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A system of nano sized modomain ferromagnetic particle arranged in two-dimensional lattice is theoretically
investigated. The basic aim of the investigation is to find the ground state of these types of models where the
interaction is long-ranged and anisotropic. The numerical calculations show that for some lattices there is a
number of degenerated states near the zero temperature. The ground state of these systems is basically of a
complicated antiferromagnetic type.
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1. Introduction

There has been recently renewed interest in the mag-
netic properties of nanocomposite materials that consist
of very fine magnetic particles embedded in a metallic
or dielectric nonmagnetic host [1–7] and in nanocompos-
ite materials that consist of multilayers with very thin
magnetic layers [8, 9] which exhibit certain superpara-
magnetic (SPM) properties, too. If the dimension of a
magnetic particle is reduced drastically, to a few nanome-
ters, the domains in the particle merge into a single one,
creating what is known as a single-domain particle and
the total magnetic moment is the sum of all moments
of the atomic particle. Therefore, the total magnetic
moment of a single-domain nanoparticle can be about
10,000 times greater than the atomic moments of the
constituent atoms. The behavior of such single-domain
nanoparticles can be very complex due to the fact that
the magnetic moment of each particle disturbs the behav-
ior of neighboring particles. In general, this interaction
between particles serves to align the magnetic moments
in order to also reduce the energy of the whole. It is com-
monly believed that the magnetic behavior of a magnetic
nanocomposite material is of SPM type. The complexity
of the magnetic properties of nanocomposite magnetic
materials is basically due to the dual nature of magnetic
dipole–dipole interactions: if the dipoles are along a line
their magnetic moment orientation is along the line (fer-
romagnetic ordering), however, when two dipoles are par-
allel then their magnetic moments are antiparallel (anti-
ferromagnetic ordering).

The situation is much more complicated in a three-
-dimensional ensemble of magnetic dipoles. According to
Hansen and Morup [1], in an assembly of particle mag-
netic moments at a given ordering temperature there is a
transition from a superparamagnetic state to an ordered
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state resembling the spin-glass (SG) phase. However, ac-
cording to Dorman et al. [5] no ordered state has yet
been proved to exist in disordered nanoparticle assem-
blies, although there are some experimental clues in favor
of its possible occurrence for strongly interacting parti-
cles. Some observed properties present analogies with
those of spin glasses and it is reasonable to conjecture
a low-temperature state similar to the SG phase, since
the SG ingredients, i.e. disorder and frustration, are also
present due to the disordered arrangement of particles,
random distribution of easy axes and volume distribu-
tion, and the intrinsic conflicting character of dipole–
dipole interactions, which can be both ferromagnetic and
antiferromagnetic. Thus, it seems that the creating of a
rigorous theory of an ensemble of magnetic dipole system
is an extremely difficult problem therefore further Monte
Carlo (MC) studies are needed.

In order to better understand the behavior of a mag-
netic dipole ensemble “frozen in” a nanocomposite ma-
terial, in the present study we mostly investigate the
ground state configuration (at zero temperature) of such
an ensemble. Since MC simulations at low temperatures
are very slow and time consuming, in the present study
we developed a special static relaxation (SR) method
which finds very efficiently the minimum energy config-
uration (the ground state) of the dipole ensemble, and
using the MC method warms up the system to higher
temperatures.

2. The model

We consider a system of magnetic particles which are
distributed on N sites of a simple rectangle lattice with
lattice parameters ∆x = ∆y = a. The particles are con-
sidered to be hard spheres, each carrying a central point
dipole with a magnetic moment m. The system is subject
to a magnetic field which can be applied in any direction.
The interaction energy between two point dipoles occu-
pying lattice sites i and j, is written as
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Thus, the Hamiltonian of the system is
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Here, mi, ri, µ0, B is the dipole moment, the position vec-
tor of the i-th lattice site and permeability of free space,
respectively; ri j = |r j − ri|, ei j =

r j−ri

ri j
. It is convenient

to present Eq. (2) in a dimensionless form: if we assume
mi = nµBei and ri j = r0Ri j with r0 the nearest neighbor
distance, we get H = E0h where
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E0 is the energy unit, n is an integer number and µB is the
Bohr magneton. The first term in the above Hamiltonian
represents the sum of all pairs of dipole–dipole interaction
energies. The second term is the energy of the aligned
dipoles in the direction of the applied magnetic field.

Considering the case of parallel moments for simplic-
ity, the dipolar energy of a pair can be rewritten as

εi j = − 1
R3

i j

(
3 cos2 θ − 1

)
. (5)

Expression (5) shows immediately the intricate character
of the dipolar interaction as being: (a) long ranged be-
cause for a 3D assembly of dipoles one has to sum up over
all pair energies and this sum is not absolutely convergent
— the integral

∫
r2 dr

r3 does not converge (n(r)¤r2 dr is the
number of moment pairs separated by the distance r);
(b) strongly anisotropic — leading to ferromagnetic cou-
pling for cos 2(θ) > 1/3 (θ < 54.75◦) or antiferromagnetic
coupling for cos 2(θ) < 1/3 (θ > 54.75◦).

