 0.050 0.045 0.030
0.025 0.045 0.070 0.040 0.020 0.015 0.010
0.01 0.010 0.020 0.010 0.000 0.010 0.000
The failure rate is defined as the proportion of Dt:t+1’s smaller
than the −VaRL

t:t+1(α) or the proportion of Dt:t+1’s bigger than
the VaRS

t:t+1(α)

case is in bold). Which model is better depends on
the particular criterion (see Table I-X). For example,
for VaRL

t:t+1(α) the “tick” loss function points at the n-
variate MSF-SBEKK model, while the Lopez loss func-
tion suggests that CAViaR is the optimal model (except
α equal to 0.05 or 0.1 for long trading positions, see
Table III and IV). The results show that the n-variate

TABLE II
The p-value for the Kupiec test for VaRL

t:t+1(α) and
VaRS

t:t+1(α)

α PF1 PF2
AA BB CC AA BB CC

long trading position
0.01 1.000 0.508 0.508 1.000 0.211 1.000
0.025 0.639 1.000 0.660 0.639 1.000 1.000
0.05 0.742 0.351 0.529 0.749 0.502 0.305
0.1 0.642 0.359 0.815 0.632 1.000 0.632

short trading position
0.1 0.489 0.045 0.255 0.642 0.815 0.137
0.05 0.351 0.004 0.130 1.000 0.742 0.162
0.025 0.103 0.001 0.211 0.639 0.328 0.123
0.01 1.000 1.211 1.000 0.045 1.000 0.045

TABLE III
“Tick” loss function for VaRL

t:t+1(α) and VaRS
t:t+1(α)

α PF1 PF2
AA BB CC AA BB CC

long trading position
0.01 2.286 2.341 2.430 1.991 2.084 1.971
0.025 4.389 4.509 4.902 3.942 4.258 4.210
0.05 7.431 7.581 8.018 6.729 6.894 7.211
0.1 12.324 12.427 12.920 11.139 10.996 11.464

short trading position
0.1 12.461 12.100 11.510 10.456 9.814 9.913
0.05 7.515 7.573 6.709 5.970 5.970 5.940
0.025 4.230 4.122 3.695 3.391 3.437 3.526
0.01 1.820 1.891 1.572 1.598 1.636 1.704

MSF-SBEKK approach is helpful for portfolio risk as-
sessment. The failure rates show that, for the portfolio
with one unit of each asset, VaR tends to be underesti-
mated in the univariate models (see Table I). In other
words, the chance of a daily change in portfolio value be-
ing below −VaRL

t:t+1(α) (or above VaRS
t:t+1(α)), which

should be α, is in fact greater.
Interestingly, the univariate SV-GARCH specification

leads to VaR assessments that are highly correlated with
the ones based on CAViaR (see Table V and Fig. 1).
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TABLE IV
Lopez loss function for VaRL

t:t+1(α) and VaRS
t:t+1(α)

α PF1 PF2
AA BB CC AA BB CC

long trading position
0.01 63.316 68.848 19.523 20.691 18.022 6.400
0.025 112.060 133.847 99.808 52.341 71.158 13.531
0.05 187.108 227.417 210.195 106.337 146.965 85.306
0.1 348.888 416.769 366.585 241.865 284.189 228.027

short trading position
0.1 301.502 333.001 173.827 128.890 144.762 89.163
0.05 114.033 145.079 59.707 30.730 46.040 13.404
0.025 31.434 54.677 22.512 3.936 12.397 2.404
0.01 2.679 12.165 2.491 0.000 0.332 0.000

TABLE V
Correlation coefficients between VaRj

t:t+1(α) for for dif-
ferent methods of assessment, ωτ,i = 1/50

α 0.01 0.025 0.05 0.1
long trading position

Corr(n-variate MSF-SBEKK,
univ. SV-GARCH)

0.362 0.355 0.372 0.402

Corr(n-variate MSF-SBEKK,
CAViaR)

0.264 0.276 0.247 0.247

Corr(univ. SV-GARCH,
CAViaR)

0.902 0.827 0.857 0.765

short trading position
Corr(n-variate MSF-SBEKK,
univ. SV-GARCH)

0.446 0.447 0.458 0.489

Corr(n-variate MSF-SBEKK,
CAViaR)

0.286 0.267 0.272 0.256

Corr(univ. SV-GARCH,
CAViaR)

0.905 0.909 0.877 0.813

TABLE VI
Mean errors for ESL

t:t+1(α) and ESS
t:t+1(α). Here and fur-

ther DD denotes CAViaR CARE

α. PF1 PF2
AA BB DD AA BB DD

long trading position
0.01 -20.580 -19.185 6.687 -13.510 12.179 45.473
0.025 -9.300 -19.471 -9.204 -9.913 -12.015 40.514
0.05 -2.719 -4.154 -1.163 3.781 -13.777 26.369
0.1 2.835 -5.463 -3.158 -4.931 -1.442 27.076

short trading position
0.1 -4.397 -5.173 2.211 8.441 9.678 9.808
0.05 2.301 1.172 5.560 16.209 10.124 14.812
0.025 14.378 13.674 11.652 19.159 3.803 20.692
0.01 24.171 11.917 25.647 – 28.629 –

TABLE VII
Mean absolute errors for ESL

t:t+1(α) and ESS
t:t+1(α)

