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In this paper there is presented the mechanical behavior of the one lead–zirconate–titanate by its atomic
number and its certain mechanical behavior is simulated by the mathematical modeling and ABAQUS software for
smart materials, as well as prediction of mechanical behaviors. Also in this smart material (Pb–Zr–Ti) the grain
size according to molar ratio is studied. This mechanical behavior is modeled by the exponential and polynomial
formula from one to ten degree. Next there are defined the new relations for mechanical behavior and composition
weight ratio, between composed elements for triplex lead–zirconate–titanate and dual smart materials. Triplex
lead–zirconate–titanate has been selected as main and important material for the development of smart structures.
In addition, the relation between atomic number and weight ratio in one smart material (Ni–Ti) is investigated
briefly. In this work, change of resistance and voltage, pressure, grain size, molar ratio, residual stress, content of
zirconate and the other mechanical properties are studied.

PACS: 31.15.–p, 31.10.+z, 32.10.–f

1. Introduction

Lead–zirconate–titanate (PZT) ceramics, having var-
ious Pb–Zr–Ti molar ratios ranging from 0.85 to 1.04,
have been sintered at 900–1200 ◦C for 2 h to investigate
the change in photovoltaic properties, as well as grain
size. The residual stress of multilayer’s in piezoelec-
tric microelectromechanical system structures influence
their electromechanical properties and performance [1].
This paper explains the development of residual stress
in 8 µm Pb(Zr0.25Ti0.75)O3 for microsize. Uniform illu-
mination of homogeneous noncentro-symmetric crystals,
as well as polarized ferroelectric polycrystallines, gen-
erates a steady-state electric current. Under an open-
-circuit (OC) condition, photovoltaic current can produce
a high voltage that noticeably oversteps band gap ener-
gies without external fields. In this paper, we investi-
gate and present the experimental results on the pho-
tovoltaic effect in PZT ceramics by parameters changes.
Then mathematical modeling is presented, diagrams and
curves show the mechanical behaviors, new formulation
with respect to atomic number, and relative simulations,
and next the composition’s ratio of some smart struc-
tures to compose and mix to make of one smart materials
(SMA) is defined [2–4].

∗ corresponding author; e-mail: Vahid_monfared_57@yahoo.com

2. Mathematical modeling
for experiment results

Models and patterns of PZT ceramics were prepared by
the conventional solid-state reaction process. In Fig. 1,
Pb(Zr0.25Ti0.75)O3 was chosen as the basic composition,
for which molar ratios of PZT in the samples were modi-
fied to range from 0.85 to 1.04 by adjusting the weights of
the raw materials. Crystalline phases formed were iden-
tified by a powder X-ray diffraction technique (XRD).
Scanning electron microscopy (SEM) was used to exam-
ine the microstructures of the samples that were ground,
burnished and then chemically etched with 10% HBr so-
lution containing several drops of 50% H3PO4 in 100 ml
of 10% HBr. Average grain size was computed by calcu-
lating the equivalent circular sizes of about 150 grains on
the SEM micrographs of each pattern. Figures 1, 2 show
the grain size with respect to molar ratios, photovoltaic
properties of PZT ceramics having different Pb–Zr–Ti
molar ratio. The photovoltaic current enhanced quickly
when the molar ratio was smaller than 1.00. The photo-
voltaic effect diminished once between the molar ratios
of 0.94 and 1.00, but enhanced subsequently to show a
dispersed distribution when the molar ratio was smaller
than 1.00.

This result shows that the enhanced photovoltaic effect
in PZT ceramics with nonstoichiometric composition is
not obvious and is not only due to grain size. The fol-
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Fig. 1. Burnished and etched surfaces of PZT ceram-
ics sintered at 1200 ◦C for 2 h observed by SEM as a
function of molar ratio.

Fig. 2. PZT molar ratio (Pb–Zr–Ti).

lowing Fig. 2 shows that the relation between molar ratio
and grain size.

Figure 2 shows the variation of the average grain size
with the molar ratio of PZT ceramics. The average grain
size exhibited a trend to abate with diminishing molar
ratio from 1.04 to 0.85, but a less consistent result was
obtained between molar ratios of 0.94 to 1.00. In this
range, the grain size becomes once large, reaching a max-
imum at the molar ratio of 0.95. Also, we have a large
shift in grain size between 0.96 and 1.00 that is due to
growth of grain. Now, in this work, the mathematical
model for mechanical behavior of PZT is presented, that
is

AGS =
[− 13(MR)4 + 50(MR)3 − 71(MR)2

+45(MR)− 11
]× 103, (2.1)

where AGS is average grain size in µm and MR is molar
ratio. This relation is closed to the mechanical behavior
of mentioned PZT. Now there is presented the mathe-

matical model for relations between change in resistance
with a change in pressure and time. These samples after
fabrication and production were subjected to analytical
and electrical characterization. The fabricated samples
are characterized with respect to pressure. They are sub-
jected to different pressures and the electrical resistance
is measured in each case. The initial resistance of fabri-
cated material is around 5 MΩ [5, 6].

