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The Neumann boundary value problem has been solved for the region bounded by the three perfect rigid
innite baes arranged perpendicularly to one another. The harmonically vibrating clamped circular plate
embedded in one of the baes is the sound source. It has been assumed that the amplitude of the plate's
transverse vibrations is small to use the linear KelvinVoigt theory. The Green function has been applied to
obtain the asymptotic formulae describing the distribution of the acoustic pressure within the Fraunhofer zone.
The analysis of sound radiation has been performed for some selected surface excitations and for some dierent
plate's locations. The acoustic pressure distribution has been examined including the acoustic attenuation and
the internal attenuation of the plate's material.
PACS: 43.20.Ks, 43.20.Rz, 43.40.+s, 43.20.−f, 43.20.+g
1. Introduction

Some vibrating at surfaces generate the acoustic
waves which are very often radiated within the regions
limited by some kinds of baes. The baes reect the
acoustic waves and inuence the acoustic pressure distribution within the region. Additionally, this eect modies the source vibrations and its acoustic properties as
well. The baes' inuence on the sound radiation is
particularly signicant when the acoustic radiator is embedded in one of the baes and its distance from the
remaining baes is small compared with the acoustic
wavelength.
From a practical point of view, it is very important to
investigate the acoustic source radiation within the regions limited by the at baes arranged perpendicularly
to one another. These regions are often found in many
building constructions such as industrial halls and residential buildings. Some walls of buildings can be considered as such baes on certain conditions. The analysis of
the sound radiation for such regions allows determining,
e.g. the location of the eld point at which the acoustic
pressure amplitude has the greatest value and the best
source location for noise minimizing.
The results obtained on the basis of theoretical investigations can be used for predictions of the properties of
acoustic sources and consequently for the noise reduction. However, the pure theoretical analysis of the sound
radiation is possible when some simplifying assumptions
are introduced, e.g. that the baes are perfectly rigid
and their dimensions are much larger than the acoustic
wavelength. In this case, the Neumann boundary value
problem has been obtained. The acoustic pressure is often formulated as the double innite series of the modal
components dened by the formulae containing double
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integrals. Due to summation and integration, the acoustic pressure numerical calculations are time-consuming.
Therefore, it is important to obtain some approximate
formulae in their elementary forms which enable to simplify the numerical calculation and perform a wide analysis of the acoustic source properties. There are many
practical cases when it is only necessary to nd the acoustic pressure distribution at large distance from the sound
source.
The far eld approximation can be used to simplify the
formulae for the acoustic pressure. The acoustic attenuation inuences signicantly the sound radiation and this
factor should be included. However, this requires calculating the modal components of acoustic impedance and
causes some numerical diculties, especially, when the
large number of vibrating modes is used. An error occurs
when the acoustic attenuation is neglected. The value of
this error depends on the vibration frequency and can be
large for some cases. Therefore, it is very important to
perform the numerical analysis of the error. It allows to
indicate some frequencies for which the error values are
acceptably small and the acoustic attenuation can be neglected. The analysis allows determining the frequency
range within the error achieves some large values and the
acoustic attenuation has to be included.
So far, the acoustic radiation of some surface sound
sources located on a at bae was the main aim of the
theoretical as well as experimental studies. The acoustic
pressure distribution and the energy aspect of the sound
radiation have been often analyzed [110]. The inuence
of the point force excitation on the acoustic radiation of
double-leaf plate has been determined in [11] where the
theoretical as well as experimental approach has been
used. The radiation eciency for some vibrating plates of
dierent shapes has been obtained based on the discrete
calculation method [12]. The results presented are valid
for the low frequencies. The piezoelectric eect has also
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been used for the active sound reduction in some cases
[1317].
There are only few studies focused on the sound radiation within the region bounded by more than one at
rigid innite bae. The simplest regions of this kind
are: the two-wall corner  quarter-space bounded by
two baes arranged perpendicularly to one another and
the three-wall corner  region bounded by three bafes arranged perpendicularly to one another. The sound
radiation of the vibrating sphere in the vicinity of the
quarter-space has been investigated in [18]. The total
power has been obtained for the two pistons system in
the case when the sound sources are located on the two
dierent walls of three-wall corner region [19]. The acoustic pressure distributions within the two and three-wall
corner regions have been analyzed for the circular piston located on one of the baes [20]. The sound radiation within the two-wall corner region has also been
investigated for the more complex source such as vibrating membrane of deformable surface. Assuming that the
membrane is located on one of the baes, the total acoustic power has been analyzed [21]. Moreover, the asymptotic expressions for the acoustic pressure distribution
have been obtained [22]. They are valid within the Fraunhofer zone. The total acoustics power has been analyzed
in the case of the clamped circular plate embedded on the
boundary of three-wall corner region [23]. The analysis
has been performed for some dierent plate locations and
for some selected external excitations.
The acoustic pressure has not yet been analyzed in the
case of the plate located on the boundary of three-wall
corner region. Therefore, the main aim of this study is to
obtain the asymptotic formulae valid within the Fraunhofer zone to describe the acoustic pressure distribution
radiated by the clamped circular plate. Moreover, making use of the results obtained in [23] enables including
the acoustic attenuation. The formulae necessary for that
purpose have been presented in Appendix for the readers' convenience. The obtained asymptotic formulae of
the acoustic pressure have the elementary form and have
been used to perform analysis of the acoustic pressure for
the two selected surface excitations and for some sample
plate's locations. The error resulting from the negligence
of the acoustic attenuation has also been investigated.
2. The analysis assumptions

