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Multilayer Transitions in Mixed Spin-3/2 and 1/2
Blume–Capel Model with RKKY Interaction
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We studied the effect of the Ruderman–Kittel–Kasuya–Yosida interaction on the multilayer transition and
magnetic properties of spins-3/2 and 1/2 Blume–Capel model in the bilayer separated by a non-magnetic spacer
of thickness (d), by using mean-field theory and Monte Carlo simulation. It is found that the multilayer transition
temperature depends strongly on the thickness of the non-magnetic layer and the crystal field. Furthermore, the
critical thickness of the non-magnetic spacer above which the two magnetic multilayers transit separately depends
on the Fermi level and the absolute temperature.

PACS: 66.30.Xj, 72.20.Dp, 72.20.My, 72.25.Dc

1. Introduction

The discovery of giant magnetoresistance (GMR) [1, 2]
has been dramatically improving the technological devel-
opment, especially increase the capacity of the storage
on a disk drive from 1 to 20 gigabit [3]. Either adding
the spin degree of freedom to conventional charge-based
electronic devices or using the spin alone has the po-
tential advantages of non-volatility, increased data pro-
cessing speed, decreased electric power consumption, and
increased integration densities compared with conven-
tional semiconductor devices [4]. In Fe/Si type multi-
layer, it was observed that the antiferromagnetic cou-
pling strength and the fraction of ferromagnetic coupling
due to the Fe percolation mechanism in the non-magnetic
inter-layers increase with decrease in temperature [5].
Experimentally, the Ni80/Fe20/Co1/CuAgAu/Co2 asym-
metric sandwiches have been examined for different sub-
layer thicknesses, it was observed that the ferromagnetic
coupling strength oscillates with CuAgAu thickness with
a period of 1 nm [6]. In multilayer GMR, two ferromag-
netic layers are separated by a non-magnetic spacer. It
was found that the critical thickness of the non-magnetic
layer decreases on increasing the magnetic crystal field
and/or the Fermi level KF. Moreover, the multilayer
transition temperature undergoes oscillations as a func-
tion of the Fermi level and depends strongly on the value
of the transverse anisotropy. The multilayer transition
temperature decreases when increasing the transverse
anisotropy [7].

The spin-1 Blume–Capel film with an alternating
crystal field spatially [8, 9] has been studied using
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mean-field theory (MFT). However, the effect of the
Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction
uses the cluster variational method, in pair approxima-
tion (CVMPA) [10]. In the case of the antiferromagnetic
surface on which a ferromagnetic layer was deposited,
it was observed that in the ordered phase depending on
the values of the exchange interaction, the antiferromag-
netic surface can change to ferromagnetic or ferrimag-
netic phase [11]. The layering transitions in the Ising thin
films have been studied using many approximate meth-
ods, a real space renormalization group [12], MFT [13].
The effect of the non-magnetic thickness on the mag-
netic properties of an amorphous superlattice has been
investigated using effective field theory [14]. However,
the effect of the crystal field has been investigated in
detail using many approximate methods, namely, mean-
-field approximation [15], high temperature series expan-
sion [16], constant-coupling approximation [17], Monte
Carlo [18] and renormalization-group [19] techniques.
Beside, an example of spin-3/2-non-magnetic-spin-3/2
sandwiches has been studied experimentally in the crys-
talline Co/Cu/Co sandwiches [20] for which the mag-
netic ordering oscillates from ferromagnetic to the an-
tiferromagnetic by varying the non-magnetic layer Cu
thickness. Furthermore, the magnetoresistance and elec-
trical transport behaviour has been studied experimen-
tally in the case of spin-3/2 /spin-1/2 composite such
as (1− x)La 3

2
Ca 1

2
MnO3/xCuO [21]. However, the mag-

netic properties of spin-3/2 Blume–Capel model has been
studied numerically using Monte Carlo simulation where
the oscillation ferromagnetic antiferromagnetic ordering
is observed in Ref. [7].

The purpose of this work is to study, using mean-field
theory and Monte Carlo simulation, the effect of RKKY
interaction on the multilayer transition and magnetic
properties of spin-3/2 and 1/2 Blume–Capel model in
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the bilayer separated by a non-magnetic spacer of thick-
ness (d).

The paper is organized as follows. In Sect. 2, we
present the model and methods. In Sect. 3 we present
the results. Finally, Sect. 4 is reserved for conclusion.

