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A Product Operator Theory of DEPTQ NMR Spectroscopy
for ISn (I = 1/2; S = 1; n = 0, 1, 2, 3) Spin Systems
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Distortionless enhancement by polarization transfer including the detection of quaternary nuclei is a
carbon-editing pulse NMR experiment. In this experiment multiplicity information for all carbons including
quaternary carbons are obtained. In the present study, analytical descriptions of DEPTQ NMR experiment have
been investigated for weakly coupled ISn (I = 1/2; S = 1; n = 0, 1, 2, 3) spin systems by using the product
operator theory. Then, the theoretical discussion and the experimental suggestions for sub-spectral editing of C,
CD, CD2 and CD3 groups have been presented. The comparison of the obtained results with those of the basic
distortionless enhancement by polarization transfer NMR experiment has been also performed for CDn groups. It
is shown that DEPTQ experiment can be also used for CDn groups.

PACS: 82.56.Dj, 82.56.Jn

1. Introduction

Polarization transfer experiments such as distortionless
enhancement by polarization transfer (DEPT) and insen-
sitive nuclei enhanced by polarization transfer (INEPT)
are widely used to simplify the spectra of carbonyl groups
in complex molecules [1, 2]. DEPT experiment is used
to edit 13C NMR spectra into subspectra containing pro-
tonated and deuterated carbonyl groups [3, 4]. Distor-
tionless enhancement by polarization transfer including
the detection of quaternary nuclei (DEPTQ) experiment
was developed by Burger and Bigler [5]. This experiment
is based on DEPT and gives multiplicity information for
all carbons including quaternary carbons. The advan-
tages of the DEPTQ experiment with respect to similar
experiment such as DEPT and subspectral editing with
a multiple quantum trap (SEMUT) were also discussed
in detail by Burger and Bigler [5]. Improved version of
DEPTQ experiment was presented elsewhere [6, 7].

The product operator theory as a quantum mechanical
method is widely used for analytical description of multi-
pulse NMR experiments on weakly coupled spin systems
in liquids having spin-1/2, spin-1 and spin-3/2 nuclei
[8–21]. This method not only allows the confirmation of
experimental results but also offers to make some experi-
mental suggestions on NMR experiments. By using prod-
uct operator theory, SEMUT NMR spectroscopy is ap-
plied to CDn groups [16]. Experimental and theoretical
investigation of 13C DEPT NMR spectroscopy for CDn
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systems is presented elsewhere [13]. For CDn groups,
product operator theory of 2D DEPT J-resolved NMR
experiment is also investigated [15]. For weakly coupled
IS (I = 1/2, S = 1) spin system, a complete product
operator theory and application to DEPT-heteronuclear
multiple quantum coherence (HMQC) NMR experiment
has been presented in our study [19]. A product operator
description of the DEPTQ experiment for ISn (I = 1/2,
S = 1/2, n = 0, 1, 2, 3) spin systems have been pre-
sented [22].

In the present study, by using product operator the-
ory analytical descriptions of DEPTQ experiment have
been presented for weakly coupled ISn (I = 1/2; S = 1;
n = 0, 1, 2, 3) spin systems. Then a theoretical discus-
sion and experimental suggestions for subspectral editing
of C, CD, CD2 and CD3 groups have been presented. The
theoretical results are compared with those of DEPT ex-
periment of CDn groups. To the best of our knowledge,
this will be the first application of product operator the-
ory to DEPTQ NMR experiment for ISn (I = 1/2; S = 1;
n = 0, 1, 2, 3) spin systems.

2. Theory

Time dependence of the density matrix is given by [10]:

σ(t) = exp(− iHt)σ(0) exp(iHt) , (1)

where H is the total Hamiltonian and σ(0) is the density
matrix at t = 0. In the liquid-state and the solid-state
(under magic angle spinning (MAS) conditions) pulse
NMR experiments of weakly coupled ISn spin systems,
the total Hamiltonian consists of r.f. pulse, chemical shift
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and spin–spin coupling Hamiltonians can be written as

H = ΩIIz +
n∑

i=1

ΩSSiz + 2π

n∑

i=1

JiIzSiz . (2)

By employing the Hausdorff formula evolutions of the
product operators under the r.f. pulse, chemical shift
and spin–spin coupling Hamiltonians can be easily ob-
tained [8, 10, 11]. A complete product operator theory
for weakly coupled IS (I = 1/2, S = 1) spin system have
been presented in our previous studies [19, 21].

