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The magnetism of the layered materials attracts a great interest in the last years. In this context, it is
necessary to take into account the anisotropic comportment of this kind of systems, due to its important influence
on the magnetic properties that characterize these structures. In this paper, we intend to study in a numerical
manner the effect of the temperature dependence of the anisotropic parameters on the specific behavior of a
two-dimensional square lattice of unitary magnetic spins. Thus, using the Monte Carlo technique, we calculate
the magnetic susceptibility and the specific heat of the considered physical system governed by a Heisenberg type
Hamiltonian and we determine the magnetic properties of the system, induced by the temperature dependence
of anisotropy that characterizes the thin film. In this context, we point out a slow decrease of the critical
temperature specific to the ferromagnetism–paramagnetism phase transition, in comparison with the case of
constant anisotropy. We also detect a critical temperature slight decrease along with the increasing slope of the
anisotropy linear variation as a function of temperature.

PACS: 75.70.Ak, 75.30.Gw, 75.40.Mg

1. Introduction

In the current physics, the magnetism of thin films
and generally of nanostructured materials represents a
field of great interest [1]. In this context, the study of
the multilayer magnetic structures holds a special place.
The theoretical and experimental approaches dedicated
to multilayered magnetic thin films revealed the distinc-
tive characteristics of these structures [2, 3]. It is also
important to note that in the last years, the numeri-
cal methods were intensively used for the study of the
magnetic properties of the thin films, these approaches
having the versatility of the used physical model as an
advantage, due to the possibility of choosing the phys-
ical parameters in various ways. Therefore, the special
characteristics of these structures can be determined, by
emphasizing the role of some interactions which can oc-
cur in the system and voluntarily neglecting other factors
of influence. In this context, the structure of the stud-
ied systems plays an important role. As follows, in the
case of the thin films it is strictly necessary to take into
account the anisotropic factors, because they have a ma-
jor influence on the magnetic properties of these systems
[4, 5]. Another extremely important factor in this con-
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text is the temperature dependence of anisotropy. Thus,
the study of the temperature dependence of anisotropic
parameters and their influence on the magnetic proper-
ties of this kind of physical systems can be very inter-
esting [6–9], regarding the specific phenomena that can
appear. Consequently, in this paper we intend to study,
using a numerical approach, the influence of the temper-
ature variation of anisotropy on the magnetic behavior of
two-dimensional spins lattice that can represent a good
approximation for a thin film.

The paper is organized as follows: in Sect. 2 we present
the physical model and the numerical algorithm used in
our numerical simulation, Sect. 3 is dedicated to the nu-
merical results and the final conclusions are presented in
Sect. 4.

2. The physical model and the numerical
algorithm

We consider a two-dimensional square lattice of uni-
tary magnetic spins (S = 1), with a lattice constant
a = 1, characterized by open boundary conditions (OBC)
for the directions Ox and Oy. The magnetic spins can
arbitrarily move around a fix point and the interactions
between the lattice spins are governed by the next Hamil-
tonian [10]:
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H = −
∑

〈i,j〉
JijSi · Sj −

∑

i

KiS
2
iz +

∑

i,j

DijTij . (1)

The first term of the Hamiltonian (1) means the ferro-
magnetic direct exchange interaction between the adja-
cent magnetic spins, the second term represents the crys-
talline anisotropy interaction (favors the out-of-plane ori-
entation of the spins) and the last term denotes the long
range dipolar interaction (favors the in-plane alignment
of the magnetic spins). The dipolar interaction is char-
acterized by the expression

Tij =
Si · Sj

r3
ij

− 3
(Si · rij)(Sj · rij)

r5
ij

, (2)

where rij is the distance between the magnetic spins in-
volved in the interaction and Si represents the spin vec-
tor corresponding to the position “i” of the lattice.

In our model we assume that the crystalline anisotropy
follows the linear dependence with temperature, given by
the expression

K = K0(α + βT ) . (3)

The aim of this paper is mainly to emphasize the influ-
ence of the linear temperature dependence of the crys-
talline anisotropy on the magnetic behavior of the thin
film. In our numerical study, we apply the Monte Carlo
technique [11, 12], using the standard Metropolis algo-
rithm [13]. Thus, we run 103 Monte Carlo steps per spin
for thermalization of the system and 103 Monte Carlo
steps per spin to calculate the physical quantities of in-
terest. In the following, we present the physical quanti-
ties we have in view [14], in order to perform the specified
purpose of the paper — the out-of-plane magnetizations
per spin are given by the expression

m̃z =
∑

i Siz

N
. (4)

In the next, we use the relative magnetization per spin
(normalized to unity)

mz =
m̃z

m̃zsat
, (5)

m̃zsat being the saturation magnetization per spin. An-
other extremely important quantity we consider in our
work is the out-of-plane magnetic susceptibility, calcu-
lated using the expression

χz = N

〈
m̃2

z

〉− 〈m̃z〉2
kBT

, (6)

where N is the number of the lattice spins, kB is the
Boltzmann constant (considered unitary) and T is the
absolute temperature of the system. We also note that
〈 〉 means the statistical average over the accepted states
obtained in the numerical simulation. At the same time,
we introduce the relation of the specific heat

c = N

〈
E2

〉− 〈E〉2
kBT 2

, (7)

where E is the energy per spin. In the next, the energy

is measured in J0S
2 and the unit for temperature is J0S2

kBT

(J0 = 1 being the direct exchange reference parameter).

