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Fidelity is the overlap of wave functions with the same initial state propagated in time by slightly dierent
Hamiltonians. Its behavior depends crucially on the choice of the initial wave function state. We review two cases:
rst, the initial state is random. In this case a simple analytic relation with parametric spectral correlations can
be established. The latter quantity is completely determined by the spectral data and can therefore be measured,
without knowledge about the wave function. Second, the initial state is an eigenstate of the unperturbed
system. In this case delity is identical to the survival probability. We nd unexpected features like revival and
non-ergodicity. In this case uctuations around the mean are large and the full delity distribution becomes
a non-trivial function. The full delity distribution can be calculated in the long time limit and for small
perturbations.
PACS: 05.30.−d, 03.65.Yz, 05.45.Mt, 73.23.−b

1. Introduction

He dened

In classically chaotic systems nearby trajectories diverge with a rate given by the highest (or a mean) Lyapunov exponent.
There exists no obvious quantum mechanical counterpart to the classical Lyapunov exponent.

However due

echo,

behave for a certain time according to the (in general non-linear) classical equations of motion. The wave function,
respectively its Wigner function, is expected to behave
similar to a classical phase space distribution until the
particle starts to feel that it is actually a wave.

Up to

this time a Lyapunov exponent should show up even for
a genuine quantum system.

But is there an equivalent

to the Lyapunov exponent in chaotic quantum systems
deep in the quantum regime, i.e. for times well beyond
the Ehrenfest time?
Even in the most perfectly prepared experiment time
evolution is never completely deterministic.

There ex-

ist always small uctuations around the known Hamiltonian

H0 ,

which includes all well controlled parts of the

dynamics.

One might conjecture that in quantum me-

chanics the main source of randomness in the outcome of
an experiment is the incomplete knowledge on the time
evolution rather than the uncertainty in the initial conditions like in classical mechanics. Peres was one of the
rst who addressed the above question [1].

He looked

Loschmidt

H0 with the same initial wave
function, which is propagated by a slightly perturbed

time by a Hamiltonian
Hamiltonian

H = H0 + V :

f (t) = ⟨ψ| e i Ht e− i H0 t |ψ⟩,
where

~ = 1.

plitude.

The quantity

F (t) = |f (t)|2 ,
f (t)

(1)

is called delity am-

Fidelity and delity amplitude will in general

decay as function of time and of the mean perturbation
strength. Peres argued that for a classically chaotic quantum system this decay will be much faster than for classically integrable systems. It turned out that the behavior
of delity is much more complex than anticipated in his
early work.

It depends crucially on the many parame-

ters, which enter in the denition. Nowadays delity has
become object of intensive study in many dierent elds
[2, 3].
Historically, most people working in the characterization of quantum chaotic systems focused on properties of
their spectra. For one reason, because in nuclear physics,
the parent of quantum chaos, spectral data abound and
yield an ideal environment for statistical spectral analysis.

On the other hand, time resolved data are rare.

Also modern billiard experiments focus mostly on the
measurement of the spectrum, respectively of scattering
cross-sections [4].
Yet there are interesting questions like the above men-

at the susceptibility of a system under small variations
of

often called the

tween an initial wave function, which is propagated in

to Ehrenfest's theorem expectation values with respect
to almost classical states, like Gaussian wave packets,

delity F (t),

as the modulus squared of the overlap integral be-

tioned question for the stability of a quantum system

H0 .

against perturbations, where observables dened in the
time domain are more appropriate than spectral observables. To see that for this specic question Peres' delity
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is a more sensitive quantity it suces to consider an ex-
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treme case: the perturbation is isospectral, i.e. it does

In a random matrix approach a most general global

not change the spectrum of the unperturbed Hamilto-

perturbation is modeled by a second random ma-

nian at all. Any spectral quantity will remain unaected

trix

but delity will in general decay.

average of the following RMT model:

H0 is
taken from a Gaussian RMT ensemble and the

Fidelity is a rather general quantity with a wide range

backward propagating Hamiltonian is given by

H = H0 + V.

Let us briey review them:

(4)

In the simplest case
semble as

can be any type of

H0 .

V

is chosen from the same en-

The model was rst formulated in

system, ranging from nuclear physics over elec-

an important paper by Gorin et al. [10]. The mean

tronic systems in condensed matter physics and

strength of the perturbation is given by the vari-

mesoscopics to typical Hamiltonians of quantum

ance of a matrix element of

information devices.