At any time during the experiment, the ensemble av-
eraged expectation value of the spin angular momentum,
e.g. for Iy, is

〈Iy〉 = Tr(Iyσ(t)) , (3)

where σ(t) is the density matrix operator calculated from
Eq. (1) at any time. As 〈Iy〉 is proportional to the mag-
nitude of the y-magnetization, it represents the signal
detected on y-axis. So, in order to estimate the free in-
duction decay (FID) signal of a multiple-pulse NMR ex-
periment, density matrix operator should be obtained at
the end of the experiment.

3. Results

For the product operator description of the DEPTQ
NMR experiment, the pulse sequence illustrated in Fig. 1
is used [5]. In this figure, the density matrix operators
at each stage of the experiment are labeled with num-
bers, and 13C is treated as spin I and 2H (D) as spin S.
The experiment is performed for both the initial 900

y and
900
−y pulses in the I channel. In the pulse sequence: τ is

the coupling evolution delay and t is the acquisition time.
Optimum value of τ is 1/(2JIS) for the DEPTQ NMR
experiment. Starting from the density matrix operator
at thermal equilibrium, one should apply the required
Hamiltonians during the pulse sequence and obtain the
density matrix operator at the end of the experiment.
For multispin systems, to follow these processes by hand
becomes too difficult. In order to overcome this problem,
a computer program written in Mathematica is used [23].
Thus, the density matrix operators at the end of the ex-
periment are obtained for different spin systems such as I,
IS, IS2 and IS3 (I = 1/2, S = 1).

Fig. 1. Pulse sequence for DEPTQ NMR experiment,
τ = 1/(2JIS) [5].

3.1. Quaternary carbons (I)

The density matrix at the thermal equilibrium for I
spin is σ0 = Iz. The evolutions of the density matrix are
obtained as follows:

σ0

90◦y(I)−→ σ2

180◦y(I)−→ σ4

90◦y(I)−→ σ6

180◦y(I)−→ σ8

90◦−y(I)−→ σ9

= Ix . (4)
In the last step, chemical shift takes place and then we
obtain

σ10 = Ix cos(ΩIt) + Iy sin(ΩIt). (5)

In the last density matrix operator, only the second term
contributes to the signals as acquisition is taken along
y-axes for spin I. It is necessary to obtain the Tr(IyO)
values of observable product operators indicated by O.
For the ISn (I = 1/2, S = 1; n = 1, 2, 3) spin sys-
tems, Tr(IyO) values of all observable product operators
can be found elsewhere [19]. For the quaternary carbons
Tr(IyIy) = 1

2 and the magnetization is found as

My(t) ∝ 〈Iy〉90◦y = Tr(Iyσ10) =
1
2

sin(ΩIt). (6)

If the experiment is performed for the initial 900
−y I pulse,

the magnetization is

My(t) ∝ 〈Iy〉90◦−y
= Tr(Iyσ10) = −1

2
sin(ΩIt) . (7)

3.2. IS spin system

σ0 = Iz + Sz is the density matrix operator at the
thermal equilibrium for IS spin system and the following
evolutions are obtained:

σ0

900
+y(I)−→ Ix + Sz = σ1 , (8a)

σ1
HJτ(τ=1/2J)−→ Ix + Sz − 2IxS2

z , (8b)

σ2
900

x(S)+1800
x(I)−→ Ix − Sy − 2IxS2

y , (8c)

σ3
HJτ(τ=1/2J)−→ Ix + 2IzSx − 2IxS2

y = σ4 , (8d)

σ7 = Ix − 2IxS2
y + 2Ix[Sx, Sz]+c2θ + 2IxS2

xs2θ

− 2IxS2
zs2θ , (8e)

and
σ10 = IxcI + IysI − 2IxS2

ycI − 2IyS2
ysI − 2IzSxc2θ

+2IxS2
xs2θcI + 2IyS2

xs2θsI . (8f)

In above and following equations cI = cos(ΩIt), sI =
sin(ΩIt), cnθ = cos(nθ) and snθ = sin(nθ). Using the
trace values, magnetization for IS spin system is

Tr(Iyσ10) = −1
2
sI + 2s2θsI . (9)

For the initial 900
−y I pulse, the magnetization is found

as

Tr(Iyσ10) =
1
2
sI + 2s2θsI . (10)
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3.3. IS2 spin system

For the IS2 spin system, σ0 = Iz + S1z + S2z is the
density matrix at the thermal equilibrium. For the initial
900

y I pulse, density matrix at the end of the experiment
is

σ10 = IysI − 2Iy

(
S2

1y + S2
2y

)
sI + 4IyS2

1yS2
2ysI

+2Iy

(
S2

1x + S2
2x

)
s2θsI − 4IyS2

1xS2
2xs2θsI

+4IyS2
1xS2

2xc2θs2θsI . (11)

Using the trace values for IS2 spin system,

Tr(Iyσ10) =
1
2
sI + 4s2θsI + 8c2θs2θsI (12)

is found and for the initial 900
−y I pulse,

Tr(Iyσ10) = −1
2
sI + 4s2θsI + 8c2θs2θsI (13)

is obtained.