These properties make it usually impossible to handle
the problem analytically. Moreover: the first property
makes the boundary conditions (finite size sample) a cru-
cial ingredient of the problem (i.e. the dipolar energy is
not only a property of the material but also of the object
shape); and beyond the simple case of a single pair of
moments, the second property makes the prediction of
the actual kind of ordering not intuitive, as it is strongly
dependent on the locations of the moments on a lattice.

In this model the energy of the system is a function
of the unit vectors ei (pointing in the direction of the
i-th dipole). At zero temperature the equilibrium state
of the system is the state with H being at minimum. At

equilibrium the torque acting on any dipole,

τi = ei ×
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must be equal to zero. To achieve this state any dipole
step by step is turned by a small angle proportional to
the acting torque dαi ∝ τi: one static relaxation step
consists of turning any dipole of the system parallel to
the torque acting on it. In this sense the SR method is
similar to the MC method — the only difference is that
the SR attempt is successful while in MC method the
new configuration is adopted with a certain probability.

3. Results and discussion

3.1. The ground state of the system
at zero magnetic fields

In order to better understand the self-behavior of a
magnetic dipole system in the present study we basically
consider the system in the absence of an external mag-
netic field. First of all we consider a linear model (a one-
-dimensional lattice) at zero temperature. Its ground
state energy (ei = ex, i = 1, 2, . . . ,N) can be easily cal-
culated analytically

H = −2N
∞∑

j=1

1
j3

= −2Nζ(3) = −2.404N . (7)

Here ζ(3) =
∑∞

j=1
1
j3 = 1.202 is the value of the zeta func-

tion for its argument being equal to 3, thus the energy per
dipole is −2.404E0. Almost the same energy (−2.400 per
dipole) is found by the SR method. Analytical calcula-
tion of the ground state of the two- or three-dimensional
model is a complicated problem, however it is easily done
by the SR method.

In the present study for the sake of simplicity we con-
sider dipole models forming an equidistant simple line
lattice (one-dimensional model), a simple rectangle lat-
tice (two-dimensional model) or a simple cubic (sc) lat-
tice (three-dimensional model), with lattice parameters
equal to 1. Calculations show that the ground state of
the two-dimensional model is a system of parallel dipole
lines being at the “ground state” in the one-dimensional
model; however the dipoles in the neighbor lines are in
opposite directions. In this model the calculated energy
is −2.550 per dipole. Indeed, this value depends on the
size of the model, the interaction range of dipoles and the
applied boundary conditions: the presented value corre-
sponds to a 100×100 dipole system with periodic bound-
ary conditions. For the same model with a free bound-
ary condition the calculated energy of the ground state
due to the boundary effects is slightly lower, −2.5485
per dipole. The ground state of the sc three-dimensional
model (20 × 20 × 20 dipoles) is a set of parallel planes of
the two-dimensional model being at their ground state;
however, the neighbor planes are oriented antiparallel to
each other. The calculated energy of the ground state of
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the three-dimensional model is −2.679 (periodic bound-
ary conditions) and −2.600 per dipole for the free bound-
ary conditions. These calculations show that the major
part of the energy of a magnetic dipole system is formed
by the linear chains of dipoles.

3.2. Metastable states at zero temperature

Numerical simulations by the SR method show that
there are a number of metastable states which energeti-
cally are very close to the ground state. The reason for
the existence of metastable states is that the ground state
of a magnetic dipole chain is degenerated: the alignment
of the dipoles in the chain to the left or to the right at the
absence of magnetic field from any point of view is equiv-
alent. Thus the energy of a dipole chain consisting of two
or more segments with different dipole orientations is al-
most equal to the energy of a single line segment (−2.404
energy units per dipole). The segments are separated by
a very thin “domain wall” consisting of a few dipoles the
orientation of which gradually changes from one direction
to the opposite one.

Fig. 1. Projection of the dipole moments (unit vectors)
on the x–y plane of a one-dimensional magnetic dipole
model consisting OF 61 dipoles located at the sites of a
simple one-dimensional lattice.

Fig. 2. Projection of the dipole moments on the x–y
plane of the first domain wall formed in the model shown
in Fig. 1.

An example of a linear model at metastable state is
shown in Fig. 1: it is a line of dipoles (along the x-axis)
with dipole moments projected on the x–y plane and con-
sists of three segments oriented differently. The energy
of this state is −2.334 per dipole. The magnetic structure
of the metastable state is similar to the domain structure
of a ferromagnetic material.