The analysis of the acoustic pressure distribution has
been performed into the region bounded by innite bafes arranged perpendicularly to one another. The global
Cartesian coordinate system has been introduced to describe an analyzed phenomenon. The origin of this coordinate system is located at the common point of the
all baes and constitutes the centre point of the three-wall corner region. The axes of the coordinate system
are determined by the points of the baes intersections.
The considered three-wall corner region can be mathematically dened as Ω = {0 ≤ x < ∞, 0 ≤ y < ∞,
0 ≤ z < ∞}. The sound source is a vibrating clamped
circular plate embedded in the bae located on the plane
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Fig. 1. The vibrating plate at the boundary of three-wall corner region: (a) the Fraunhofer zone, the leading
vector of the eld point r , the leading vector of the
source point r s , the eld point P , the source point Q,
the spherical coordinates r = |r|, ϑ, φ; (b) the location
of source and the vertical baes in the global Cartesian
coordinates system, the vector of the source point r 0 in
the local coordinates system.

z = 0 (see Fig. 1). The considered plate is made of the
homogeneous and isotropic material of density ρ. The
plate's radius equals a. It has been assumed that the
plate's thickness h is much smaller than its radius which
enables to use the theory of thin plates. The plate centre
is indicated by the vector l = [lx , ly , 0]. The eld point P
location is described by the leading vector r = [x, y, z].
The coordinates of the source point Q are determined
by the vector r s = [xs , ys , 0]. Additionally, the local
polar coordinate system [r0 , φ0 ] has been introduced to
describe the source points location. The origin of the
coordinate system is located at the plate centre and its
radial axis is parallel to x axis. The relative location of
the source point Q and the eld point P is determined
by the vector R. It has been assumed that the region Ω
is lled by the lossless light uid medium of density ρ0 .
The sound velocity equals c. There is interaction between
the plate's vibrating surface and the medium which is
inside the considered region. The baes of the three-wall corner region are perfect rigid and perfectly reect
acoustic waves. There is a vacuum outside the region Ω .
The vertical baes cause that the plate's vibrations are
asymmetric. The external asymmetric excitation is applied to the plate's surface. The analyzed processes are
state and time-harmonic. They vary with respect to time
according to relation exp(− iωt), where i 2 = −1 and ω is
the excitation circular frequency. The acoustic pressure
amplitude has been analyzed at the eld points located
at large distance from the origin of Cartesian coordinate
system when |r| ≫ a. It has been assumed that the amplitude of the plate's transverse vibrations is small and
the plate's motion can be described by the linear model.
Using the KelvinVoigt theory the equation of motion
can be formulated as
( −4 4
)
p(r0 , φ0 )
kT ∇ − 1 v(r0 , φ0 ) − i
ρhω
= −i

p(excit.) (r0 , φ0 )
ρhω

(1)

A-102

K. Szemela, W.P. Rdzanek, W.J. Rdzanek

where

kT−4

DT
=
,
ρhω 2

DT = DE (1 − iω η̄).

(2)

and v ∈ {ly , −ly } is a distance between the point located on the surface of one of sources and the eld point
P = P (x, y, z).

v(r0 , φ0 ) is the velocity amplitude of the plate's transverse vibrations, p(r0 , φ0 ) is the amplitude of the acoustic
pressure exerted on the plate's surface by the medium,
p(excit.) (r0 , φ0 ) is the amplitude of the external excitation, DE = Eh3 /[12(1−ν 2 )], E , ν denote Young's modulus and the Poisson ratio, respectively, η̄ is plate's internal
attenuation factor [23, 24]. The formulae which allow to
solve Eq. (1) including the acoustic attenuation and some
external excitations have been presented in Appendix.
3. The acoustic pressure within
the Fraunhofer zone

The acoustic pressure can be obtained based on the
following formula:
∫
p(r) = −i k0 ρ0 c
v(r s )G(r|r s )dS ′ ,
(3)

Fig. 2. The location of the real source and the image sources in the global Cartesian coordinates system.
Solid line denotes the real source and dashed lines represent the image sources.

where ρ0 is the medium density, k = 2π/λ is the acoustic
wave number, λ is the acoustic wavelength, c is the sound
velocity in the medium, v(r s ) is the normal component
of the vibration velocity amplitude, G(r|r s ) denotes the
Green function of the Neumann boundary value problem,
S ′ is the surface directly adjacent to the surface of sound
source [25]. The acoustic pressure (3) can be presented
after using Eq. (1) as the double series of the modal components [23]
∞ ∑
∞
]
∑
ω [ (c) (c)
(s)
p(r) =
cm,n pm,n (r) + c(s)
m,n pm,n (r) ,
ω
m=0 n=1 m,n
(4)
where
}
}
{
∫ { (c)
(c)
Wm,n (r0 , φ0 )
pm,n (r)
= −k0 ρ0 cωm,n
(s)
(s)
Wm,n (r0 , φ0 )
pm,n (r)
S′

The source point's coordinates have been presented by
their local counterpairs as follows:

S′

× G(r|r s )dS ′ .

