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This paper deals with simple supported beam—actuators—concentrated masses mechanical system; it appears
in active vibration reduction problem. To solve the problem with the Fourier method, the system is discretized
into uniform elements. In the paper the orthogonality condition of the modes of the discretized system is derived.
Furthermore, the solution of the forced vibration problem of the above system, appearing inherently in the active

vibration reduction problem, is outlined.
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1. Introduction

The beam, actuators and (concentrated) masses can
consist of three mechanical systems as the research ob-
jects. First of them makes up beam—masses, the second:
beam—-actuators and the last is a combination above men-
tioned ones, i.e. beam-actuators—masses (BAM).

The beam is a structural element carrying masses elas-
tically or stiffly attached to it; this is the natural task of
the beam. The concentrated masses are also used to the
modification of the structure dynamics [1, 2]. The free
vibration of these systems are solved in many papers, but
only natural frequencies or/and modes have usually been
obtained by means of an exact analysis [2, 3], as well as
by employing some approximate methods [4, 5].

Second mechanical system, the beam—actuators, is of
practical interest in active vibration reduction [6-11]. Ac-
tuators are glued to the beam and they become part of it.
Both actuators and the glue (layers) are relatively light,
compared to the structure. However, to make the vibrat-
ing simulation more precise, the dynamic effects (mass
loading and stiffness) of actuators and glue should be
considered. This problem is solved numerically: for ac-
tuators in [12, 13], for glue in [14, 15].

The BAM system appears in active beam vibration
reduction with masses. Adding actuators (and the glue
at the same time) is the technical necessity. As far as
masses are concerned, from practical point of view, the
beam is designed for loading with the masses.

Furthermore, from a scientific point of view, adding
them may be substantiated as follows. To clearly explain
the optimal distribution of the actuators on the beam in
active vibration reduction, the asymmetrical forms are
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needed. The asymmetrical effect may be achieved adding
to the beam concentrated masses. This problem is widely
explained in [16] and presented in [17].

Now the problem arises, how to describe the free and
forced vibrations of the above systems? It may be solved
as follows. The effects of attached masses are expressed
with the Dirac delta distribution, but dynamic effects of
bonded actuators and glue are expressed with the Heav-
iside one. So, the theory of distribution is used to for-
mulate this problem [18]. Next, the differential equation
of transverse vibrations of the BAM system with a local,
stroke change of stiffness is derived.

Another attitude, admittedly applied to the uniform
beam, is presented in [19]. The uniform beam is dis-
cretized into elements. The boundary conditions of each
individual element are modeled by using translational
and rotational spring and concentrated mass. The study
in [19] is restricted to the natural frequencies and the
mode shapes of the beam. This paper is an extension of
the above reference. Here, the system BAM is not uni-
form, but it is discretized into uniform elements. The
division is not coincidental; it is imposed out of the
change of physical properties, i.e. properties of actua-
tors, glue and masses. To solve the free and forced vi-
brations problem of the BAM discretized system with
the Fourier method (separation of variables method, so-
lution by eigenfunction expansion), the eigenfrequencies
(natural frequencies), eigenfunctions (modes) and their
orthogonality condition are needed. The aim of the pa-
per is just to derive the orthogonality condition of the
modes.

2. Modal analysis formulation

Let be the simple supported beam as depicted in Fig. 1.
The particular form of the Bernoulli-Euler equation gov-
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erning transverse modal vibration has a following stan-
dard form ([20] s. 172, [21]),

EJD*u + pSD?u = 0, (2.1)
where u = u(x,t) — beam deflection at the point z and
the time ¢, D*(.) = 9%(.)/0x*, Dy(.) = 9(.)/Ot, b — beam
width; hereafter the rest symbols are explained together.
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Fig. 1. The geometry of the simple supported beam.

To solve Eq. (2.1) explicitly, four boundary conditions
at the ends of the beam are needed. For the simple sup-
ported beam both displacement and the bending moment
are equal to zero

uw(0,t) =0, D?u(0,t) =0, (2.2)
u(l,t) =0, Du(l,t)=0. (2.3)
Furthermore, one needs to know the initial conditions.

They represent the initial displacement and the speed of
the beam points

u(z,0) = 4(x), (2.4)

Diu(z,0) = 0(x). (2.5)
Equations from (2.1) to (2.5) constitute the modal anal-
ysis formulation.

