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The influence of nonlinear Kerr-like medium on the phenomenon of entanglement sudden death and birth
in a double Jaynes—-Cummings model is investigated. It is shown that the entanglement sudden death and
birth phenomenon may appear in this system and the duration of entanglement sudden death and birth can be
controlled by the nonlinear Kerr-like medium. Particularly, the phenomenon of entanglement sudden death and
birth disappears one after another if we increase the value of the Kerr coefficient y continuously, and all disappears

if the value of the Kerr coefficient x is large enough.

PACS: 03.65.Ud, 03.67.—a, 03.67.Mn

1. Introduction

It is well known that the entanglement is a special
quantum correlation and has been viewed as an indis-
pensable resource in quantum information processing
[1-5]. The cavity quantum electrodynamics system offers
a useful tool to generate entangled states [6] and manipu-
late entanglement. It can be used to create the entangle-
ment between atoms in cavities and establish quantum
communications between different optical cavities [7-9].

Control of the evolution of the qubit entanglement
is one of the challenges of realizing quantum informa-
tion processing. The entanglement dynamics of qubit
pairs have attracted much attention [10-18| since Yu
and Eberly [10] pointed out that the entanglement be-
tween two qubits interacting with uncorrelated reservoirs
may disappear within a finite time during the dynam-
ics evolution. This phenomenon, called entanglement
sudden death (ESD) has been observed in the experi-
ments [19, 20]. Recently, the quantum dynamics of a
system consisting of two cavities interacting with two in-
dependent reservoirs has been studied [21]. It is shown
that ESD in a bipartite system independently coupled
to reservoirs is related to the entanglement sudden birth
(ESB) [15, 16] and the ESB could occur after, together,
or even before ESD.

In this paper, we investigate the entanglement dynam-
ics of a double two-photon Jaynes—Cummings model with
an added nonlinear Kerr-like medium. Initially, the two
atoms are prepared in the extended Werner-like states
and the cavity field is prepared in the vacuum state. It is
shown that the ESD and ESB phenomenon may appear
in this system and the duration of ESD and ESB can
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be altered by the nonlinear Kerr-like medium. In addi-
tion, the amount of the entanglement of the atoms or the
other bipartite partitions of the system can be obviously
altered by applying nonlinear Kerr-like medium. Partic-
ularly, the phenomenon of ESD and ESB disappears one
after another if we increase the value of the Kerr coef-
ficient x continuously, and all disappears if the value of
the Kerr coefficient x is large enough.

2. The influence of nonlinear Kerr-like medium
on the entanglement sudden death
and sudden birth

We consider the system consisting of two noninteract-
ing two-level atoms, each atom is trapped inside a single-
-mode optical cavity which is filled with a nonlinear Kerr-
-like medium (see Fig. 1). The Hamiltonian of the whole
system can be written as [22]:

2
w
H= Z [wca:fai + ?aaf + Xa?af
i=1

+ g(a?g{ + a?aj)} , (1)

where a! and a are the creation and annihilation opera-
tors of the cavity mode, 0% and o* are the atomic opera-
tors, w, is the atomic transition frequency, g is atom-field
coupling constant and y is the Kerr coupling constant.
For simplicity, we consider the resonance case and set
h =1 in this paper.

For a bipartite system, there are some effective and
equivalent methods for measuring of the entanglement,
such as log-negativity, entanglement entropy, concur-
rence and so on. In this paper, we adopt the concur-
rence [23] to quantify the degree of entanglement. For
two qubits, the concurrence can be defined as

(390)
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Fig. 1. Schematic diagram of the system which is in-

vestigated in the present paper.

Clp) = max{0, VA = Ve = Vs = Vi), ()

where the \; (i = 1,2,3,4) are the eigenvalues in a de-
creasing order of the magnitude of the “spin-flipped” den-
sity matrix operator R = p(o, ® o)p*(0, ® 0y,) and oy
is the Pauli Y matrix, p* is the complex conjugate of p.
Particularly, for a density matrix of the form

a 0 0 f
0 b eo

P 3
0 e c 0| (3)
0 0d

called “X states”, where a + b+ ¢+ d = 1. The concur-
rence can be easily computed as [24]:

C’(p)szax{O,|e|—\/@,|f|—\/l;}. (4)

Next, we study the influence of the nonlinear Kerr-
-like medium on the entanglement sudden death and sud-
den birth in this system. We assume the initial states of
the two atoms are prepared in the extended Werner-like
states and the two cavities are prepared in vacuum states.
The extended Werner-like states are defined by [25]:

1—1r
4
1—r

pa(0) =r|®)(P|+

I,

pw(0) =r|@)(¥]+ I

|®) = plge) + vleg),
| ) = ulgg) + vlee), (5)

where r is a real number which indicates the purity of
initial states, for » = 0 the extended Werner-like states
become totally mixed states, while for r = 1 they are
the well-known Bell states. I is a 4 x 4 identity matrix,
p and v are complex numbers with |u|? + |v|? = 1, |e)
and |g) are the excited and ground states of the two-level
atom.