(5)

The Green function for the analyzed problem can be expressed on the basis of the Weyl equation [20, 26]:

G(r|r s ) = Glx ,ly (r|r s ) + G−lx ,ly (r|r s )
+ Glx ,−ly (r|r s ) + G−lx ,−ly (r|r s ),

(6)

where

Gu,v (r|r s ) =

exp(ik0 Ru,v )
,
2πRu,v

(7a)

√
[x − sgn (u)xs ]2 + [y − sgn(v)ys ]2 + z 2 ,
(7b)
sgn (·) denotes the signum function. The presented form
of the Green function can also be obtained using the
method of images. The rst component in Eq. (6) can
be interpreted as the Green function of the real source
when there are no vertical baes. The remaining three
components represent the Green function for the image
sources (see Fig. 2). The quantity Ru,v for u ∈ {lx , −lx }
Ru,v =

xs = lx + r0 cos φ0 ,

(8)

ys = ly + r0 sin φ0 .

Then, the distances (7b) have been written in the global
spherical coordinate system [r, φ, ϑ] using the following
transformations: x = r sin ϑ cos φ, y = r sin ϑ sin φ,
z = r cos ϑ (cf. [20, 22]):
(
)2
( )2 ( )2 ( )
Ru,v
lx
ly
r0 2
=1+
+
+
r
r
r
r

r0 lx cos φ0 + ly sin φ0
r
r
[
u cos φ + v sin φ r0 (
− 2 sin ϑ
sgn (u) cos φ cos φ0
+
r
r
]
)
+ sgn (v) sin φ sin φ0 .
(9)
+2

The acoustic pressure at large distance from the coordinate system origin can be obtained assuming that r ≫ r0 .
The expression Ru,v /r has been presented as the limited
to the terms of zero and rst order expansion series of
variable r0 /r. Finally, the approximation for distance
(7b) can be written as

Ru,v ≈ Qu,v + r0 (Au,v cos φ0 + Bu,v sin φ0 ),
where

Qu,v =

Au,v

√
r2 + lx2 + ly2 − 2r sin ϑ(u cos φ + v sin φ),

lx − sgn (u)r sin ϑ cos φ
=
,
Qu,v

Bu,v =

(10)

ly − sgn (v)r sin ϑ sin φ
.
Qu,v

(11a)

(11b)

The approximation from Eq. (10) enables to obtain the
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asymptotic formula for the expression given by Eq. (7a)
and consequently for the acoustic pressure. The denominator in Eq. (7a) is slowly varying with change of
Ru,v and can be replaced by only rst component from
Eq. (10). The approximate formula can be presented in
the form of
exp(ik0 Qu,v )
Gu,v (r|r s ) ≈
2πQu,v

{

(c)

pm,n (r)
(s)
pm,n (r)

}

{
≈

(c)

(c)

× exp( ik0 r0 (Au,v cos φ0 + Bu,v sin φ0 )).

The modal quantities (5) related to the acoustic pressure
can be formulated on the basis of Eqs. (6) and (12) as
follows:

(c)

(c)

p̃m,n (r, lx , ly ) + p̃m,n (r, −lx , ly ) + p̃m,n (r, lx , −ly ) + p̃m,n (r, −lx , −ly )
(s)
(s)
(s)
(s)
p̃m,n (r, lx , ly ) + p̃m,n (r, −lx , ly ) + p̃m,n (r, lx , −ly ) + p̃m,n (r, −lx , −ly )

where
{
}
(c)
exp(ik0 Qu,v )
p̃m,n (r, u, v)
= −k0 ρ0 cωm,n
(s)
Qu,v
p̃m,n (r, u, v)
{
}
∫ a
(c)
Fm (r0 )
×
Wm,n (r0 )
r0 dr0
(s)
Fm (r0 )
0
and
}
{
∫ 2π
(c)
1
Fm (r0 )
=
exp(ik0 r0 (Au,v cos φ0
(s)
2π 0
Fm (r0 )
{
}
cos mφ0
+ Bu,v sin φ0 ))
dφ0 .
sin mφ0

∫

k0 Bu,v = Λ/a sin w.

Making use of the following formulae:
{
}
∫ 2π
( ) cos mφ
cos(ā) cos b̄
dφ
sin mφ
0
{
cos mα
= 2π cos(mπ/2)Jm (Z)
,
0
{
}
∫ 2π
( ) cos mφ
cos(ā) sin b̄
dφ
sin mφ
0
{
0
= 2π sin(mπ/2)Jm (Z)
,
sin mα
{
}
∫ 2π
( ) cos mφ
dφ
sin(ā) cos b̄
sin mφ
0
{
cos mα
= 2π sin(mπ/2)Jm (Z)
,
0

2π
0

( )
sin(ā) sin b̄

}
(13)

,

}

{
cos mφ
sin mφ

dφ
{

= −2π cos(mπ/2)Jm (Z)
(14)

(15)

In order to perform the integration in Eq. (15) it is necessary to introduce the following substitutions:

k0 Au,v = Λ/a cos w,

(12)

(16)

0
,
sin mα

where ā = Z cos α cos φ, b̄ = Z sin α sin φ, leads to
}
{
(c)
Fm (r0 )
= exp( imπ/2)
(s)
Fm (r0 )
{
}
cos mw
× Jm (Λr0 /a)
.
sin mw

(17)

The values of Λ and w should be found from Eqs. (16).
Inserting Eq. (17) into Eq. (14) and performing integration over the radial variable yields
}
{
(c)
p̃m,n (r, u, v)
= −βaρ0 cωm,n
(s)
p̃m,n (r, u, v)
√
2
exp(ik0 Qu,v ) 2εm βm,n
×
4
Qu,v (βm,n
− Λ4 )