Stability of wave dynamics

V

as

Vij Vkl = λ2 D2 (H0 )ij (H0 )kl ,

is most important as well for classical telecommu-

D

(5)

nication or for certain questions in acoustics [57].

where

Following the original intentions of Peres we will

turbed Hamiltonian. For Gaussian random matrix

focus mainly on chaotic quantum systems and dis-

ensembles in the limit of large matrix dimension

ordered systems. More precisely we focus on sys-

the spectrum has compact support. The density of

tems whose universal spectral properties are well

states is given by Wigner's semicircle
law. In the
√

is the mean level spacing of the unper-

semble (GUE,

semble (GOE,

-limit the perturbation does not change at all the

ensemble

β = 2), the Gaussian orthogonal enβ = 1) or the Gaussian symplectic
(GSE, β = 4). The latter two have to be

2N /(πv)
√ and thus
D = (vπ)/ 2N . This
means that a typical matrix element of V is small
−1/2
as O(N
). As a consequence in the large N -

density of states of the original Hamiltonian. The

chosen for systems with even spin (GOE) or with

perturbation is weak if a typical matrix element

odd spin (GSE) and with conserved time reversal

of

invariance (TRI). The three ensembles are charac-

i.e. if the dimensionless coupling strength

terised by their second moments

smaller than one

described by random matrices, such that

H0

center of the semicircle it is

can be

chosen from one of the classical Gaussian random

the mean level spacing is

matrix (RMT) ensembles, the Gaussian unitary en-

[

(H0 )ij (H0 )kl = v
The variance

v

2

δil δkj

sets the scale. It has the dimension

quency in classical wave mechanics. Usually

v = 1.

The RMT approach is well suited to provide a general benchmark for the delity decay with a minimal knowledge about

H0 .

More specic behaviors

of delity which depend on non-universal properties
of individual systems will not be captured. In particular, the classical Lyapunov exponent is a system specic quantity, which cannot arise from an
invariant RMT model.

Perturbation.

is much smaller than the mean level spacing,

is already a rather strong perturbation.
3.

Time.

The characteristic time scale of RMT mod-

els is given by the inverse of the mean level spacing

D.

It is the time needed to resolve individ-

ual levels of the system.
Heisenberg time.

This time is called the

quantum mechanics and by
cal wave mechanics, where
a frequency.

tH = 2π~/D in
tH = 1/D in classi-

It is given by

D

has the dimension of

By the universality hypothesis spec-

tral properties become universal on the scale of the
mean level spacing. Likewise time dependence becomes universal, i.e. does not depend on any other

The stability of the dynamics of

H0

is probed by the perturbation. The latter is therefore not an unwanted feature but rather part of a
measurement process.

V

λ is much
λ ≪ 1. The crossover to strong
−1
coupling takes place at λ ≃ (2π)
, such that λ = 1

)
]
(
2
δik δjl . (2)
− 1−
β

of an energy in quantum mechanics and of a fre-

2.

(3)

where the forward propagating Hamiltonian

of dierent behavior depending on its four parameters.

The unperturbed Hamiltonian

Fidelity amplitude is given by the ensemble

f (t) = ⟨ψ|e i Ht e− i H0 t |ψ⟩,

2. A random matrix model of delity

1.

V.

A global perturbation, as

for instance a change in temperature in the delity
experiment by Lobkis and Weaver [6], aects the

details of the system, on the scale of the Heisenberg
time. In many systems the Heisenberg time is the
largest available time scale. In RMT it is the only
time scale.

This means that other characteristic

times, like for instance the Ehrenfest time are zero
by default.

entire Hilbert space and all energy levels in the

One should emphasize that Heisenberg time albeit

same way. On the other hand, local perturbations

being large is never innite.

only act a smaller subspace. For instance in Refs.

about 10 ns in microwave billiards [11] and about

[8, 9] the eect of local boundary-deformations of

80 ms in acoustical experiments [12]. In real time

a chaotic billiard on delity was investigated.

measurements of delity non-universal uctuations

Typical values are
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N

on smaller time scales are expected.
4.

The initial state.

The behavior of delity depends

crucially on the initial state chosen in Eq. (3). Here
at least three choices are interesting. (I) A random
initial state.