3. The simulations results

In this section, we present the results obtained in our
numerical simulations, for different settings of the param-
eters values that characterized the studied system, corre-
sponding to the physical model we assumed in the previ-
ous section. It is important to note here that our study
is focused on the area of the phase diagram characterized
by a weak dipolar interaction, which favors a magnetiza-
tion perpendicular to the film plane at low temperatures
(this magnetic ordering cancel with temperature increase
and the system evolves to paramagnetic phase).

3.1. The case of constant anisotropy

Firstly, we investigate the magnetic behavior of the
above presented system with the dimensions Nx = Ny =
50, Nz = 1, if we assume that the anisotropy does not
depend on temperature. The physical system is charac-
terized by the following parameter values: K0 = 1.00,
α = 1, β = 0, D = 0.115, for three different direct ex-
change parameters values J = 1.00, 1.10, 1.20. Thus,
if the anisotropy parameter variation with temperature
is absent, we study the out-of-plane magnetic suscep-
tibility temperature dependence (Fig. 1a). The peaks
of the graph suggest that in the system there appears
a magnetic phase transition, along with the tempera-
ture increase [15]. The network spins go from ferro-

Fig. 1. The out-of-plane magnetic susceptibility (a)
and the specific heat (b) vs. temperature for K0 = 1.00,
α = 1, β = 0, D = 0.115 and three different direct ex-
change interaction parameter values. The insets show
the out-of-plane magnetization per spin (a) and the lat-
tice spin structure vs. temperature (b).
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magnetic ordering to the disordered phase and in this
context we observe the critical temperature increasing
with the direct exchange interaction parameter. The
out-of-plane magnetization form, presented in the in-
set of Fig. 1a attests the ferromagnetism–paramagnetism
(FM–PM) phase transition described above. The specific
heat variation as a function of temperature presented in
Fig. 1b confirms the existence of the above mentioned
phase transition and the influence of the direct exchange
parameter increase on the magnetic stability of the sys-
tem (the structures of the two magnetic phases are shown
in the inset). In other words, we can observe the rise of
the magnetic ordered phase stability with the direct ex-
change interaction parameter increase. Therefore, in this
context, we deal with two competitive processes: firstly
we note the tendency of magnetic ordering, favored by
the direct exchange interaction between the magnetic
spins of the lattice and by the long range dipolar interac-
tion that induces the magnetic domains forming, and on
the other hand, we have in view the thermal disorder of
the physical system, that implies the magnetic ordered
phase stability weakening.

3.2. The case of uniform temperature dependence
of anisotropy

In this section, we intend to determine the direct ex-
change variation influence on the magnetic properties of
the system, for a single decreasing slope of anisotropy as
a function of temperature. Thus, for a lattice with the di-
mensions Nx = Ny = 50, Nz = 1, we assume the next pa-
rameters values K0 = 1.00, α = 1, β = −0.05, D = 0.115,
for the three different direct exchange parameters values
J = 1.00, 1.10, 1.20. In this case, taking into account
the temperature dependence of the anisotropy parameter
(characteristic for the Co/Au thin films [16]) the out-of-
-plane magnetic susceptibility, shown in Fig. 2a, reveals
a slow decrease of the critical temperature in comparison
with the case of constant anisotropy. The inset of Fig. 2a
presents the percentage variation of the critical temper-
ature, calculated with the relation

∆T/T =
Tcr0 − Tcr

Tcr0
, (8)

where Tcr is the critical temperature in the case treated
in Sect. 3.2, when the anisotropy parameter is dependent
on temperature and Tcr0 is the critical temperature in
the case presented in Sect. 3.1, where the anisotropy is
constant in all the studied temperature interval, for the
three different direct exchange interaction parameters.
The relative variation of the critical temperature presents
a linear drop, along with the direct exchange parameter
increasing. The influence of the temperature variation of
anisotropy parameter, on the magnetic ordering of the
system is more acute at low direct exchange interaction
values. This influence decreases with the direct exchange
interaction parameter enhancement. At the same time,
the direct exchange interaction increase leads to the mag-
netic ordered phase stability improvement. We also ob-

serve that the critical temperature variation with the di-
rect exchange interaction parameter, obtained from the
study of the specific heat (Fig. 2b) is in good agreement
with the above described behavior of the system.

Fig. 2. The out-of-plane magnetic susceptibility (a)
and the specific heat (b) vs. temperature for K0 = 1.00,
α = 1, β = −0.05, D = 0.115 and three different di-
rect exchange interaction parameter values. In inset we
show the relative variation of the critical temperature
vs. direct exchange parameter.