2. Model and methods

A bilayer Ising system ferromagnetic, consisting of two
magnetic blocks A of spin-3/2 and B of spin-1/2 sepa-
rated by a non-magnetic layer of thickness d. The blocks
A and B are formed by N1 and N2 magnetic layers, re-
spectively (Fig. 1). The Hamiltonian of the system is
given by

H = −J
∑

〈i,j〉
SiSj −∆

∑

i

S2
i −

∑

〈p,p′〉
Jpp′

∑

〈i,i′〉
Siσi′

−J
∑

〈i′,j′〉
σi′σj′ , (1)

where Si refers to spin-3/2 with values of ±3/2 and ±1/2

on the block A and σi refers to spin-1/2 with values of
±1/2 on the block B, the

∑
〈i,j〉 and

∑
〈i′,j′〉 runs over all

pairs of nearest-neighbours sites of the blocks A and B,
respectively.

∑
〈p,p′〉 means the summation over all pairs

of layers p (p ∈ block A) and p′ (p′ ∈ block B),
∑
〈i,i′〉

means the summation over axially (with the axis be-
ing perpendicular to the non-magnetic layers) connected
pairs of sites i and i′ in layers p and p′, respectively, and∑

i means the summation over all sites of block A. Jpp′ is
the “RKKY-like” coupling, across the non-magnetic lay-
ers, between the layers p and p′ given by

Jpp′ =
J0

(p− p′)2
cos(kF(p− p′)) , (2)

where kF is the Fermi level, J0 is a magnetic coupling
constant [22] and ∆ is the crystal field on the block A.
The mean-field equations of the magnetization and the
quadrupolar moment of each layer p = 1, . . ., N1 of spin-
3/2 are given respectively by
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3 exp

(
9∆β

4

)
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(
3
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)
+ exp
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∆β
4

)
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(
1
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)
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4
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)
+ 2 exp

(
∆β
4

)
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(
1
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) , (3)
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3 exp

(
9∆β

4

)
cosh

(
3
2β(hp + Rp)

)
+ 2 exp

(
∆β
4

)
cosh

(
1
2β(hp + Rp)

)

2 exp
(

9∆β
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(
3
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+ 2 exp

(
∆β
4

)
cosh

(
1
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) (4)

with
hp = J

∑

j

Sj = J(mp−1 + 4mp + mp+1) , (5)

Rp =
N1+M+N2∑

p′=N1+M+1

Jp,p′mp′ . (6)

Fig. 1. The illustration of the bilayer separated by
non-magnetic layers M .

The mean-field equations of the magnetization of each
layer p = N1 + M + 1, . . . , N1 + M + N2 for spin 1/2 is

given respectively by

mp =
1
2

tanh
(

β

2
(h′p + Rp)

)
, (7)

h′p = J
∑

j′
σj′ = J(mp−1 + 4mp + mp+1) , (8)

Rp =
N1∑

p′=1

Jp,p′mp′ , (9)

β = 1
kBT , kB is the Boltzmann constant, J is the coupling

constant, T is the absolute temperature. The reduced
magnetizations mA and mB of the blocks A and B, re-
spectively, are given by

mA =
1

N1

N1∑
p=1

mp , (10)

mB =
1

N2

N1+M+N2∑

p=N1+M+1

mp , (11)

where mp is the reduced magnetization of a layer p.
Hence, the total magnetization of the system is given by
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mT =
1

N1 + N2




N1∑
p=1

mp +
N1+M+N2∑

p=N1+M+1

mp


. (12)

However, the mean-field reduced free energy of such a
system can be written as follows:

F = −kBT

N1+M+N2∑
p=1

[
log

(
2 cosh

(
β

2
h′p

))

+ log
(

2 exp
(

β

2
∆

)
cosh

(
3β

2
hp

)
+ cosh

(
β

2
hp

))]

+
1
2

N1+M+N2∑
p=1

[
J(mpmp−1 + 4m2

p + mpmp+1)

+
N1+M+N2∑

p=N1+M+1

Jpp′mpmp′ +
N1∑

p′=1

Jpp′mpmp′

]
. (13)

Using Monte Carlo simulation (Metropolis algorithm)
we have computed the total magnetic susceptibility of
the system given by

χ =
1

kBT
Ns

(〈m2
T〉 − 〈mT〉2

)
, (14)

where Ns is the number of spin in each layer.
We performed Metropolis single-spin-flip Monte Carlo

simulations [23, 24] on our model. Figure 1 has dimen-
sions Lx×Ly×Lz, with Lx = Ly = 32 and Lz is the total
number of magnetic and non-magnetic layers. Periodic
boundary conditions are applied in the lateral (x and y)
directions and free boundary conditions in the z direc-
tion. The flipping attempt was made for every spin on
the lattice sites in sequence. At each temperature, 6×103

Monte Carlo steps (MCS) have been discarded for equili-
bration before averaging the physical quantities over the
following 3× 104 MCS.