This is in the spirit of the maximal

entropy approach of RMT. The objective is to obtain universal results with a minimal knowledge on
the system. Thus it is natural to assume minimal

|ψ⟩

eigenvectors of

H
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Eµ , 1 ≤ µ ≤ N exThe latter has eigen-

to eigenvalues

pressed in the eigenbasis of

H0 .

En , 1 ≤ n ≤ N . Here and in the following
Greek indices denote eigenvalues of the full Hamiltonian
values

H

and Latin indices denote eigenvalues of the unper-

H0 . The occurrence of the unitary
indicates that delity contains information on

turbed Hamiltonian
matrix

U

the eigenfunctions.

as well and to

In the last decade of the past century parametric en-

choose it as an incoherent superposition of an arbi-

ergy correlations of disordered mesoscopic systems and of

trary set of orthogonal states, which span the full

random matrices were investigated in great detail [1419].

Hilbert space. (II) A second canonical choice is the

They quantify the response of the spectral correlations

initial state

|ψ⟩ as an eigenstate of the unperturbed

against a perturbation. They were studied and calculated

Hamiltonian. In this case the forward evolution of

for a variety of RMT ensembles. A parametric spectral

knowledge on the initial state

|ψ⟩ is trivial and delity F (t) is identical with survival probability, i.e. the probability of nding the
system in its initial state after time t. (III) A semi-

form factor can be dened for parametric energy corre-

classical initial state, like a Gaussian wave packet,

cross-form factor in [20].

deserves to be mentioned as well. For times smaller

ensemble average of

than the Ehrenfest time the wave packet behaves
approximately classically and for chaotic dynam-

lations by the Fourier transformation in the same way
as for pure, non-parametric RMT ensembles. It is called

K̃(t) =

ics delity decay is indeed governed by the Lya-

Formally it is dened as the

1 ∑
exp(i (Eµ − En )t).
N n,µ

(9)

punov exponents (the Lyapunov regime) [13]. The

Although it is obviously a purely spectral quantity and

Lyapunov regime is non-universal and cannot be

contains no information about the eigenfunctions, the

grasped by an RMT model.

formal similarity to delity amplitude (8) is striking. The
2
only dierence is the additional factor |Unµ | in the definition of delity amplitude.

Semiclassical initial

states will not be discussed in the following.

3. Fidelity decay of a random initial state
We rst consider the situation that the wave function
is initially in a random state

|ψ⟩ =

N
∑

ϕn

e i ϕn |n⟩.

(6)

and

symmetry class [14, 16, 20, 21].

We do not state the

to a compilation of the pertinent formulae in Ref. [20]. In
Fig. 1 delity amplitude and cross-form factor are plotted for dierent values of the dimensionless perturbation

is a random phase, which is uniformly dis-

tributed over the unit circle and

H0

rather complicated expressions here, but refer the reader

n=1
Here

f (t) and K̃(t) were calV fall into the same

The ensemble averages of both
culated for the case that

|n⟩ is an eigenstate of the

strength

λ.

For small perturbation (λ

≪ 1)

the cross-

-form factor acquires the familiar form of the pure en-

unperturbed Hamiltonian. In a billiard experiment this

sembles with the characteristic logarithmic divergence at

initial state describes the situation that one starts the

the Heisenberg time in the case of the symplectic ensem-

observation of the wave after a time when the initially

ble. For strong perturbation (λ

injected signal has already widely spread over the cavity and has essentially lost memory of its initial shape.
The theoretical results obtained in this limit and presented in the following agree well with the delity measurements performed in billiards and in elastomechanical
The average over the random phase maps the expression for the delity amplitude into the form
(7)

which looks due to the trace almost invariant, i.e. basis
independent. But it is not. This is seen, when we plug in
two complete sets of eigenfunctions. Fidelity amplitude
can be written as

f (t) =
where

U

1 ∑
|Unµ |2 exp( i(Eµ − En )t),
N n,µ

K̃(t) look alike.

= 1)

the curves of

f (t)

Both have characteristic peaks at

the Heisenberg time, respectively at twice the Heisenberg
time in case of the GSE.
A comparison of the exact analytic results for both
quantities yields the remarkably simple relation

probes [6, 11].