× (βm,n αm,n Jm (Λ) − ΛJm+1 (Λ))
{
}
cos mw
× exp( imπ/2)
,
sin mw

(18)

where β = k0 a, αm,n = Jm+1 (βm,n )/Jm (βm,n ).
(c)

(s)

After obtaining constants cm,n , cm,n from Eqs. (A.8),
the acoustic pressure within the Fraunhofer zone can be
calculated including the acoustic attenuation on the basis
of the formulae given by Eqs. (4), (13) and (18). The
presented expressions can also be used for the acoustic
pressure calculations in the special cases i.e. when there
are no vertical baes or when only one vertical bae
exists. The formula (13) limited to the rst component
is valid when the vertical baes do not exist. Using only
two rst components in Eq. (13) leads to the expressions
presenting the acoustic pressure in the case when there
is only one vertical bae located on the plane xz . The
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numerical analysis of the acoustic pressure distribution
within the Fraunhofer zone has been performed based on
the obtained formulae. The selected external excitation
and some dierent plate locations have been analyzed.
4. Numerical analysis

Based on the obtained asymptotic expressions, the numerical analysis of the distribution of acoustic pressure
amplitude has been performed within the Fraunhofer
zone of the three-wall corner region. The sound source is

{
(excit.)
p2
(r0 , φ0 )

(excit.)

p0
0;

=

(excit.)

(excit.)

=

p0

=

p0

where

∫

S

w̄(r̄)

F0
δ(r0 − r̄0 )δ(φ0 − φ̄0 )
r0

φ̄0 − ∆φ̄0 /2 ≤ φ0 ≤ φ̄0 + ∆φ̄0 /2,

(19a)

(19b)

plate's surface. The shape of the piezoelectric element
should be similar to the plate's segment. The excitation
models dened by Eqs. (19) has been chosen for some
practical reasons. Namely, the excitation from Eq. (19b)
can be modeled by the excitation from Eq. (19a) in the
case of the low frequencies when the length of the radiated acoustic waves is large in comparison with the geometric dimensions of the excited plate's segment. Moreover, the area of plate's segment should be small compared with the whole plate's area. The use of the simpler mathematical model of the excitation simplies the
numerical calculations.
The expressions from Eq. (A.7) can be formulated in
the case of the chosen excitations as
}
}
{
{
(excit.,c)
(c)
P1,m,n
Wm,n (r̄0 , φ̄0 )
,
(20)
= F0
(s)
(excit.,s)
Wm,n (r̄0 , φ̄0 )
P1,m,n

{

∆φ̄0 ;
m = 0,
1/m[sin(m(φ̄0 + ∆φ̄0 /2)) − sin(m(φ̄0 − ∆φ̄0 /2))]; m ≥ 1,

(21a)

0;
m = 0,
−1/m[cos(m(φ̄0 + ∆φ̄0 )) − cos[m(φ̄0 − ∆φ̄0 ]]; m ≥ 1,

(21b)

r̄+∆r̄/2

w̄(r̄) =

(r0 , φ0 ) =

{

S
(excit.)

(excit.,s)
P2,m,n

w̄(r̄)

(excit.)

p1

; r̄0 − ∆r̄0 /2 ≤ r0 ≤ r̄0 + ∆r̄0 /2 and
otherwise,

where δ(·) is the Dirac delta function, F0 [N], p0
[Pa].
The excitation dened by Eq. (19a) is the point excitation representing the concentrated force of the amplitude
F0 which is exerted at the surface point [r̄0 , φ̄0 ]. This
is the asymmetric excitation in the mathematical form
convenient for further calculations. In particular, when
r0 = 0, the excitation is symmetric. Equation (19b)
(excit.)
presents the excitation of the pressure amplitude p0
applied to the plate's segment of area S0 = r̄0 ∆r̄0 ∆φ̄0 .
In the case of this excitation, the sound radiation of the
vibrating plate has been analyzed in detail in [23]. The
centre point of the excited plate's segment is located at
the source point whose polar coordinates are equal
√ to
[r̄0 , φ̄0 ] (cf.
√ [23]). It has been assumed that ∆r̄0 = S0 ,
∆φ̄0 = S0 /r̄0 and S0 ≪ S . The rst two conditions
mean that the shape of plate's segment becomes similar to a square when its distance from the plate's centre
grows. The excitation can be implemented by an electrically controlled piezoelectric element located on the

(excit.,c)
P2,m,n

the vibrating clamped circular plate asymmetrically excited. The formulae presented in Appendix have been
used to investigate the acoustic attenuation inuence on
the sound radiation. They also enable to include the
excitation of any asymmetric surface distribution. The
following two arbitrary surface excitations have been selected for the numerical analysis:

Wm,n (r)r dr.

(22)

r̄−∆r̄/2

The numerical calculations have been performed assuming that the plate is made of steel and the medium
is air. The values of parameters describing the analyzed
acoustic system have been presented in Table. The acoustic pressure has been calculated based on the formula
from Eq. (4). However, the innite series appearing in

the formula have been limited to a nite number of terms
to perform any numerical calculations. It means including only some vibrating modes and causes that an error occurs. All modes of the eigenfrequencies lower than
the excitation frequency and some modes with the higher
eigenfrequencies have to be included to provide the correct numerical results. The number of modes which have
to be included in the numerical calculations will be indicated later for the assumed vibrating frequency. The
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TABLE
The values of the parameter describing the analyzed vibroacoustic system. The plate is made of steel and the
medium is air.
Parameter
plate radius
sound velocity in the medium
Young's modulus
plate thickness
plate's internal attenuation factor
Poisson's ratio
plate density
medium density