2.1. Beam with actuators

To solve the modal problem of the BAM system,
Eq. (2.1) must be rounded out. First of all, actuators
must be glued to the beam; they are arranged as de-
picted in Fig. 2. The location and length of separate ac-
tuators (and the glue layers simultaneously), are denoted
commonly with coordinates {zs} and {{} respectively,
s=1,2,...,ns.

Fig. 2.
beam.

Distribution of actuators and glue layers on the

Let P = {E, J,h,p,S} means the physical and geo-
metrical parameters of the beam, actuators and glue,
i.e. {Young’s modulus, moment of inertia of the cross-
-section, thickness, mass density, area of the cross-
-section}, respectively. To be more precise, all pa-
rameters are supplemented with additional index ¥ =
{b,a,9} = {[bleam, [a]ctuator, [g]lue}, for example, Jy
means moments of inertia of the surface cross-sections.
The parameters of the BAM system may be written as

P=Py+Y P.H(wi, —x25) = P+ Y _ Po(H)°,

A-127

(2.6)
where Py = P,+P,, (H)? = H(z15s—%2s) = H(z—x15) —
H(x —x95), H(x — x15) — the Heaviside step function in
point z15 and so on, {15, xas} = {xs — ls/2, x5 + ls/2}.

Considering dynamic effects of the actuators and glue
on the beam vibration, Eq. (2.1) takes the form

<Ebe +) E5J5<H>O> D*u

+ <PbSb + ZpSSS<H>O> D?u =0.

Equation (2.7) may be written down exactly the same
like Eq. (2.1), if one denotes

EJ=EyJy+ Y  EJ(H)°,

2.7)

pS = prb + Z psSs <H>0’ (28)
where EJ — eqtiivalent bending stiffness, J; — cross-
-sectional moment of inertia of the s-th layer relative to
the mid-plane [15].

2.2. Beam with masses

This problem corresponds to the one given in previ-
ous subsection; it is not the same, however, there are
many similarities. Let a few masses be attached to the
beam [22, 1]. They are marked by {m,}, r =1,2,...,n,
and their distribution is described with set of coordinates
{z,}, see Fig. 3, hence

oy = Zmré(x —x,) = md(z — x1)

+mod(x —x2) + ...+ meb(x—xp) + ...
where §(.) — the Dirac delta distribution.

(2.9)

Fig. 3.

beam.

Distribution of the concentrated masses on the

The dynamic effects of the {m,} may be include in
Eq. (2.1), hence

EJD*u + (pS + a.)Diu = 0. (2.10)

2.3. Beam with actuators and masses

If the EJ, pS take the form given by Eq. (2.8),
Eq. (2.10) governs the modal vibration of the BAM sys-
tem and in explicit form one has

<Ebe +y° E8J5<H>O> Dy

+ (prb +) " paSo(H)? + aT> D?u = 0. (2.11)

On the ground of the EJ, pS and «, form, Eq. (2.11)
cannot be understood in a classical manner. To solve it,
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some methods may be applied. One of them is presented
in [1, 4, 18]; another attitude may be found in [19] and
it is applied here.

3. Solution of the modal problem

At the attitude to the modal analysis given in [19], the
system is divided into j elements, j = 1,2,...,n;, Fig. 4.
No losses of the generality, masses are attached to the
beam at the ends of actuators. So, the discretization is
imposed by masses. Hence, the elements between masses
become uniform, i.e. both EJ and pS, described with
Eq. (2.8), are constant. All elements may be considered
separately in local coordinates, = € [0,¢;), Fig. 5, and
the solution to Eq. (2.11) can be expressed as

u(z,t) = Z uj(x,t),

where w;(z,t) fulfills the equation, which arise out of
Eq. (2.11),

E;J;D*u;(x,t) + p;jS;Diuj(z,t) =0, (3.2)
where F;J; and p;S; are different on the separate ele-
ments and they are given by Eq. (2.8).

(3.1)

s
+
-

Fig. 4. Geometry of the general BAM system.

n:o elo P::u = P;:x Yy
Fig. 5. Geometry of the general BAM system in local
coordinates.

As can be seen from Eq. (3.2), the dynamic effect of the
actuators and glue layers only are taken into account, but
this effect of the masses is omitted. This is because the
concentrated masses {m,.} are considered in boundary
conditions for the j elements.

The boundary conditions for the j elements consist of
boundary conditions of the problem and coupling ones.
The latter are obtained by considering continuity of dis-
placement, slope, the relationship between the shear force
and bending moment at the points between neighboring
elements.