1
f (t) =
Tr e i Ht e− i H0 t ,
N

and of

∂
4π 2 t2
K̃(t)
=
−
f (t).
∂(λ2 )
β

(10)

It is surprising, since it relates a quantity, which contains
information about the eigenfunctions, to a purely spectral quantity and oers an excellent opportunity to measure delity amplitude through an analysis of the spectral
data.
The above relation can be generalized to the case, when

(8)

is the unitary matrix, which has as columns the

the perturbation breaks the symmetry of the original

H0 [17, 22, 23]. Following the outline of
Ref. [23] we write the full Hamiltonian as
Hamiltonian

H. Kohler
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λ = 0.1.
λ∥ = 0 than

eect is seen for small perturbation

Fidelity am-

λ∥ .
This eect was predicted by Prosen and Znidari£ in [24]
plitude decays much slower for

for nite

to occur whenever a perturbation has zero diagonal ma-

H0 . There it was named
delity freeze. In view of the above results, we propose
trix elements in the eigenbasis of

the following condition for a delity freeze:

TrH0 V = 0.

(13)

It is slightly more general and comprises the condition of
Prosen and Znidari£ as a special case. All states of the

Fig. 1. Upper row: cross-form factor for three values of
perturbation strength λ = 0.01 (left), λ = 0.5 (middle)
and λ = 1 (right) for GSE, GUE and GOE (from top to
bottom). The last plot is on a logarithmic scale. Lower
row: delity amplitude for the perturbation strengths
λ = 0.1 (left), λ = 0.1 (middle) and λ = 1 (right) for the
GSE (green), GUE (red) and for the GOE (blue) (from
top to bottom). The two last plots are on a logarithmic
scale.

Hilbert space equally contribute.

This is characteristic

for the random initial state (6). For other initial states
condition (13) will in general not suce to yield a delity
freeze.

4. Fidelity of an eigenstate of the
unperturbed system
We now consider the random matrix model (3) for the
case that the system is initially prepared in an eigenstate

|s⟩

of the unperturbed system. We label this initial state
and call its eigenvalue

Es .

The general expression (1) for

the delity amplitude, respectively for delity, reduce in
this case to

f (t) = e− i Es t ⟨s|e i Ht |s⟩,

(14)

and

Fig. 2. Fidelity amplitude for a TRI breaking perturbation
for xed mean perturbation strength λ =
√
λ2∥ + λ2⊥ . In part (a) delity amplitude is plotted for λ = 0.1 and for the ve ratios λ∥ /λ⊥ =
√
√
∞, 2, 1, 1/ 2, 0 (from top to bottom). In part (b) delity amplitude is plotted for λ = 1.5 and for the same
ratios from top to bottom. Pictures taken from Ref. [23].

H = H0 + V∥ + V⊥ .

(11)

The orthogonality relations
and

TrH0 V∥ ̸= 0 hold.

TrH0 V⊥ = 0, TrV∥ V⊥ = 0

The perturbation is thus split into

a parallel subspace and into an orthogonal subspace. The
two perturbations are allowed to have dierent coupling
strengths

λ∥

and

λ⊥ ,

dened according to Eq. (5). Then

F (t) = |⟨s| e i Ht |s⟩|2 .

(15)

The second expression is nothing but the probability of
nding the system still in state
during a time interval

t

|s⟩ after being propagated
H . In this

by the Hamiltonian

case delity is therefore called survival probability or
 more precisely  probability of survival and return.
In the following we stick with the notion delity.
The matrices H0 and V are chosen either from a GOE
from a GUE or Poissonian, the GSE case will be discussed elsewhere. The unperturbed Hamiltonian can be
split into a system part and into a background part as

H0 = Es |s⟩⟨s| + Hb .

(16)

Likewise the perturbation

V

has two eects. On the one

hand, it perturbs the system and the background independently, on the other hand, it couples the state

relation (10) can be generalised to

the background.

∂
K̃(t) ∝ −t2 f (t),
∂(λ2∥ )

(12)

|s⟩

to

The background Hamiltonian is com-

pletely characterized by its symmetry class and by its
mean density of states.

Since in the large

Hb

N

limit the

In Fig. 2 delity amplitude is plotted for a perturbation

eect of the perturbation onto the background Hamilto-

which breaks time reversal symmetry of a system with in∗
∗
teger spin. In this case V∥ = V∥ and V⊥ = −V⊥ . A mean

nian should be negligible at least as long as

perturbation strength can be dened by

λ=

√
λ2∥ + λ2⊥ .

symmetry of

remains unaected by

V,

i.e. only the parallel perturbation enters in the relation.

mean level spacing of

V

the

shares the

H0 .