3.4. IS3 spin system

Applying the same procedure for IS3 spin system, fol-
lowing results are obtained for 900

y and 900
−y I pulses,

respectively:

Tr(Iyσ10) = −1
2
sI + 6s2θsI + 24c2θs2θsI

+24c2
2θs2θsI , (14)

Tr(Iyσ10) =
1
2
sI + 6s2θsI + 24c2θs2θsI

+24c2
2θs2θsI . (15)

4. Discussion
The Tr(Iyσ10) values obtained in the previous section

for I, IS, IS2 and IS3 spin systems represent the FID
signals of the DEPTQ NMR experiment for C, CD, CD2

and CD3 groups, respectively. Generalized forms of these
results obtained for 900

y and 900
−y I pulses are

Tr(Iyσ10)90◦+y
(CDn) = (−1)n 1

2
sI

+2n(1 + 2c2θ)
n−1

s2θsI (16)
and

Tr(Iyσ10)90◦−y
(CDn) = (−1)n+1 1

2
sI

+2n(1 + 2c2θ)
n−1

s2θsI . (17)

In order to distinguish the signals of C, CD, CD2 and
CD3 groups from each other, addition and subtraction of
FID signals obtained for 900

y and 900
−y I pulses can be

made as following:

Tr(Iyσ10)90◦+y
(CDn) + Tr(Iyσ10)90◦−y

(CDn)

= 4n(1 + 2c2θ)
n−1

s2θsI , (18)

Tr(Iyσ10)90◦+y
(CDn)− Tr(Iyσ10)90◦−y

(CDn)

= (−1)nsI . (19)

Equation (18) can be normalized by multiplying with
3/(2Tr(E)). Here E is the unity product operator for
corresponding spin system. Then the normalized FID
form is

Tr(Iyσ10)90◦+y
(CDn) + Tr(Iyσ10)90◦−y

(CDn)

=
3n

3n
(1 + 2c2θ)

n−1
s2θsI . (20)

These normalized Tr(Iyσ10)90◦+y
+ Tr(Iyσ10)90◦−y

and
Tr(Iyσ10)90◦+y

− Tr(Iyσ10)90◦−y
values are given in Table.

In Table, the added FID values depend on θ and these
results are the same with those of DEPT NMR experi-
ment [4, 12]. On the other hand, the subtracted results
give the FID values for quaternary carbons in addition
to CD, CD2 and CD3 groups. The relative signal inten-
sity plots of DEPTQ NMR experiment for CDn groups
as functions of the editing pulse angle, θ, are presented
in Fig. 2. As seen from Table and Fig. 2, added and
subtracted signals can be used to distinguish the signals
of C, CD, CD2 and CD3 groups from each other by using
several pulse angles such as 30◦, 60◦ and 75◦.

Fig. 2. The relative signal intensity plots of DEPTQ
NMR experiment for CDn groups as functions of the
editing pulse angle, θ.

TABLE
Normalized Tr(Iyσ10)90◦+y

+ Tr(Iyσ10)90◦−y
and

Tr(Iyσ10)90◦+y
− Tr(Iyσ10)90◦−y

values for ISn (I = 1/2;
S = 1; n = 0, 1, 2, 3) spin systems.

Spin system
Tr(Iyσ10)90◦+y

+Tr(Iyσ10)90◦−y

Tr(Iyσ10)90◦+y

−Tr(Iyσ10)90◦−y

I(C) 0 sI

IS(CD) s2θsI −sI

IS2(CD2) 2
3
(1 + 2c2θ)s2θsI sI

IS3(CD3) 1
3
(1 + 2c2θ)

2s2θsI −sI
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5. Conclusions

In this study, by using product operator theory, ana-
lytical descriptions of the DEPTQ NMR experiment have
been presented for ISn (I = 1/2; S = 1; n = 0, 1, 2, 3)
spin systems. Obtained results are compared with those
of DEPT experiment for CDn groups. Then a theoretical
discussion and experimental suggestions for subspectral
editing of C, CD, CD2 and CD3 groups have been pre-
sented. As a result, DEPTQ NMR experiment can be
used for subspectral editing of CDn groups including qua-
ternary carbons in liquids.
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