Let the solution to Eq. (3.2) be represented by a prod-
uct of spatial and temporal functions

uj(z,t) = X;(2)T(1). (3.3)
Substitute Eq. (3.3) into Eq. (3.2), and bring terms con-
taining « to the left hand side (LHS) and terms contain-
ing ¢ to the right hand side (RHS), then one obtains

E;J; DUX;(@) _ DiT(t) _ o

piS; X;(x) T(t) 7
where w is defined as a constant and it is a natural fre-
quency of the BAM system.

(3.4)
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Equation (3.4) corresponds to the two ordinary differ-
ential equations, namely

DX, (x) — \jX;(z) =0, (3.5)

D?T(t) +w?T(t) =0, (3.6)
where the dispersion relationship to Eq. (3.5) is given by

2
4 _, 2Pi5; _w
A} =w B (3.7

The solution of above equations provides the natural fre-
quencies and the corresponding modes. The A; are dif-
ferent on separate elements and they are yet to be de-
termined. Furthermore, the A\; depend on w which is
unchanging for all BAM system.

In view of mnemonic way of differentiation and inte-
gration of the Krylov functions, [20], the general solution
to Eq. (3.5) is given by

Xj(ﬁ) = AjKl(Aj(E) + BjKQ()\jl‘) + C]KS()\JZ‘)

+D; Ky(\jz), (3.8)
where
K (z) = [ch(z) 4 cos(z)]/2,
Ka(2) = [sh(z) — sin(2)]/2,
Ky (2) = [ch() — cos(2)]/2,
K4 (z) = [sh(z) + sin(2)]/2. (3.9)

The boundary conditions to the separate j element in
local coordinates = € [0, e;] and harmonic steady state,
have the general form:

e boundary conditions at the left end of the 1st element

X1 (0) =0,
D?X,(0) = 0. (3.10)

e coupling conditions between j-th and (5 + 1)-th ele-
ments, Fig. 6,

Xj(Aje5) = X;41(0),

DX;(Aje;) = DX;41(0),
E;J;D*X;(Aje;) = Ejs1J541D? X541 (0),
E; DX (\je;) +mjiw? X (\jej)

= E;j11J;41D*X;41(0),
or
E;JiD*X;(Nje;)
= mj110° Xj41(0) + Ej1Jj41D*X;41(0).  (3.11)
From numerical point of view, the last identity in
Eq. (3.11) is more convenient.

Fig. 6.

ments.

Coupling conditions between 1st and 2nd ele-

e boundary conditions at the right end of the n;-th
element

X, (en;) =0,
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D*X,,, (en,) =0. (3.12)
Since A1 # X2 # ... # Aj # ... then, to calculate
them, Eq. (3.7) must be used. It is convenient to ex-
press {A2, Az, ..., Aj,...} as a function A1, hence

My =My ==Xy = =0 (3.13)
or

)\3 = )\411(71/72)7

Xy = A /7s), - A = M (/%) - (3.14)

Substituting Eq. (3.8) into boundary conditions (3.10) it
appears that A; = 0, C; = 0. In the same way, the rest
of conditions given by Eqgs. (3.11), (3.12) leads to the set
of algebraic equations and it may be written in the ma-
trix form

Aa=0 (3.15)
In general, the matrix A is too large to present it in
explicit form. A simple example is considered in Sect. 5.

4. Orthogonality condition

This property of the uniform beam modes may be
found in [20, 21]. First of all, the identity is derived,
i.e. based on twice integration by parts, one has

4
/ X,D'X, dz = (X,D?X,, - DX,D%X,)|;
0

¢
+ / D?X,D?X,, dx. (4.1)
0

For simplicity, here and in the future, an argument (z)
is omitted. The separate modes X, (x) and X, (z) fulfill
the modal equations, cf. Eq. (3.5). For convenience they
are written down in expanded form

EJD*X, (z) = w2pSX,(z), (4.2)
EJD*X,(z) = w;pSX,(x). (4.3)
Multiplying above equations by X, (z) and X, (z), re-
spectively, integrate both in range of integration z &€

[0, 4], use Eq. (4.1), subtract the second result from the
first one and then one obtains

4
(wg—wi)pS/O X, X, dx

= FEJ[(X,.D’X, - DX,D*X,)
¢
- (X,D*X, - DX,D*X,,)]|,- (4.4)
For standard boundary conditions, the right-hand-side
equals zero, and standard form of the orthogonality con-
dition is obtained.