If V breaks the symmetry of H0 , switching on the perturbation will induce a transition from GOE → GUE in

On the left delity amplitude is plotted for

λ = 0.1 and on
λ = 1.5 and for ve ratios λ∥ /λ⊥ . The decay

the statistics of the background Hamiltonian. This eect

the right for

is a priori not negligible, however our exact and numeri-

of the delity amplitude increases with increasing ratio

cal results conrm that the statistics of the background is

λ∥ /λ⊥ .

of minor importance for the delity decay of the prepared

Whereas for strong perturbation (λ

= 1.5)

the

dependence on this ratio is of minor importance a drastic

state.
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We therefore set the part of the perturbation which

Hb to zero right from the beginning. Likeperturbation of Es is set to zero. Thus H can
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products contribute substantially to the normalization

perturbs solely

with a share of order one.

wise the

rise to a non-zero IPR even in the large

be written conveniently in block form

(

H=

Es V †
V Hb

∫

,

(17)

(N − 1) × (N − 1)

upper left block is one times one.

and the

The perturbation is

not full rank but rank one.
Although a rigorous proof is yet missing, by the arguments outlined above it seems plausible that the Hamiltonian (17), often called the Doorway model [25], with
rank one perturbation and the full rank model (4) yield
the same result for the delity of the initial state

|s⟩.

One has to distinguish between a complex perturbation

Vi ∈ C

and a real perturbation

Vi ∈ R.

In a straightforward calculation [26] the mean delity
amplitude is found to decay exponentially for any choice
of

Hb

and of

V:

f (t) = e i (Es + i Γ /2)t ,
where

Γ = 2πλ2 D

N

limit.

An

estimate for the mean IPR is obtained by

)

where the lower right block is

These scalar products give

(18)

is the spreading width of the local

density of states,

IP R = D

dEρ(E)2 ≃

D
,
πΓ

(23)

where in the second equality again a DrudeBoltzmann
approximation was employed.

Thus IPR is non-zero,

when the spreading width has the same order of magnitude as the mean level spacing

D.

The width of the

BreitWigner curve comprises only a few neighboring energy levels of the special state

|s⟩.

Corrections to Fermi's

golden rule are therefore expected to become important
when the spreading width of the state and the mean level
spacing are of the same order of magnitude.

V the ensemble averF (t) could be performed exactly in the large N -limit

For complex entries of the vector
age

for the choices of the background Hamiltonian mentioned

above, Hb ∈ Poisson, Hb ∈ GUE, Hb ∈ GOE. We do
not state the lengthy formulae here, but refer the reader
to Ref. [26].
The cases of a Poissonian background and of a GUE
background are plotted in Fig. 3. We see two prominent

features. First, the exact calculation conrms our qual-

1
Γ /2
ρ(E) =
,
π (E − Es )2 + (Γ /2)2
which is as expected of the

(19)

BreitWigner

form.

culating from this expression the delity in the

Boltzmann approximation
golden rule
F (t) = |f (t)|2 ≈ f (t)

yields immediately

Cal-

Drude
Fermi's

itative arguments and shows that delity saturates to a
nite value in the long time limit. The numerical value
of this saturation value is underestimated in the approximation (23) by a factor four for a Poissonian background
and by a factor two for a GUE background. Second, a
revival of delity is observed for not too weak perturbations for a Poissonian background as well as for a GUE

2

= exp(−Γ t).

(20)

background.
The exact results (full lines) are plotted versus two ap-

The approximation made in Eq. (20) is similar to the

proximate results. One approximation is Fermi's golden

approximation made in the derivation of Drude's law of

rule (dotted lines). It agrees well with the exact results
−1
for times up to order Γ
.

classical conductivity.

Fermi's golden rule predicts an

exponential decay of delity for all times and all perturbation strength.
In order to see when corrections to this rather robust
result become important, we look at the denition of delity

F (t) =

∑

|⟨s|µ⟩|2 |⟨s|ν⟩|2 e i (Eν −Eµ )t .