These presented diagrams and results in PZT’s are col-
lected from results and experiments of this project and
the other paper researches that these results are the same
as in many PZTs.

Now the mathematical models are presented for me-
chanical behavior of PZT, first for relation between
resistance and pressure in state of dynamic pressure,
Figs. 3a, b, that is

Pd = 39R5
d − 100R4

d + 92R3
d − 32R2

d + 1.5Rd + 5 ,

(2.2)
and by exponential

Pd = exp(−0.195Rd + 1.568), (2.3)

where Rd, Rs are dynamic and static resistances (MΩ)
and pressure Pd is in MPa units. Then the mathematical
models are presented for mechanical behavior of PZT, for
relation between resistance and pressure in state of static
pressure, Figs. 3c, d, that is

Ps = −35R5
s + 97R4

s − 99R3
s + 46R2

s − 10Rs + 5, (2.4)

and by exponential

Ps = exp(−0.164Rs + 1.53), (2.5)

where these formulations are obtained by programming
and coding in Matlab software. Ps is static pressure.
Next the mathematical modeling and simulations are pre-
sented for explanation and analyzing mechanical behav-
ior of PZT for investigation of variation in initial resis-
tance after storage at 130 ◦C for 800 h for pressure sensi-
tive devices based on phase transformation, Fig. 4a.

The mathematical modeling in form of polynomial is

R [MΩ] = −0.00013T + 5 , (2.6)

and the exponential form is

R = exp(−0.000047T + 1.61) , (2.7)

where R is resistance (MΩ) and T is time (h) shown in
Fig. 4b. Variation in residual stress (MPa) in mentioned
PZT with respect to time (h) showed stress relaxation as
seen in Fig. 5.

Stress relaxation in PZT can be explained by either
structural changes or adsorption of moisture into the
compound of PZT through the grain boundaries [7].

For structural relaxation, as the stress itself is the driv-
ing force, a change in the sign of the stress will not occur.
Next the mathematical modeling for mechanical behavior
is presented [8].

According to Fig. 5, the mathematical modeling for the
relation between residual stress (MPa) and time (s) is
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Fig. 3. (a) Variation in resistance with change in dy-
namic pressure. (b) Mathematical modeling and vari-
ation in resistance with change in dynamic pressure.
(c) Variation in resistance with change in static pres-
sure. (d) Mathematical modeling and variation in resis-
tance with change in static pressure.

Fig. 4. (a) Variation in initial resistance after storage
at 130 ◦C for 800 h for pressure sensitive devices based on
phase transformation. (b) Mathematical modeling and
simulation of mechanical behavior resistance by time
after storage at 130 ◦C for 800 h for pressure sensitive
devices based on phase transformation.

Fig. 5. Residual stress of PZT as a function of time by
stress changes with time from tensile to compressive.

Fig. 6. Mechanical behavior and simulation of residual
stress as a function of deflection/thickness ratio by using
the full range of load deflection data.

Fig. 7. Change of voltage for different Zr content.

R = 0.0000000066T 2 − 0.0015T + 36 (2.8)
and

R = −0.00085T + 31 . (2.9)
The mechanical behavior simulation for a one PZT de-
vice (smart material) with diameter and thickness about
1 mm and mathematical modeling according to Fig. 6, is

R̂ = 0.0025Z6 − 0.09Z5 + 1.3Z4 − 8.8Z3 + 31Z2

− 49Z + 110 , (2.10)
where R̂ is residual stress in MPa and Z = deflection

thickness .
The gas sensitivities for the PZT films with different

Zr/Ti ratios were also characterized by the I–V measure-
ment. Figure 7 shows the turn on voltage shift versus the
Zr content in the PZT films measured at 1000 ppm hy-
drogen gas diluted in air. Figure 7 shows the mechanical
behavior and simulation of a one PZT (smart material),
also this figure presents relation between Zr content and
change of voltage.