The above orthogonality condition may be adapted to
the BAM system in a simple way. Let the system be
divided into m; elements as depicted in Fig. 4. Now,
Eq. (4.1) must be applied to the separate j element,
namely

/ . Xj,,D4Xjud.’L‘ = (ijDSXju - DXjVDQXjﬂ) (e)j
0

+ /O D?X;,D?X, dz. (4.5)

Considering both boundary conditions of the problem
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and coupling conditions between neighboring elements,
Egs. (3.10)-(3.12), instead of Eq. (4.4) one has

e1
(wf—wi)(plsl/ X1 Xyudr + ...+ pn,; Sn;
0

X /0 " Xy X da 4y X, (0) X1, (0) +
171, X, (0) X, (0)
41X ) X))

= Ep, I, [(Xn,p(en, ) D X 0 (en,)

— DXy, ulen, ) D* Xy, 0 (en,))

— (X, (€, )D* X (e,

- DXTI,jV(eﬂ,j )D2X7z,ju(enj ))] .

Because of Eq. (3.12), the right-hand-side is zero. Fur-
thermore, the my and m,, ;41 contribute no dynamic ef-
fects and they may be omitted. So, the general orthogo-
nality condition is given by

Sy

+ mj+1Xj+1V(0)Xj+1u(0)> =0.

Since the term w2 — w is cancelled for 4 = v, one has

(PJ /XJV Xju(z)d
0,v # p,

+mj+1Xj+1u(0)Xj+1u(0)> = { Byv = 1

Since the m; at z = {0,¢} may be omitted a priori, the
masses may be described as depicted in Fig. 7. For this
case, instead of Eq. (4.8), the orthogonality condition for
the BAM system is given by

(PJ /XJV Xjp(w)dz + ijjV(ej)Xju(ej))

_J O v#Fp,
Bwl/:,uv

where m,,; ought to be assumed equal to zero.

(4.6)

(w —OJ

(4.7)

(4.8)

(4.9)

Fig. 7. Geometry of m; elements and masses which
take an active part in the dynamic effect.

Both Egs. (4.8) and (4.9) assure the same results, but
the former is numerically faster. Generally speaking, ei-
ther Eq. (4.8) or Eq. (4.9) may be used in deriving the
solution to the forced vibration problem.
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5. Examples

5.1. A simple modal problem

Let consider the problem presented in Fig. 6, where

K} K} ~1 0
MK MK 0 0
NE\ K, MEJ K} 0 0
A— A?Ellei )\i’ElL]lKé fmng 7>\%E2J2
B KY KY
Ao Ky Ao KY

where the symbols in matrices are given by
{KU}:{KDKQ’K&KZL}a Kz/) :KU()\lel),

Kl/)/ = KU(/\Qeg). (52)
The unknowns are collected in column matrix
a = [Bl,Dl,AQ,BQ,CQ,DQ}T. (53)

It seems that this simple example well conveys the cre-
ating idea of the main matrix A.

To solve Eq. (3.15), one assumes that det A(A\) =0
and it leads to the frequency equation. As the result,
the set {A1,}, v = 1,2,...,n is obtained Based on
Eq. (3.14), one can calculate {A2y, Asp, ..., Ajy, ...} and
finally, based on Eq. (3.7), the natural frequenc1es {wy,}
of the BAM system.

Now, the unknowns a, Eq. (5.3), should be determined.
Let the main matrix elements be written as two suf-
fix quantities A.g, where a and 5 label the rows and
columns respectively. Let M,g be the minor of the A.p
element. The general solution to Eq. (3.15) is

BllDliAQZ...
= (—1)a+1Ma1 : (—1)a+2Ma2 : (—1)a+3Ma3 L.
(5.4)
Substituting {A;,} and unknowns a to Eq. (3.8), the v
modes assigned to the j element are obtained. The solu-

tion to Eq. (3.5) for the BAM system is given by

2) = 3 X5() = 3 X (e) = 30 X (o)

=> X, (x) (5.5)
where Z]u( N ) = Z] Eu(

on j element are equal to
Xjv(x) = Aj K1 (Ajux) + B Ko (Ajux) + O3 Ks(Ajpx)

+DjK4()\jl,x). (56)
The v modes X, (z) are taken for future considerations.