(21)

In the long time limit and after averaging only the terms
survive in the sum. We get

F (∞) =

∑

There the following estimate for delity was

found:

F (t) ≃ e−Γ t +

D
− Fcorr (t).
πΓ

(24)

It is the sum of a Fermi golden rule contribution a con-

Fcorr (t) due
to level-correlations of the background Hamiltonian. Its
stant contribution and of a correction term

ν,µ

µ=ν

The second approximation (dashed lines) is due to
Ref. [27].

precise form is given in Eqs. (41) and (43) of Ref. [27].
There it was argued that this correction term is responsi-

|⟨s|ν⟩|4 .

(22)

ble for the delity revival seen in Fig. 3 for intermediate
and strong perturbations.

ν
The right hand side is the average

inverse participation

It occurs approximately at

the same time as the exact result starts to deviate from

ratio (IPR) of the initial state |s⟩ in the basis of the eigenH . It is a measure for the minimal distance of

Fermi's golden rule.

a vector to a basis vector of a given complete orthogo-

delity revival occurs for a Poissonian background as well

states of

nal system. For a large fragmentation of |s⟩ many scalar
∑
2
products in the normalization
ν |⟨s|ν⟩| = 1 contribute
with a share of order 1/N such that the IPR is of order

1/N

and becomes zero in the large

mentation of the special state

|s⟩

N

limit. If the frag-

is small, a few scalar

A comparison of the two plots in Fig. 3 shows that a as for a GUE background.

This is in contradiction to

the explanation by Eq. (24), since in a Poissonian background level correlations are absent and the correction

Fcorr (t) is zero. The mechanism is clearly dierent
to the revival observed in Figs. 1 and 2 for a random initerm

H. Kohler
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Fig. 3. Fidelity of the special state |0⟩ for a regular
background (b) and for a GUE background (a) for three
dierent values of the coupling strength (from top to
bottom) λ = 0.1 (red), λ = 0.5 (blue) and λ = 1 (green).
The full lines describe the exact results of Ref. [26].
The straight dotted lines are Fermi's golden rule. The
dashed lines are plots of the approximate results of equations (41) and (43) of Ref. [27]. Pictures are taken from
Ref. [26].
tial state. The latter occur at multiples of the Heisenberg
time and are clearly a signature of spectral rigidity [28].
−1
The revival time observed in Fig. 3 increases with Γ
.
For a GOE background the curves look quite similar
to the ones for the GUE. Plots of all cases can be found
in Ref. [26].

As a rule of thumb, whether the coupling

matrix elements

Vi ∈ R or Vi ∈ C is more important than

the background complexity.
Revival and long time saturation of delity as predicted here has been observed experimentally in a delity
measurement of an atom optics realization of the quantum kicked rotor [29].

Long time saturation of delity

was predicted as well in [30] and much earlier in [31] for
quantum dots in mesoscopic systems.

Fig. 4. Evolution in time of the delity distribution
(25). The numerically obtained distribution function is
plotted for dierent times (t = 1, 2.5, 5, 10, 20). The
dierence between the green curve t = 10 and the
black curve (20) is already small. Pictures taken from
Ref. [33].
time limit twice this value is obtained since in the square
of delity (21) the cross terms contribute.
although

IP R = F (∞)

Therefore,

(see Eq. (22)) holds, we have

PIPR (c) ̸= PF (c, ∞).

(27)

For small perturbations we might approximate the distribution of the IPR as follows: as the coupling strength
decreases the fragmentation of the initial state becomes
smaller and smaller. The IPR will be dominated by less
and less terms and nally for

λ≪1

by only one term.

This term will be the overlap of the initial state
itself evolved adiabatically with

λ.

We call it

|s⟩ with
|σ⟩, see

Fig. 5.

5. Full delity statistics
The fact that mean delity saturates at a nite value
for

t→∞

raises the question whether sample to sample

uctuations are important. To this end the full distribution function of delity has to be studied. It is formally
dened as

PF (c, t) = δ(c − F (t)).

(25)

A Monte Carlo analysis reveals that indeed the initial
delta-peak at

c=1

broadens as time goes by and nally

saturates in a non-trivial stable distribution for

t → ∞.

This is shown in Fig. 4. By now it seems to be impossible to obtain exact analytic expressions for PF (c, t). The
problem dees exact solution even in the long time limit

PF (c, ∞).