3. Results and discussion

3.1. Ground state (T = 0 K)

The ground state (∆/J , d) phase diagram of the model
(Fig. 1) obtained for N1 = N2 = 3, kF = 0.25, J = 1
and J0 = 8, presented in Fig. 2, shows the existence
of two ground state configurations ((3/2)3, (1/2)3) and
((3/2)3, (−1/2)3) alternates between each vertical line
for all values of crystal field (∆). Moreover, this ground
states phase repeats on intervals of length period (L =
2π/kF). In the particular case the values of this period
is around of 25.142, where the spins of the sites of all the
blocks A and B are all equal to 3/2, 1/2 or 3/2, −1/2
respectively.

3.2. Study at T > 0 K

First of all, we shall define the phases that we have
encountered when investigating this system:

A (O) B (O): the two magnetic blocks A and B are
ordered. A (O) B (D): the magnetic block A is ordered

Fig. 2. The ground state phase diagram of the bilayer
spin-3/2 and spin-1/2 Ising model for: N1 = N2 = 3,
kF = 0.25, J0 = 8, J = 1.

and the magnetic block B is disordered. A (D) B (D):
the two magnetic blocks A and B are disordered.

In this section, we have studied the effect of RKKY
interaction (by varying the non-magnetic spacer of thick-
ness d) and the crystal field on the transition tempera-
ture and the magnetic properties of the magnetic layers
(blocks A and B). So that seeing the influence of the crys-
tal field on the transition temperature of model (Fig. 1),
we have studied, using mean-field theory, the behaviour
of the magnetization as a function of the temperature for
different values of ∆ (crystal field on the block A) for
N1 = N2 = 3, kF = 0.25 and d = 3.

Fig. 3. The dependence of the magnetization as a func-
tion of the temperature for N1 = N2 = 3, kF = 0.25,
J0 = 8, J = 1: (a) several values of ∆ and (b) several
values of d (the non-magnetic layer thickness).

It has been observed that the transition temperature of
two blocks TA

c and TB
c increase on increasing the crystal

field ∆ (Fig. 3a). Moreover, Fig. 3b shows that the tran-
sition temperature of the multilayer transition decreases
on increasing the thickness of non-magnetic layers d, for
sufficiently large values of d (d = 3).
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Fig. 4. The behavior of the critical temperature ac-
cording to the crystal field for several values of d (the
non-magnetic layer thickness) for N1 = N2 = 3, kF =
0.25, J0 = 8, J = 1: (a) d = 3, (b) d = 1. D and O
indicate disordered and ordered ferroagnetic phases, re-
spectively.

The multilayers block A and block B exhibit an order-
-disorder transition at different critical temperatures (i.e.
the two magnetic blocks A and B transit separately)
(Fig. 4a). For small thickness of the non-magnetic spacer
d (d = 1), the multilayers block A and block B exhibit
an order-disorder transition at the same temperature (i.e.
TA

c = TB
c , the two magnetic blocks A and B transit si-

multaneously) (Fig. 4b). Indeed, due to small thickness
of the non-magnetic spacer d the RKKY interaction be-
comes strongly dominant in comparison with the ther-
mal fluctuations and then the magnetism in block B is
reinforced by the magnetism of block A via RKKY inter-
action. Moreover, by using Monte Carlo simulation (the
Metropolis algorithm), we have studied the total mag-
netic susceptibility and the magnetization of the blocks A
and B. It is found that the susceptibility exhibits only one
peak at the transition temperature for small thickness of
the non-magnetic spacer (d = 1.5), where the RKKY
interaction is more important than the thermal fluctua-
tions.

Then the magnetic blocks A and B exhibit an order-
-disorder transition at the same temperature (Fig. 5a). In
the case of a sufficiently large non-magnetic spacer, the
thermal fluctuations become more important than the
RKKY exchange interaction, and the magnetism of the
system is governed by the competition between crystal
field and thermal fluctuations. However, the multilayers
block A and block B exhibit an order-disorder transition
at different critical temperatures. Indeed, for d = 4, the
susceptibility presents two peaks at two different critical
temperatures. The first peak (TB

c = 1.02) corresponds
to the transition of the magnetic block B, while the sec-
ond peak (TA

c = 5.67) corresponds to the transition of

Fig. 5. The dependence of the susceptibility and mag-
netization as a function of the temperature obtained
within Monte Carlo simulation, for N1 = N2 = 3,
kF = 0.25, J0 = 8, J = 1, ∆ = 1: (a) d = 1.5, L = 25
and L = 32; (b) d = 4, L = 25 and L = 32.

the magnetic block A (Fig. 5b). These results are qual-
itatively in good agreement with those obtained within
MFT.