..) and the separate modes

N2Ey Jo K N2EyJo K
N By Jo Kl N3 Ey JyK!!
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i =12 {m.} = {m1,me, ms}. Since m; and mgs are
placed at the ends of the simple supported beam, their
dynamic effects are equal to zeros. So, only ms should
be considered. In this simple case one has

0 0 ]
0 X
~\EaJy 0
0 0
K7 K , (5.1)
MK MK
NEy o KY NEyJyKY
N EaJoKY N EpJo kY

5.2. Forced vibrations of the beam

To analyze the forced vibrations, the orthogonality
condition would have to be used. This analysis is re-
alized in some steps. In the following they are presented,
omitting everywhere for simplicity, the subscript j. So,
the analysis is much the same like for the uniform beam.

1. Let be the (nonhomogeneous) equation of the forced
beam vibration

EJ(D*ug(z,t) + paD*(Dyuys(z,t))) + pSDjuys(z, t)
= —f(z,1), (5.7)
where hereafter us(z,t) = uy,;(x,t) — forced vibration

of the j element, g — inner damping factor.
2. To find the forced solution, apply the Fourier

method
ug(x,t) Zufy v,t)=> X, (2)T,(t) (5.8)
3. Substltute Eq. (5.8) in Eq. (5.7), hence
EJZD‘*X ) (paDe T, (t) + T, (1))
e ZX = —fo(@) fu(t), (5.9)
where the exc1ted force is assumed as f(z,t) = f. () f:(t).
4. Apply to the first term on the LHS Eq. (3.5): here

D*X,(z) = A2 X, (2), divide by pS, apply the dispersion
condition, Eq (3.7): here A} = (pS/EJ) ; it leads to

Zw @) [aD: T, (t )]+ ZX” z)D

= _p?fx(x)ft(t)'

5. Multiple by X,(z) and integrate with respect to
x € [0,¢]. At just this step, it is the first time the orthog-
onality condition Eq. (4.4) is used. It leads to the time
equation

DT, (t) + pawpDeT, (1) + wi T (1)
where

(5.10)

=Dufi(t), (5.11)
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11 ¢
piSﬂTIV’ I, = —/0 fo(@) X, (x)dz.  (5.12)

6. Define the initial condition for T, (t), for example

D, =

u(z,0) = u(z,t)|i=0 = (),

Diu(x,0) = Diu(z,t)|t=0 = 0(x). (5.13)

7. Substitute Eq. (5.8) in Eq. (5.13), multiple by X,,(z)
and integrate with respect to z € [0,¢]. At this step, it
is the second time the orthogonality condition Eq. (4.4)
is used; it leads to

ﬂAO)z;%;A’a@gx;@gd%

1/
D.T,(0) = B—/ 0(2) X, (z)dx. (5.14)
v Jo
8. Assume the RHS of Eq. (5.11) in the form
fi(t) = exp(iwyt), (5.15)
1/2

where wy — forced annular frequency, i = (—1)
9. For the sake of Eq. (5.15), the suitable solution of
nonhomogeneous time Eq. (5.11) is
T,(t) = Cexp(iwyt),
where C' — unknown constant.
10. Substitute Eqgs. (5.15) and (5.16) in Eq. (5.11),
hence

(5.16)

_ _ 1 _ 1 11
C=C/=—— D=~ 1,=CI,
w2 — w} o, pS By
11. Substitute Eq. (5.16) in Eq. (5.8), hence

ug(z,t) = Zuf;,,(:v,t) = Z Cu X, (z) exp(iwyt).

v v (5.18)

12. The final solution of the forced vibrations is given
by

Uf(aj,t) = Zuf;j(flf, t).
J
As can be seen, the orthogonality condition of the modes

is necessary to solve the forced vibration problem using
the Fourier method.

(5.17)

(5.19)

6. Conclusions

In this paper, the orthogonality condition of the modes
of the specific mechanical system is derived. The system
consists of the simple supported beam, actuators and
concentrated masses. Hence, the system may have the
technical interpretation. All physical quantities of the
system components are considered, among other things,
the mass and stiffness of both actuators and glue layers.
So, the condition may be directly applied to the solution
of the beam active vibration reduction problem. This
procedure is outlined in Sect. 5.
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Quite similar, the orthogonality condition of the modes
for other boundary conditions and free combination of
actuators and concentrated masses may be derived.

As pointed out in the paper, each active beam vibra-
tion reduction problem may be solved analytically, even
if the dynamic effects of the actuators and glue are con-
sidered.
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