α PF1 PF2
AA BB DD AA BB DD

long trading position
0.01 52.327 39.193 42.362 37.279 39.951 56.932
0.025 25.764 25.778 16.277 62.078 39.095 48.256
0.05 39.660 28.252 24.197 37.377 31.018 31.456
0.1 30.316 23.212 23.933 29.027 18.170 29.720

short trading position
0.1 24.229 18.383 15.822 26.212 18.898 20.417
0.05 24.047 16.604 19.487 27.287 21.522 21.724
0.025 22.954 22.636 22.504 29.327 10.202 20.692
0.01 39.331 25.875 47.553 – 28.629 –

TABLE VIII
Mean absolute percentage errors for ESL

t:t+1(α) and
ESS

t:t+1(α)

α PF1 PF2
AA BB DD AA BB DD

long trading position
0.01 0.245 0.208 0.196 0.297 0.232 0.376
0.025 0.145 0.152 0.102 0.400 0.250 0.310
0.05 0.270 0.212 0.179 0.305 0.220 0.220
0.1 0.276 0.210 0.212 0.278 0.178 0.278

short trading position
0.1 0.224 0.180 0.144 0.279 0.190 0.182
0.05 0.204 0.145 0.160 0.271 0.182 0.176
0.025 0.189 0.188 0.168 0.168 0.087 0.159
0.01 0.254 0.177 0.286 – 0.220 –

Fig. 1. VaRj
t:t+1(0.05) results, ωτ,i = 1/50, j ∈ {L, S}.
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TABLE IX
V ES,j(α) for ESL

t:t+1(α) and ESS
t:t+1(α)

α PF1 PF2
AA BB DD AA BB DD

long trading position
0.01 20.580 19.185 6.625 13.510 12.179 33.465
0.025 6.031 19.564 22.371 5.828 12.015 36.201
0.05 2.106 9.042 19.127 2.283 8.731 32.759
0.1 1.937 8.956 19.856 3.126 1.532 28.752

short trading position
0.1 6.954 12.837 13.104 7.016 8.654 14.380
0.05 4.384 7.604 11.073 15.481 11.278 20.098
0.025 8.290 12.219 17.507 20.860 12.992 28.689
0.01 24.171 6.066 31.836 – 28.629 –

TABLE X
Correlation coefficients between ESj

t:t+1(α) for different
methods of assessment, ωτ,i = 1/50

α 0.01 0.025 0.05 0.1
long trading position

Corr(n-variate MSF-SBEKK,
univ. SV-GARCH)

0.372 0.363 0.360 0.366

Corr(n-variate MSF-SBEKK,
CAViaR/CARE)

0.185 0.205 0.209 0.232

Corr(univ. SV-GARCH,
CAViaR/CARE)

0.848 0.928 0.888 0.801

short trading position
Corr(n-variate MSF-SBEKK,
univ. SV-GARCH)

0.430 0.439 0.444 0.454

Corr(n-variate MSF-SBEKK,
CAViaR/CARE)

0.297 0.298 0.302 0.304

Corr(univ. SV-GARCH,
CAViaR/CARE)

0.919 0.921 0.910 0.883

Fig. 2. ESj
t:t+1(0.05) results, ωτ,i = 1/50, j ∈ {L, S}.

Mean errors suggest that our parametric models (based
on MSF-SBEKK structure) tend to underestimate ES
for long trading positions, while CARE model frequently
overestimates it (see Table VI). Mean absolute errors and
mean absolute percentage errors for the 1-day ES indicate
that the univariate approaches (SV-GARCH and CARE)
are frequently better (see Table VII and VIII). Similarly
to VaR assessments, the univariate SV-GARCH specifi-
cation leads to ES assessments that are highly correlated
with the ones based on CARE (see Table X and Fig. 2).

4.2. s-day risk measures assessments

We also consider the s-period ahead VaR and ES for
larger s. Generally, our empirical findings obtained for
the portfolio with one unit of each asset are similar to
the ones based on the portfolio with ωτ,i = 1/50 (i.e. the
main conclusions are the same).

The Lopez loss function values indicate that the n-
variate MSF-BEKKmodel estimates VaR better than the
univariate SV-GARCH model (see Tables XI and XII).
As regards the ES assessment, the mean absolute errors
and mean absolute percentage errors indicate that the
univariate approach is frequently better or enough (ex-
pecially for short trading positions).

5. Concluding remarks

The aim of the paper was to compare the n-variate
and univariate approaches to risk assessment for a large
portfolio. It depends on the particular criterion which
approach is better. It seems that, for one-day VaR and
ES assessments, univariate modelling (of portfolio value -
instead of portfolio components) is often sufficient. For s-
day VAR estimates (where s = 2, 3, . . . , 10) the n-variate
MSF-BEKK model turned out to be better (in terms of
the Lopez loss function), but mean absolute errors for
ES indicate that the univariate approaches are enough
(especially for short trading positions).

Our empirical study shows that the simple hybrid
SV-GARCH(1,1) model, which is the univariate ver-
sion of the MSF-BEKK(1,1) model, behaves well and
successfully competes with non-parametric specifications
(CAViaR and CARE). Thus, our univariate hybrid model
appears an interesting all-purpose alternative to different
non-parametric models designed to focus on specific as-
pects of future returns (and not on their full predictive
distribution).

Finally, the paper indicates that the Bayesian approach
to VaR and ES analysis is fully relevant and practical.
Remind that conditioning on observed data and inference
on non-linear functions of unobserved quantities (future
logarithmic returns) are necessary for any appropriate
risk analysis. Both are natural and easy within Bayesian
statistics, equipped with the Markov Chain Monte Carlo
(MCMC) simulation tools.
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