Value
a = 0.2 m
c = 340 m/s
E = 205 × 109 Pa
h = 1 × 10−3 m
η̄ = 10−4 s
ν = 0.3
ρ = 7700 kg/m3
ρ0 = 1.293 kg/m3

numerical analysis of the acoustic pressure amplitude has
been performed. The normalized value of the quantity,
dened as

D = |p(r)|/pref. ,

(23)

where pref. is the normalizing value, has been presented
graphically.
The sound pressure level corresponding to the normalizing value equals Lref. = 20 log10 (pref. /p0 ) where
p0 = 20 µPa and has been included in the descriptions
of each gure. The values of the acoustic pressure amplitudes have been calculated at large distance from the
origin of Cartesian coordinate system using the obtained
asymptotic formulae. It has been assumed that the excitation frequency does not exceed f = 400 Hz. The minimum number of the included modes can be determined
by means of an analysis of the relative error Etrunc. resulting from the truncation in the series from Eq. (4).
The error Etrunc. has been calculated based on the following formula:

Etrunc. =

|D2M +1,2N − DM,N |
,
DM,N

Fig. 3. The normalized acoustic pressure amplitude D
of the vibrating circular plate and the relative error
Etrunc. dened by Eq. (24). The excitation is given
by Eq. (19a) and r̄0 = 0.5a, φ̄0 = π/4, F0 = 1 N,
f = 400 Hz. It has been assumed that: lx /a, ly /a = 1.5,
r = 16 m, Lref. = 55.8 dB. Key for (a) and (c): solid
line  φ = π/8, dashed  φ = π/4, dashed-dotted 
φ = π/3, dotted  φ = π/2; key for (b) and (d): solid
line  ϑ = π/8, dashed  ϑ = π/4, dashed-dotted 
ϑ = 3π/8, dotted  ϑ = π/2.

(24)

where DM,N is the value obtained by including all modes
(m, n) where m ≤ M and n ≤ N . The numbers M , N
determine, for the included in numerical calculations
modes, the maximum numbers of the nodal diameters m
and the nodal circles n, respectively. Taking into account
that the error Etrunc. grows together with the vibration
frequency, the calculations has been performed for the
maximum frequency f = 400 Hz. The dierent numbers
M , N have been analyzed. The acoustic attenuation has
(c)
(s)
been neglected and the constants cm,n , cm,n have been
obtained from Eq. (12). In this case, it is not necessary
to calculate the modal coecients of acoustic impedance
from the integral formulae and the computational complexity is reduced. The acoustic pressure can be obtained
for a large number of the included vibrating modes.
The normalized amplitude of the acoustic pressure D
and the relative error Etrunc. from Eq. (24) as the func-

tions of the spatial coordinates ϑ, φ have been shown
in Fig. 3. The error has been calculated for M = 4,
N = 5. The normalizing value pref. is equal to the acoustic pressure amplitude in the case when ϑ = 0. The
acoustic pressure has been calculated for a big distance
r = 16 m from the origin of Cartesian coordinates system. Figure 3 shows that the relative error Etrunc. does
not exceed 1% for almost all analyzed eld points. The
exceptions appear near the points [ϑ, φ] = [π/5, π/8] and
[π/5, π/2]. These large values of the error result from
the small value of the acoustic pressure amplitude within
the considered region of the acoustic eld. It means that
the number of the included vibrating modes is sucient
to analyze the sound radiation of investigated plate. In
the case when the higher accuracy is needed, it is necessary to include more vibrating modes or analyze the
lower vibration frequency.
Further numerical calculations have been performed
for all modes (m, n) where m = 0 . . . 4 and n = 1 . . . 5.
The acoustic attenuation including requires the calculations of the 2025 modal coecients of acoustic impedance
based on the integral formulae (A.10) and obtaining the
(c)
(s)
constants cm,n , cm,n from Eqs. (A.8). The presented formulae describe the acoustic pressure within the Fraunhofer zone and enable to include the acoustic attenuation.
The calculations performed in the case when the acoustic
attenuation is included are much more time-consuming
than the calculations performed when this factor is neglected. Therefore, it is important from practical viewpoint to determine the conditions when the neglecting of
the acoustic attenuation does not cause a large error. For
this purpose, the relative error Eatten. resulting from the
negligence of the acoustic attenuation has been analyzed.
This error has been dened as
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|Datten. − D|
,
(25)
Datten.
where Datten. is the value calculated including the acoustic attenuation, D denotes the approximate value obtained neglecting the acoustic attenuation. Obviously,
the inuence of the acoustic attenuation signicantly depends on the vibration frequency. Therefore, the dependence of the relative error Eatten. on the vibration frequency has been investigated. In Fig. 4a, the dashed
line presents the quantity D as a function of the frequency in the case when the acoustic attenuation has
been neglected. The acoustic pressure has been calculated including the acoustic attenuation for some sample
frequencies.
Eatten. =

The vertical baes inuence on the quantity D has
been investigated for the eld point located above the
plate's centre at the distance of H = 16 m. It has been
assumed that f = 250 Hz and the acoustic attenuation
has been neglected.

Fig. 5. The normalized acoustic pressure amplitude D
of the vibrating circular plate. The excitation is given
by Eq. (19a) and r̄0 = 0.5a, φ̄0 = π/4, F0 = 1 N,
f = 250 Hz. It has been assumed that the eld point
is located above the plate's centre at the distance of
H = 16 m, Lref. = 60 dB and for (b) lx /a = 1.5. Key
 solid line: (a) without vertical baes; (b) only one
vertical bae located on the plane xz .