Fig. 3. Projection of the dipole moments on the x–y
plane of 50 × 50 dipoles model at zero temperature and
in a zero magnetic field. Periodic boundary conditions
are applied. The unit distance along the x and y axis is
the double lattice parameter of the model.

Fig. 4. Projection of the dipole moments on the x–y
plane of 50 × 50 dipoles model at zero temperature and
in a zero magnetic field. Free boundary conditions are
applied. The unit distance along the x and y axis is the
double lattice parameter of the model.

Figure 2 shows such a one-dimensional domain. Its
width turns out to be of the order of the dipole–dipole
interaction length. The number of domains in the model
depends on many factors such as the length of the
model, starting configuration and boundary conditions.
Therefore, depending on these conditions a number of

Fig. 5. Projection of the dipole moments on the x–y
plane of 100 × 100 dipoles model at zero temperature
and in a zero magnetic field. Free boundary conditions
are applied. The unit distance along the x and y axis is
the double lattice parameter of the model.
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Fig. 6. Projection of the dipole moments on the x–y
plane of 30 × 30 dipoles model at zero temperature and
in a zero magnetic field. Free boundary conditions are
applied. The unit distance along the x and y axis is the
double lattice parameter of the model.

Fig. 7. Projection of the dipole moments on the x–y
plane of 30 × 30 dipoles model; reversed temperature
E0/kBT is equal to 1.0, magnetic field is absent. Free
boundary conditions are applied. The unit distance
along the x and y axis is the double lattice parameter of
the model.

metastable states are rendered possible all energetically
very close to each other. This in turn makes the theo-
retical investigation of the model difficult. From point of
view of magnetic ordering the ground state of the single
segment is perfectly ordered (all dipole moments are in
the same direction and the system is with a maximum
magnetization equal to 1 in dimensionless units). The
metastable state at zero temperature is ordered too, how-
ever the correlation length now is limited. The lengths
of the domains in the chain are on average equal to each
other; therefore the average magnetization is zero. Thus
the one-dimensional dipole model behaves like a classical
superparamagnetic. However, depending on the “history”
of the model, fluctuations of the size of the domains are
possible and the model can be in such a metastable state
when it behaves like a ferromagnetic.

3.3. The two-dimensional model

In order to illustrate the behavior of the magnetic
dipole system more effectively, we present some graph-
ical results for the two-dimensional model. Figures 3–5
(50×50 and 100×100 dipoles, square lattice) demonstrate
the influence of the boundary conditions and the size of

Fig. 8. Projection of the dipole moments on the x–y
plane of 30 × 30 dipoles model at zero temperature and
with the magnitude of magnetic field b = 1, applied
along the x-axis. Free boundary conditions are applied.
The unit distance along the x and y axis is the double
lattice parameter of the model.

Fig. 9. Projection of the dipole moments on the x–y
plane of 30 × 30 dipoles model at reversed temperature
E0/kBT = 1.5 and with the magnitude of magnetic field
b = 1, applied along the x-axis. Free boundary condi-
tions are applied. The unit distance along the x and y
axis is the double lattice parameter of the model.

the model on the magnetic structure of the model. Fig-
ures show the projections of the dipole moments (unit
vectors) on the x–y plane. According to FigS. 3–5 the
magnetic structure of the system consists of antiferro-
magnetic domains with antiferromagnetic domain walls.
The boundary conditions crucially influence the interior
of the model, thus yielding different metastable states of
the system, while the size of the model is less important.

Fig. 10. Magnetization as a function of reversed tem-
perature.
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In order to better see these effects, in Figs. 6, 7 we
present a smaller model (30× 30 dipoles). The state pre-
sented in Fig. 7 is obtained by MC simulation; the reverse
temperature is in E0/kBT units. At non-zero tempera-
ture the magnetic structure consists of short line chains
of parallel dipole forming some kind of antiferromagnetic
aggregations. Figures 8, 9 demonstrate the behavior of
the 30 × 30 dipole model in the presence of an exter-
nal magnetic field and the influence of temperature. In
the shown examples the magnetic field is along the x-
-direction and its magnitude b = 1. For completeness in
Fig. 10 we present the magnetization of the above 30×30
dipole model as a function of the reverse temperature:
the figure shows definitely the presence of some kind of
order-disorder transition in the system in the vicinity of
E0/kBT = 1.2; however, for the limited size of the system
this transition is quite smooth.

4. Conclusion

The ground state of a dipole magnetic system forming
a simple cubic (or square) lattice is a set of parallel
dipole lines where the magnetic dipole at neighbor line
are in opposite directions. In practice however the
system at zero temperature is in a metastable state
which consists of domains formed by antiparallel line
segments.
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