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Analysis of Biomedical Signals

Using Di�erential Geometry Invariants

F. Studni£ka
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Accelerometers embedded in the medical bed were used to examine the human cardiovascular system.
N signals acquired from those sensors were described as 1D manifold and analysed using classical and a�ne
di�erential geometry invariants. Experiments using elastic tube and two accelerometers were done to model
human aorta and to prove the relation presented in the paper of Pinheiro et al.
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1. Introduction

Biomedical signal is a summarizing term for all kinds of
signals that can be measured and monitored from human.
Unobtrusive measurement of human biosignals is very
important in modern medical examination because it can
acquire better results in comparison to the classical meth-
ods (such as electrocardiography (ECG), blood pressure
measurement, applanation tonometry etc.). During the
classical measurements, human body is put under stress
because the sensors must be somehow placed on the body
and e.g. while measuring blood pressure, the arm of a hu-
man must be squeezed and the blood pressure (as well
as the heart beat rate) can raise signi�cantly. Using ap-
planation tonometry [1] two-pressure sensor has to be
sticked on the femoral and carotid artery thus making
patient uncomfortable. Several attemps were done to
unobtrusively measure human biosignals and to transfer
them into relevant markers of the human health [2].
The heart rate can be determined from any biosignal

with the same periodicity as the cardiac cycle so ballis-
tocardiographic measurement can be used to determine
the heart beat rate. Ballistocardiography (BCG) is a me-
chanical method for obtaining information about small
movements inside the heart (such as the aortic and mi-
tral valve opening/closure). It measures the mass move-
ments of the whole body, generated by the forces of heart
contraction and by the blood ejected to large arteries
(basically the principle of action and reaction) [3]. Very
important marker correlated with the health condition
of the person is the heart rate variability (HRV) and
the blood pressure variability (BPV). HRV describes the
changes in the cardiac cycle period while BPV describes
how the blood pressure varies during several cardiac cycle
periods.
Human cardiovascular system is a branching graph

consisting of aorta, aorta branchings, arteries, etc., on
which the pulse wave generated by the heart contraction

is propagating (see Fig. 1). There is a strong correla-
tion between the variability of the blood pressure and the
pulse wave velocity [4], so time-based experiments were
performed by [5]. According to the Moens�Korteweg [6]
equation the pulse wave velocity (PWV) is determined
by the arterial elasticity and its diameter. If we assume
that the elasticity does not change signi�cantly during
the experiment, the changes of PWV can be considered
being caused by the changes of the aortal blood pressure.

Fig. 1. The shape of human aorta [7].

Relation between the blood pressure and PWV (1) is
presented in [5] and [4]:

BP = a ln

(
b(

d
PWV − c

)2 − 1

)
, (1)

where BP represents the blood pressure, PWV is the
pulse wave velocity and a, b, c and d are constants depen-
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dent on the human physiology. So the relation between
the pulse wave velocity and the blood pressure is expo-
nential.

2. Ballistographic measurement

of PWV and HRV

Ballistographic measurement was done in order to de-
velop completely unobtrusive measurement device which
can monitor human HRV and PWV. It is only needed
that the patient lies on the bed calmly for a few seconds.
If we are able to measure the changes in PWV, it should
be possible to transfer those changes into the changes of
the blood pressure and thus measure the BPV (see the
results of the elastic tube measurement).
The experimental setup for ballistographic measure-

ment consisted of four 3D accelerometers embedded in
the legs of the medical bed. More than 50 volunteers
were measured on this bed and were also investigated by
applanation tonometry, which provides the direct PWV
measurement. The ballistographic signal records small
movements of the body. Some of those movements are
related with the blood ejected from the heart to the aor-
tic arc and also with the pulse wave re�ection on the
bifurcation in the abdomen (see Fig. 1).
The applanation tonometry is a non-invasive measure-

ment in which two pressure sensors are sticked on the
carotid and femoral artery. Using the time delay between
the obtained signal it is possible to determine the PWV
directly.

3. Elastic tube measurement

To check Eq. (1) and to prove that it is experimentally
possible to transfer the changes in PWV into the changes
in BP, we modeled the aorta by a 2.3 m long elastic tube
that was placed on the bed.

Fig. 2. Scheme of the aorta modelling measurement:
1 � medical bed, 2 � elastic tube, 3 � accelerometers,
4 � water collector, 5 � water container (including
pressure pump), 6 � valve, 7 � control unit.

The experimental setup is shown in Fig. 2. On the
one end of the elastic tube, a device containing pressure
pump, valve, water container and a control unit was at-
tached to represent the human heart. On the second
end of tube, large water collector was placed in di�erent
heights with respect to the bed to represent the diastolic
pressure (see Fig. 2). Two 3D accelerometric sensors were
sticked on both ends of the tube.

4. Results

All measured data were mathematically analysed us-
ing di�erential geometry invariants. We have acquired
12 signals in the measurement and we treated those 12
signals as a 1D manifold embedded in R12. Using classi-
cal Frenet�Serret theory (see [8] and references therein)
we evaluated the arc length and the �rst two Cartan cur-
vatures. In the elastic tube experiment we used also the
a�ne invariant theory [9] and calculated also the a�ne
arc length.