Fig. 4. The normalized acoustic pressure amplitude D
of the vibrating circular plate and the relative error
Eatten. dened by Eq. (25). The excitation is given by
Eq. (19a) and r̄0 = 0.5a, φ̄0 = π/4 and F0 = 1 N. It
has been assumed that the eld point is located above
the plate's centre at the distance of H = 16 m and
lx /a, ly /a = 1.5, Lref. = 75.61 dB. Key for (a): dashed
line  the acoustic attenuation neglected, single points
 the acoustic attenuation included; (b) points  error.

The results of these calculations have also been illustrated in Fig. 4a for comparison. The error Eatten. as
a function of the frequency has been shown in Fig. 4b.
The amplitude of the acoustic pressure has been calculated at the eld point located above the plate's centre
at the distance of H = 16 m. The normalizing value pref.
is equal to the maximum value of the acoustic pressure
amplitude obtained for the analyzed frequencies and in
the case when the acoustic attenuation is included.
The analysis of Fig. 4 shows that the acoustic attenuation signicantly inuences the value of the acoustic
pressure amplitude. The error Eatten. is greater than 1%
for almost all investigated frequencies. This quantity
achieves the greatest values for the frequencies near the
resonance frequency f = 63.5 Hz corresponding to the
eigenfrequency of the mode (0, 1). The maximum value
of the error Eatten. is equal to 44% for 65 Hz. The acoustic attenuation shifts the resonance frequency towards
the lower frequencies. This eect is particularly noticeable in the case of the rst resonance frequency (Fig. 4a).
Generally, the large values of the error Eatten. occur for
the resonance frequencies. It means that the acoustic attenuation can only be neglected for frequencies dierent
from the frequencies near the resonance frequencies and
when a high accuracy is not required.

In the case of Fig. 5, the normalizing value pref. is equal
to the amplitude of acoustic pressure radiated when the
plate is located as close as possible to the vertical baes
i.e. when lx , ly = a. Assuming that lx = ly , the normalized amplitude of the acoustic pressure D as a function
of the distance from the vertical baes has been presented in Fig. 5a. The dependence of the quantity D on
the distance ly has been shown in Fig. 5b for lx = 1.5a.
Additionally, the solid line presents: in Fig. 5a  the
quantity D in the case when there are no vertical baes,
in Fig. 5b  the quantity D when only one vertical bafe exists. Based on Fig. 5a, b, it is possible to analyze
the amplitudes' values of the acoustic pressure radiated
in three specic cases, namely when: there are the two
vertical baes, only one vertical bae exists, and there
are no vertical baes.
The plate located nearly the vertical baes of the
three-wall corner region radiate the acoustic pressure of
the amplitude almost twice higher than the amplitude of
the acoustic pressure radiated in the case when there is
only one vertical bae located near sound source and almost fourfold higher than the amplitude of the acoustic
pressure radiated in the case when there are no vertical
baes. It means the signicant increase in the acoustic
pressure amplitude caused by the vertical baes which
reect the acoustic waves. The same eect has also been
observed in the case of the simpler circular sound sources
such as pistons and membranes located near the vertical
baes [20, 22]. In the case of the analyzed plate, the
vertical baes cause the increase in the acoustic pressure
for some plate's locations (maxima) and its reduction in
other locations (nodes) (Fig. 5a, b). This results from the
superposition of the direct and reected acoustic waves.
The analysis of the sound radiation in the case of the
acoustic sources located on the boundary of the two or
three-wall corner regions enable concluding that the de-

The Acoustic Pressure Radiated by a Vibrating Circular Plate . . .

pendence of the acoustic pressure amplitude on the distance from the vertical baes are similar for the vibrating pistons, membranes as well as for the investigated
plate [20, 22]. It means that the inuence of the vertical
baes on the sound radiation is similar for the dierent
circular acoustic sources. The analyzed situation, when
the distances between the plate and the vertical baes
increase for the xed vibration frequency, is analogous
to the situation when the vibration frequency increases
for the xed plate's location. The distances between the
plate and the vertical baes related to the acoustic wavelength increases together with the vibration frequency.
The frequency increase inuences the acoustic pressure
amplitude in the similar way as increase in the distances
between plate and vertical baes. The local maxima,
analogous to those shown in Fig. 5, decrease when the
vibration frequency increases. It should be noted that
only the low audible frequencies i.e. from 20 Hz to 400 Hz
have been considered in this study. Therefore, the attenuation of some acoustic waves in air has been neglected.
However, this factor is very important for high frequencies.
In study [23], the total sound power has been analyzed
in the case of the point excitation from Eq. (19a) and
the excitation applied to the plate's segment dened by
Eq. (19b). The sound source was the clamped circular
plate located on one of the baes of three-wall corner
region. The values of the total sound power obtained
in the case of both excitations has been compared with
each other assuming that the following relation is satised (compare the excitation from Eq. (19a)):
∫
(excit.)
(excit.)
S0 .
(26)
(r0 , φ0 )dS = p0
F0 =
p2
S