However, in Fig. 6a and Fig. 6b, we have plotted the
variation of the transition temperature of the multilayer
transition as a function of non-magnetic layer thickness
within mean-field theory, and in Fig. 6c within Monte
Carlo simulation. It is clear that we have three phases of
the system for different values of d:

— First phase A(O) B(O): the two magnetic blocks A
and B are ordered ferromagnetically or antiferromagnet-
ically depending on the thickness of the non-magnetic
spacer accordingly with the RKKY coupling oscillations.
This is qualitatively in good agreement with experiment
results obtained in Ref. [20];

— Second phase A(O) B(D): the magnetic block A is
ordered and the magnetic block B is disordered;

— Third phase A(D) B(D): the two magnetic blocks A
and B are disordered.

Moreover, the multilayer transition, where A and B
transit separately from the ordered phase to the disor-
dered one, occurs above a certain non-magnetic layer
thickness (dc). This is qualitatively in good agreement
with results obtained in Ref. [7], but quantitatively we
have found that the critical thickness dc = 1.85 (Fig. 6a)
is lower than the one obtained for spins-3/2 Blume–Capel
model (dc = 5) in Ref. [7]. Moreover, the critical thick-
ness of non-magnetic spacer above which the two mag-
netic multilayers transit separately is dc = 1.44 within
mean-field theory (Fig. 6b) and dc = 2.99 within Monte
Carlo simulation (Fig. 6c). However, it is clear that the
critical thickness from Monte Carlo is twice large as the
one determined by MFT. On the other hand, for mean
field (Fig. 6b), the curves TA

c (d) and TB
c (d) separate at
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Fig. 6. The behavior of the transition temperature ac-
cording to the non-magnetic layer of thickness d for
J = 1, ∆ = 1: (a) and (b) correspond to mean field
theory with N1 = N2 = 5, kF = 0.085, J0 = 1
and N1 = N2 = 3, kF = 0.25, J0 = 8 respectively,
while (c) correspond to Monte Carlo simulation with
N1 = N2 = 3, kF = 0.25, J0 = 8.

the critical dc and change continuously. On the con-
trary, the phase diagram presented in Fig. 6c shows that
the critical temperature of the block B TB

c changes dis-
continuously at the critical thickness dc. This is due to
the fact that the Monte Carlo simulation takes into ac-
count the correlation between the spins of the blocks A
and B. However for sufficiently large thickness (d > dc)
the correlation between blocks A and B becomes neg-
ligible and then the two blocks transit separately, while
the mean field approximation neglects all correlations be-
tween spins. Thus by using Monte Carlo, we need very
large thickness of non-magnetic spacer to decouple mag-
netically the two magnetic blocks.

To illustrate the jump of the critical temperature TB
c

of the block B as a function of the thickness d of the non-
-magnetic spacer, we have plotted, in Fig. 7, the mag-
netizations and magnetic susceptibility of the system in
the case of a thickness (d = 2.95) slightly smaller than dc

(Fig. 7a) and the case of a thickness (d = 3) slightly
greater than dc (Fig. 7b). It is clear that the two blocks
transit at the same temperature for d < dc, while for
d > dc the two blocks transit separately. This is in good
agreement with the phase diagram established in Fig. 6c.

4. Conclusions

In this work, we have applied MFT and Monte Carlo
simulation to the study of the magnetic properties of

Fig. 7. The dependence of the susceptibility and mag-
netization as a function of the temperature obtained
within Monte Carlo simulation, for N1 = N2 = 3,
kF = 0.25, J0 = 8, J = 1, ∆ = 1: (a) d = 2.95, L = 32,
(b) d = 3, L = 32. The inset in (b) is given in large scale
to show better the transition associated to the block B.

spin-3/2 and 1/2 Blume–Capel model in the bilayer
separated by a non-magnetic spacer of finite thickness.
We have shown that the transition temperature of mul-
tilayer transition depends strongly of the thickness of
the non-magnetic spacer and/or the crystal field. We
have shown the existence of a critical thickness of non-
-magnetic spacer above which the magnetic multilayer
transit separately. Below this critical thickness the sys-
tem exhibits a ferromagnetic antiferromagnetic ordering
oscillation depending on the value of the thickness of the
non-magnetic spacer. The critical thickness computed by
Monte Carlo simulation is lower than the one obtained
within mean-field approximation.
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