The mathematical modeling and formulation is
CoV = 0.0000000052(Zr)5 + 0.0000013(Zr)4

− 0.0001(Zr)3 + 0.0016(Zr)2 + 0.07(Zr) + 0.6 ,

(2.11)
where CoV is change of voltage and Zr is zirconate
content.
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3. Relation between atomic number
and mechanical behavior of PZT

Now, relation between atomic number and resistance
and dynamic pressure, Figs. 3a, b, is presented

Rd = exp
((−Z3 + T 2 + TP

TZ2 + PZ2

)
Pd

+
PT − ZP − TZ

P

)
, (3.1)

where Z is atomic number of zirconate, T is atomic num-
ber of titanate and P is atomic number of lead. Atomic
numbers of zirconate, titanate and lead are 40, 81 and 80,
respectively. That is, the mechanical properties of PZT
(resistance (Rd) and dynamic pressure (Pd)) have signif-
icant and logical relation with atomic numbers (Z = 40,
T = 22, P = 82 in above formulation). Therefore, we can
predict the mechanical behavior in each point by relations
(2.1)–(3.1). For example, according to Eq. (2.11), we can
determine change of voltage (CoV) in point of 10.13%
(zirconate content) without any experiment. The other
relation and formulation for the one PZT for the triplex
(three elements) PZT, can be of the following form:

2t+2A tB
t
2+2C = one smart material (PZT) , (3.2)

where A, B and C are the three elements (triplex ele-
ments) and t is the atomic number of element B, also
2t + 2 and t

2 + 2 are the atomic number of A and C ele-
ments. For example for t = 40 it is

82A 40B 22C = 82Pb 40Zr 22Ti . (3.3)

4. Relation between atomic number and weight
ratio in triplex PZT and dual (SMA, suitable
recovered strain) in order to high performance

According to the above formulation, that is,
2t+2A tB

t
2+2C the new relation between the atomic num-

ber and composition weight ratio of one PZT may be
presented. According to the mentioned relations, t is the
atomic number of B element. Therefore the mathemati-
cal modeling for weight ratio of PZT is

content of element(C) = CoE3(C)%

=
sum of atomic numbers of elements B and C

atomic number of element A

=
3t
2 + 2
2t + 2

, (4.1)

content of element(B) = 1− CoE3(C) = CoE3(B) ,

(4.2)

where number 3 in CoE3 is symbol of triplex. For exam-
ple, for Pb–Zr–Ti we have

CoE3(B)% ≈ 0.25 ⇒≈ 25%Zr ⇒ CoE3(C) ≈ 0.75

⇒≈ 75%Ti .

Fig. 8. ABAQUS simulation of composition of dual
SMA, Ni78Ti22 in state of Mises stress analysis in addi-
tion to thermal loading.

Fig. 9. ABAQUS simulation of composition of dual
SMA, Ni78Ti22 in state of Mises stress analysis with
thermal loading.

Therefore, according to the mentioned relation,
Pb(Zr0.25Ti0.75)O3 is the ideal and suitable composition
in order to high performance for PZT.

In addition, one formulation for dual and twin SMA
with high performance and suitable recovered strain is
presented. This formulation is

content of basic element(%) = COBE2(X)

=
atomic number of added element
atomic number of basic element

× 100 . (4.3)

For example, to dual elements, if we have two elements
X, Y with atomic number of x, y and X is basic element,
that is

atomic number x X atomic number y Y ,

content of basic element(%) =
y

x
× 100% ,

content of element(Y) = COE2(Y)

= (1− COBE2(X))× 100% , (4.4)

where number 2 in COBE2(X) is symbol of dual and
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Fig. 10. ABAQUS simulation of composition of dual
SMA, Ni78Ti22 in state of maximum principal analysis
with thermal loading.

twin. Also, the following simulations with ABAQUS soft-
ware justified the above formulations for smart materials
(SMA), Figs. 8–10 and recovered strain is almost 7%.

5. Conclusions

• Relation between atomic number and resistance
and dynamic pressure (mechanical behaviors) in
PZT (triplex elements), is presented. Relation be-
tween atomic number and weight ratio in triplex
PZT and dual SMA (suitable recovered strain) in
order to high performance is studied and presented.

• Mathematical models and simulation (MATHE-
MATICAL & ABAQUS) for mechanical properties
and prediction of mechanical properties for PZT is
investigated and presented. Relation between mo-
lar ratio and grain size is investigated.

• The photovoltaic effect in PZT (smart material)
has been verified with various molar ratios of
Pb–Zr–Ti ranging from 0.85 to 1.04. The results
show that several factors, such as zirconate content,
molar ratio, secondary phase, and grain size should

be considered to obvious understanding of the pho-
tovoltaic change. It has been verified and studied
that the sensitivities of the turn on voltage changes
in dc I–V curves is closely dependent on different
zirconate content and hydrogen concentrations.

• Characterizations of resistance change by dynamic
and static pressure-sensitive in smart-materials
based on phase transition have been presented and
discussed.

• Feeble and weak hysteresis free response is ob-
served. Devices under static and dynamic pres-
sures were prepared and the results were justified
the same.
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