3.3. The finite size study

In the current section we study the finite size effect for
three dimensions of the lattice (Nx = Ny = 50, 60, 70;
Nz = 1) and the following physical parameters involved
in the numerical simulation: J = 1.00, K0 = 1.00, α = 1,
β = −0.05, D = 0.115. In this context, we investigate
the system behavior regarding the above mentioned mag-
netic phase transition. Figure 3 shows the out-of-plane
magnetic susceptibility in these conditions, for three dif-
ferent lattice dimensions. One observes a slow increase of
the critical temperature with the lattice dimension. The
relative variation of the critical temperature (presented
in the inset of Fig. 3) is given by the relation

∆T/T =
Tcr,N − Tcr,50

Tcr,50
, N = 60, 70 , (9)

where TcrN is the critical temperature that character-
ized the lattice with the dimension N (the reference size
of the lattice is N = 50). The slope that character-
izes the linear approximation of the critical temperature
relative variation is of 9.7% in this range of the lattice
dimensions. In the other words, assuming the physical
conditions presented above, for a lattice dimension en-
largement of 16.6% (from 60 to 70), we observe a critical
temperature increase of 0.95%.
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Fig. 3. The out-of-plane magnetic susceptibility vs.
temperature for J = 1.00, K0 = 1.00, α = 1, β = −0.05,
D = 0.115 and three different lattice dimensions. The
inset displays the relative variation of the critical tem-
perature vs. lattice dimension.

3.4. The influence of a non-uniform temperature
dependence of anisotropy

In this section we study the influence of a non-uniform
temperature dependence of anisotropy on the magnetic
phase transition (FM–PM) that characterizes the studied
physical system. Thus, we propose a temperature depen-
dence given by Eq. (3) and we assume three different val-
ues of the parameter β = (−0.050;−0.055;−0.060), for a
lattice characterized by the dimensions Nx = Ny = 50,
Nz = 1. The other parameters that complete the prop-
erties of the studied system are J = 1.00, K0 = 1.00,
α = 1, D = 0.115. Consequently, in this case we take
into account three different decreasing slopes respecting
the linear temperature dependence of anisotropy (the lin-
ear character of this function is characterized by the co-
efficient p = K0β that determines the slope decreasing in
Eq. (3)).

Figure 4 shows the out-of-plane magnetic susceptibil-
ity vs. temperature, where we observe a weak decrease
of the critical temperature as a function of the slope p
(the temperature dependences of anisotropy taken into
account, are presented in inset).

Fig. 4. The out-of-plane magnetic susceptibility vs.
temperature for J = 1.00, K0 = 1.00, α = 1, D =
0.115 and three different slopes decreasing p. The inset
presents the anisotropy temperature dependences.

In Fig. 5 we present the specific heat behavior vs. tem-
perature for the above mentioned physical conditions,

Fig. 5. The specific heat vs. temperature for J = 1.00,
K0 = 1.00, α = 1, D = 0.115 and three different slopes
decreasing p.

TABLE

The relative variations of the critical temperature ob-
tained from the study of susceptibility and specific heat,
taking as reference the case p = 5%.

p [%] (∆T/T )χ [%�] (∆T/T )c [%�]
5.5 2.016 1.872
6.0 3.744 3.601

where we can observe a good agreement with the critical
temperatures obtained from the study of susceptibility.

Therefore, in Table we calculate the comparative val-
ues of the critical temperature relative variation, taking
as reference the case p = 5%. Thus, the relative varia-
tions of the critical temperature obtained from the study
of susceptibility and specific heat, respectively, are cal-
culated with the expression

(∆T/T )χ,c =
Tcr,5% − Tcr,p

Tcr,5%
. (10)

As a consequence of the above mentioned results, we
can note that the decreasing temperature dependence of
anisotropy implies the slight drop of the critical temper-
ature, which means the magnetic ordered phase stability
weakening. At the same time, this effect is enhanced by
the increasing slope of the assumed linear variation of
anisotropy parameter.

4. Conclusions

Using the Monte Carlo technique we studied a mono-
layer magnetic spins square lattice, characterized by
a Hamiltonian that includes three different interac-
tions (the direct exchange interaction, the crystalline
anisotropy interaction and the long range dipolar interac-
tion). We treated, in a comparative manner, the case of
constant anisotropy interaction and the case of tempera-
ture dependent anisotropy, for different direct exchange
parameter values. In this context we focused our numeri-
cal investigation on the magnetic properties of the above
described system, taking into account the influence of
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the anisotropy characterized by a linear temperature de-
pendency. Thus, our results reveal a slow decrease of
the critical temperature that characterized the FM–PM
magnetic phase transition, in comparison with the case
of constant anisotropy. We can note that the tempera-
ture dependent anisotropy influence decreases with the
direct exchange interaction parameter enhancement. On
the other hand, we observe the magnetic ordered phase
stability weakening along with the increasing slope of the
anisotropy parameter variation as a function of temper-
ature.
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