It has been proved in study [23] that the total power radiated in the case of the excitation dened by Eq. (19b)
can be approximated by the total power radiated in the
case of the point excitation from Eq. (19a). This approximation can be applied only for the low frequencies
and when the area of the excited plate's segment is small
compared with the whole plate's area.
The question arises whether the acoustic pressure distribution radiated in the case of the excitation from
Eq. (19b) can be approximated by the acoustic pressure
distribution radiated in the case of the excitation from
Eq. (19a). The answer to the question can be found by
analyzing the value of the relative error Eexcit. :

|D2 − D1 |
,
(27)
D2
where D1 is the quantity D obtained for excitation from
Eq. (19a), D2 denotes the quantity D obtained for excitation from Eq. (19b). The dened error results from
the approximation of the excitation from Eq. (19b) by
the excitation from Eq. (19a). It has been assumed that
S0 /S = 0.001 and f = 200 Hz. The amplitude of the
concentrated force F0 dening the point excitation from
Eq. (19a) has been determined based on the relation (26).
Eexcit. =
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Fig. 6. The relative error Eexcit. dened by Eq. (27).
The parameters describing the excitations given by
Eqs. (19) are equal to r̄0 = 0.5a, φ̄0 = π/4, f = 200 Hz,
S0 /S = 0.001. It has been assumed that r = 16 m, and
φ = π/4.
(excit.)

The amplitude of the excitation pressure p0
does
not inuence the value of the relative error Eexcit. and
has been chosen arbitrarily only to perform the numerical calculations. The dependence of the error Eexcit. on
the spatial variables ϑ and φ has been investigated. The
calculations have been performed assuming that the distance between the analyzed eld points and the origin of
the global coordinate system is equal to r = 16 m. The
numerical analysis of the error Eexcit. enables concluding
that the dependence of this quantity on the spatial variable ϑ is similar for φ = π/8, π/4, π/3, π/2. Therefore,
the error Eexcit. as a function of the variable ϑ has been
presented in Fig. 6 only in the case of φ = π/4. The error
Eexcit. does not exceed 0.7% for all the analyzed values
of angle ϑ (cf. Fig. 6). The value of variable φ does not
signicantly inuence the error Eexcit. . The curves presenting the error Eexcit. as a function of the angle φ are almost the straight horizontal lines and they have not been
illustrated. Based on the performed numerical analysis,
it can be noted that for all values of the variable φ the error Eexcit. does not exceed 0.1% when ϑ = π/8 and is less
than 0.5% for ϑ = π/4, 3π/8, π/2. Taking into account
that the error Eexcit. achieves the small value within the
whole analyzed region, the acoustic pressure distribution
obtained in the case of the excitation from Eq. (19b) can
be approximated by means of the acoustic pressure distribution obtained in the case of the excitation dened
by Eq. (19a). Consequently, the simpler mathematical
model of excitation can be used which enable simplifying
the numerical calculations.
5. Conclusions

The presented formulae of the acoustic pressure have
the elementary form. They allow performing some fast
numerical calculations within the Fraunhofer zone of
three-wall corner region even for a large number of vibrating modes included. It is possible only when the acoustic
attenuation is neglected. Otherwise, a large number of
the modal coecients of acoustic impedance have to be
calculated numerically which causes that the number of
the included vibrating modes is limited by the computational complexity. The obtained formulae enable reducing the time-consuming of the numerical calculations also
in that case.
The performed analysis allows concluding that the relative error resulting from the negligence of the acoustic
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attenuation does not exceed a few percent. Only one
exception appears within the narrow frequency range
around the rst resonance frequency where the error
achieves large values. It has been noted that the inuence
of the vertical baes on the sound radiation is signicant. This inuence is particularly noticeable when the
source is located in the vicinity of the baes. Adding one
vertical bae to the horizontal bae with the vibrating
source causes almost the twice increase in the acoustic
pressure amplitude, whereas adding the two vertical bafes causes nearly the fourfold increase in this quantity.
The results obtained are similar to those presented in
previous studies and they are related to the sound radiation of the circular sound sources such as membranes
and pistons. The theoretical and numerical analysis performed allows concluding that the excitation applied to
the plate's segment of small area can be modelled by the
point excitation.
Appendix. The solution of the equation
of motion for the excited plate

The solution of the equation of motion given by Eq. (1)
can be presented as the following double innite series
[23, 2729]:
∞ ∑
∞ [
∑
(c)
v(r0 , φ0 ) = −iω
c(c)
m,n Wm,n (r0 , φ0 )
m=0 n=1

]

(s)
+ c(s)
m,n Wm,n (r0 , φ0 )
(c)

(A.1)

,
(s)

where Wm,n (r0 , φ0 ) and Wm,n (r0 , φ0 ) for m = 0, 1, 2, . . .
and n = 1, 2, 3, . . . constitute the complete system of the
(s)
(c)
eigenfunctions, cm,n , cm,n ∈ C are unknown constants.
The eigenfunctions of a clamped circular plate can be
expressed in the form of
}
{
}
{
(c)
cos mφ0
Wm,n (r0 , φ0 )
= Wm,n (r0 )
,
(A.2)
(s)
sin mφ0
Wm,n (r0 , φ0 )
√
εm
Wm,n (r0 ) = √
2Jm (βm,n )
[
]
Jm (βm,n )
× Jm (km,n r0 ) −
Im (km,n r0 ) ,
(A.3)
Im (βm,n )
where Jm (·), Im (·) are the m-th order Bessel function
and the modied Bessel function, respectively,
εm = 1 for
√
2
m = 0, εm = 2 for m > 0, km,n
= ωm,n ρh/DE , ωm,n is
the eigenfrequency of the mode (m, n), βm,n = km,n a denotes the eigenvalue which is a solution of the frequency
equation Jm+1 (βm,n )Im (βm,n ) + Jm (βm,n )Im+1 (βm,n ) =
(c)
(s)
0 [27]. The constants cm,n , cm,n appearing in Eq. (A.1)
have to be calculated to obtain the solution for the equation of motion. These constants depend on: the external
excitation, the distances between the plate centre and the
vertical baes, the vibration frequency and the internal
attenuation. The eigenfunctions given by Eq. (A.2) satisfy the following relation [24]:

∫ a∫
0

2π

{

}{

(c)

Wm,n (r0 , φ0 )
(s)
Wm,n (r0 , φ0 )

0

(c)

Wk,l (r0 , φ0 )
(s)
Wk,l (r0 , φ0 )

}
r0 dr0 dφ0
(A.4)

= Sδm,k δn,l ,

where S = πa is the plate's area, and δm,n denotes the
Kronecker delta.
2

Inserting solution (A.1) into Eq. (1) and taking
(c)
(c)
4
into account that ∇4 Wm,n (r0 , φ0 ) = km,n
Wm,n (r0 , φ0 ),
(s)

(s)

4
∇4 Wm,n (r0 , φ0 ) = km,n
Wm,n (r0 , φ0 ), leads to the following equations system [7, 23]:
)
{
}
{
}(
(c)
(c)
4
km,n
1
Pm,n
cm,n
−1 +
(s)
(s)
kT4
ρhω 2 Pm,n
cm,n
{
}
(excit.,c)
1
Pm,n
=
,
(A.5)
(excit.,s)
ρhω 2 Pm,n
where
{
}
{
}
∫
(c)
(c)
1
Wm,n (r0 , φ0 )
Pm,n
=
p(r0 , φ0 )
dS,
(s)
(s)
S S
Wm,n (r0 , φ0 )
Pm,n
(A.6)
}
{
∫
(excit.,c)
1
Pm,n
=
p(excit.) (r0 , φ0 )
(excit.,s)
S S
Pm,n
}
{
(c)
Wm,n (r0 , φ0 )
dS,
(A.7)
×
(s)
Wm,n (r0 , φ0 )
After employing Eq. (4), the equations system (A.5) can
be written by means of the modal coecients of the
acoustic impedance (cf. [23]):
}(
{
)
(c)
4
km,n
ω0,1
cm,n
(s)
4 − 1 − i ε0 ω
k
cm,n
T
(
{
}
{
})
∞ ∑
∞
(c,c)
(s,c)
∑
ζk,l;m,n
ζk,l;m,n
(c)
(s)
×
ck,l
+ ck,l
(c,s)
(s,s)
ζk,l;m,n
ζk,l;m,n
k=0 l=1

1
=
ρhω 2

{

(excit.,c)

where
(i,j)
ζm,n;k,l

}

Pm,n
(excit.,s)
Pm,n

i
=
Sρ0 cωm,n

(A.8)

,

∫

′
p(i)
m,n (r)Wk,l (r)dS ,
(j)

S′

i, j ∈ {c, s}
(A.9)
are the modal coecients of the acoustic impedance,
r = [x, y, 0] and ε0 = ρ0 c/(ρhω0,1 ) is the coecient of
the acoustic attenuation.
The modal coecients of the acoustic impedance have
been obtained using the Green function in the Fourier
representation. Finally, the following integral formulae
have been formulated [23]
∫ ∞ (i,j)
ϕm,k (τ )ψm,n (τ )ψk,l (τ )τ dτ
√
(i,j)
√
,
ζm,n;k,l = 4β 2 εm εk
1 − τ2
0
(A.10)
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{

(c,c)

ϕm,k (τ )
(s,s)
ϕm,k (τ )

}

[
= (−1)k+m ± Jk+m (2βLτ )

]
× cos((k + m)φL ) + Jk+m (2βLx τ )
[
+ (−1)k Jk−m (2βLτ ) cos((k − m)φL )
]
[
± Jk−m (2βLx τ ) + cos((k − m)π/2) Jk+m (2βLy τ )
{
}
]
2/εm
,
(A.11a)
±Jk−m (2βLy τ ) + δm,k
sgn(m)
(c,s)

ϕm,k (τ ) = (−1)k+m Jk+m (2βLτ ) sin((k + m)φL )
+ (−1)k Jk−m (2βLτ ) sin((k − m)φL )
− sin((k − m)π/2)[Jk+m (2βLy τ ) + Jk−m (2βLy τ )],
(A.11b)
(s,c)
ϕm,k (τ )

where L =

(c,s)
ϕk,m (τ ),

=
√

(A.11c)

L2x + L2y = |l|/a > 1, Lx = lx /a > 1,

Ly = ly /a > 1, φL = arctan(Ly /Lx ) is the angle between
the vector l and the x-axis (see Fig. 1).
The acoustic attenuation can be neglected when
ε0 → 0. Assuming in equations system (A.8) ε0 = 0
yields
}
}
{
{
(excit.,c)
(c)
kT4
Pm,n
cm,n
. (A.12)
=
(excit.,s)
(s)
4
− kT4 ) Pm,n
ρhω 2 (km,n
cm,n
The above equations allow to obtain the necessary con(s)
(c)
stants cm,n , cm,n without calculating the modal coecients of the acoustic impedance which are dened by
the integral formulae. It reduces the numerical calculation time. However, employing Eq. (A.12) is possible
only in special cases. Generally, it can cause some large
errors, especially for the frequencies near the resonance
frequencies.
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