The classical arc length was calculated using this for-
mula

s(t) =

∫ b

a

√√√√ n∑
i=1

(
dCi(t)

dt

)2

dt, (2)

where s(t) is the arc length, t is time, a and b repre-
sent the initial and �nal time for which s(t) is calculated,
i is the number of sensors and Ci(t) is the signal from
i-th sensor. To evaluate Cartan curvatures we used a
Frenet frame, i.e. the family of orthonormal vectors (the
Frenet vectors) {e1(t), . . . , en(t)|t ∈ [a, b]} which forms
the orthonormal basis related to the curve (see [8] and
references therein). The j-th curvature can be after that
calculated as

cj(t) =
⟨e′j(t).ej+1(t)⟩

||C ′(t)||
, (3)

where ⟨., .⟩ denotes the scalar product in Rn.

The a�ne arc length was calculated using a formula,
which was derived in [9]:

s(t) =

∫
[γ̇(t), γ̈(t)]

1/3
dt, (4)

where γ is the 1D curve embedded in Rn formed by the
data from the sensors and [., .] denotes determinant.

The Euclidean and a�ne invariant theory was used
to study the invariants under the actions of the groups
SO(3)×Rn and SL(3)×Rn, respectively. The elements of
the �rst group are invariant under the rotation and trans-
lation, this is similar to the human body lying on the bed,
since the human cardiovascular system does not change
signi�cantly if the patient is lying on his back or on the
side, so it is invariant under those transformations. The
elements of the second group are invariant under the vol-
ume preserving transformations, it means that they are
invariant under the transformations that changes shape
but preserves collinearity.

For the HRV measurement, the derivative of classical
arc length was used to determine peaks with the same
periodicity as the cardiac cycle. The HRV is then calcu-
lated as the time di�erence between two adjacent heart
beats. For the PWV estimation, we used curvatures re-
�ecting the time delay of the pulse between the aortic
arc and the abdominal branching. Finally, for the elastic
tube measurement, derivation of the classical and a�ne
arc length was calculated and using peaks therein time
delay (and PWV respectively) between the pulse arrival
to the sensors was calculated.
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4.1. HRV measurement

The comparison of the results using ECG and BCG is
shown in Fig. 3. Although the BCG points are slightly
more scattered then those from ECG, the error of BCG
is 6.7% and if we compare the mean values of HRV, we
obtain ⟨HRVECG⟩ = 780 ms and ⟨HRVBCG⟩ = 777 ms,
which are nearly indentical. The scattering of BCG is
mainly produced by the movement of the body (e.g.
breathing), by the di�erence between the electric sig-
nal (ECG) and the mechanical response to that signal
(BCG), which is not always constant and sometimes by
the atypical BCG signal.

Fig. 3. Sample of HRV obtained by ECG and BCG on
one volunteer.

4.2. Pulse wave velocity measurement

We compared carotid-femoral time delay measure-
ments using the applanation tonometry with the time-
-delay by accelerometric sensors in Fig. 4. As time de-
lay we understand the delay between the pulse arrival to
some speci�ed points. The accelerometric time delay was
measured between the aortic arc and the bifurcation in
the abdomen (see Fig. 1). We assume that the distance
between the aortic arc and the carotid artery and the
distance between the bifurcation and the femoral artery
equals. The �tted linear regression is

[acctd] = 0.986[cftd] + 0.747, (5)

where [acctd] is accelerometric time delay in ms and [cftd]
is carotid-femoral time delay in ms.

Fig. 4. The values of pulse wave velocity obtained by
accelerometric sensors and applanation tonometry.

The Pearson coe�cient between these two measure-
ments is 0.938 and the standard deviation is 4.06, which
proves that accelerometric measurement can be used
to determine the pulse wave velocity (which can be
calculated by estimation of the aortic arc-bifurcation
distance).

4.3. Elastic tube measurement

Data obtained from the accelerometric sensors sticked
to the elastic tube were analysed using the classical and
the a�ne geometry invariants. Both methods provide
reasonable results, but the results obtained by the a�ne
invariants were more precise. The dependence of the
pulse wave velocity on the water pressure is shown in
Fig. 5. The logaritmic scale is used for the pulse wave
velocity and the �tted linear regression is

ln([pwv]) = 1.903[p] + 0.016, (6)

where [pwv] is pulse wave velocity in ms−1 and [p] is the
pressure in Torr. The Pearson coe�cient is 0.984 and the
standard deviation is 0.047. The logarithmic dependence
of the pressure on the pulse wave velocity is showing that
the formula (1) can be used to determine the blood pres-
sure (and afterwards the blood pressure variability) from
the pulse wave velocity, which can be obtained by mea-
suring using accelerometric sensors.

Fig. 5. Measurement of pulse wave velocity propagat-
ing along the tube.

5. Conclusion

The heart rate variability and the pulse wave velocity
were measured using accelerometric sensors embedded in
a medical bed. Data from the sensors were analysed us-
ing di�erential geometry invariants. It is shown that the
measurement of HRV and the pulse wave velocity using
accelerometric sensor is comparable to the standard mea-
surements of those markers. Basic experiments on elastic
tube were performed proving an exponential dependence
of the pulse wave velocity on the diastolic pressure.
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