The IPR will therefore be better and better approximated by the fourth power of the overlap

We also studied the distribution of the IPR:

(
)
∑
PIPR (c) = δ c −
|⟨s|µ⟩|4 .

Fig. 5. Sketch of the motion of the eigenvalues and
eigenvectors as a function of the dimensionless parameter λ. The initial state |s⟩ evolves adiabatically to |σ⟩.

|⟨s|σ⟩|.

Like-

wise, in this limit the IPR-distribution should be well
(26)

Since in the long time limit the average delity is identical
with the mean IPR one might expect the same for their
respective distributions. But this is not the case. To show
heuristically that the distributions of both quantities are
dierent we look at their second moments. For the IPR it
∑
4
4
is given by
ν,µ |⟨s|µ⟩| |⟨s|ν⟩| but for delity in the long

approximated by the distribution of the overlap of the
initial state with itself, dened as

Pc40 (c) = δ(c − |⟨s|σ⟩|4 ).

(28)

For the distribution Pc4 (c, t) analytical formulae could
0
be obtained for a Poissonian background as well as for a
GOE and for a GUE background [32]. For instance for a
Poissonian background and for real Gaussian distributed

Fidelity Decay in Chaotical and Random Systems
Vi the distribution is given by
(
√
√ )
c
c
2
√
√ .
exp −(2λ)
(1 − c)3
1− c

coupling matrix elements

√

Pc40 (c) =

√

2λ
π2

and PF (c, ∞), although they look similar, are
substantially dierent.

PIPR (c)

6. Summary and outlook

(29)
It has a typical essential singularity at

c = 1,
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which fea-

We reviewed delity of a wave function in a random

tures as well for the other background Hamiltonians. For-

environment. Dependence on perturbation strength and

mula (29) is plotted in Fig. 6 together with the case of

on time dier signicantly for a random initial wave and

Poissonian background and complex

Vi .

We refer the

reader to Ref. [32] for plots and the analytic expressions

H0 . In the rst case delity amplitude could be calculated exactly. Although

in the other cases.

by now no rigorous results are available, perturbation

for an initial eigenfunction of

theory seems to indicate that in this case the Drude
Boltzmann approximation is exact and delity is the
square of delity amplitude [34]. As a consequence it decays to zero. This is in agreement with the general result

IPR = F (∞),

since for a random initial state the IPR is

zero right from the start. The question for a non-trivial
distribution is related to this. If the DrudeBoltzmann
approximation is exact for all powers of

f (t),

the delity

distribution is unavoidably a delta distribution. It is desirable to put these considerations on rm grounds.
On the other hand, delity of a specic prepared state
saturates for

t → ∞,

although delity amplitude decays

to zero again. Sample to sample uctuations are there-

Fig. 6. Distribution function Pc40 (c, t) for a regular
background Hamiltonian Hb as dened in Eq. (29) for
λ = 0.1 (blue dotted lines), λ = 0.5 (green dotted lines)
and for λ = 1 (red dotted lines). The full lines show the
corresponding distribution for complex coupling matrix
elements Vi . Pictures taken from Ref. [32].

fore important and the distribution function is a non-trivial function. It seems by now impossible to calculate
the time dependent distribution function.
The distribution function of delity in the long time
limit diers from the distribution function of the IPR.
The latter approaches for small perturbation more and
more the maximum overlap distribution, which is an object of high current interest [25, 35]. To obtain analytical
results for either of these distributions is hard but might
be possible.
Nowadays delity experiments are performed by several groups. It should be possible to conrm the simple
relation (10) between spectral correlations and delity
experimentally. It might then be used to facilitate forthcoming delity measurements.
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Fig. 7. Distribution functions of the delity in the long
time limit t → ∞ (full black line), of the IPR (full green
line) and the distribution function Pc40 (c, t) (red dashed
line) dened in Eq. (28) for a GOE background and real
coupling matrix elements. The mean coupling strength
is very small λ = 0.05. The distributions PF (c, t) and
PIPR (c, t) were obtained numerically and Pc4 (c, t) ana0
lytically. Picture taken from Ref. [33].

PF (c, ∞), PIPR (c) and
are plotted for small coupling strength λ = 0.05.

In Fig. 7 the three distributions

Pc40 (c)

We see that

PIPR (c)

and

Pc40 (c)

coincide perfectly but
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