We first consider that the density matrix of the whole
system at t = 0 is

P(0) = p3(0) @ [0)e;e, (0] ©10)ese, (O] - (6)

It is not difficult to find that the density matrix of the
system at time ¢ is
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1—1r

p(t) = — = [A5()]e€)aras 00)c, e,

+ Ao (1) Bo(t)|eg)araz102)er e,

+ Bo(t) Ao ()|9€)aya5120) ey s

+ B3(1)]99)ara 122) ercs ) [AG2 (£)(€€laras (00]cyc,
+ A5 (1) B5 (1) (eglayaz (02]ey e

+ B (1) A5 (1) (g€l ayas (20]cy e

+ BSQ<t) <gg‘a1a2 <22|6162]

# (4 277 ot eghason 00

& Bol0)199)0110/20) 102 ] [450) (0l 00y
+ B3 (0)(90 s (201

o [Ag(8)leg) oyl 00}

+ Bol0)199) 01102} xes] [450) (g6l s (00
4 B ()90 (021

o [Ag(8)l96) 000}

+ Bo0)l99) 110102} vc2) [450) (0loss (00

+ Bg(t) (99ayas <20|clc2]

1—7r
(1l 4 250 ) [Aa(0lgE)orl 00
+ Bo(t)|gg>a1a2‘02>c152] [Ag(t)<ge|a1¢12 <00|C162
+Bg(t)<gg|a1az <O2|C102]

1—1r
+ T|gg>a1a2‘00>0102 <gg‘a1a2<00|0102 ’ (7)
with
Ap(t) = exp(—ixt) [cos(()t) + % sin(Qt)} ,

By(t) = exp(—ixt) [—1\/59;111(975)

where 2 = 1/2g2 + x2.

Tracing over the degrees of the freedom of cavities, we
obtain the reduced density matrix of atoms a; and as:

1—r
Payas(t) = 1 [|Ag(t)‘2|ee>a1a2 (e€laras

, (®)

+ |A0(t)Bo(t)|2‘6g>ala2 <eg|a1a2

+ |A0(t)BO(t)|2‘ge>a1a2 <g€|a1a2
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+ ‘Bg(t)‘2|99>a1a2 <99|a1a2}

1—r
) 1A0(OPleghasos cslo

+ ‘Bo(t)‘2‘99>ala2 <gg|a1a2]

+ (rll/l2 +

+rop* [|A0(t)\2|eg>a1a2 <ge|a1az}

+ruv” [|A0(t)‘2|96>a1a2 <69|a1a2}

1—7r
) o0 Plg)osgchne

+ ‘Bo(t)‘2‘gg>a1az <gg|a1a2]

+ (r|u|2 +

1—r
+ T|gg>a1a2 <gg|a1a2 ) (9)

which leads to the explicit expression of concurrence of
the above density matrix,

1—r
Caros(®) = 2max {0, Il | A0(0 — /2 140(0)

<[ oR + (b L i

+(r|u2+T>|Bo<t>|2+1;’“r/2}. (10)

Similarly, the reduced density matrix of two cavities
can be calculated as

1—r
4

+ ‘Ao(t)BO(t)‘2|02>Clcz <02|6162

Pcicy (t) = [|Ag(t)|2|00>0102 <00|0102
+ ‘Ao(t)Bo(t)‘2|20>5152 <20|0102

+ B3 ()17 [22)erc, (22]es e,

1—1r

# (P + ) [A)P100) sy 00
+ ‘Bo(t)‘2‘20>0102 <20‘0102}
+rvp* [|BO(t)|2|20>6162 <O2|clcz]

+ ruy* [|B0<t)|2|02>0162 <20|6162]

1—r
+ (7“|;JJ|2 + 1

) (14052100} (00

+ ‘Bo(t)‘2‘02>6162 <02‘0102}

1 —
4
and the concurrence is given by

1—r
Cevs(t) = 2 {0, [ Bo(o)? — /27 1B

r
+ |00>01€2 <00|C162 ) (11)

r
4

< [”|A§<t)|2 4 <r|u|2 "

; )ato?

1—r

y >|A0(t)|2 - 47’] 1/2}. (12)

In Fig. 2, we plot the evolution of concurrence between
the two atoms Cy, 4, (solid line) and the two cavities C., ¢,
(dotted line) for different values of the Kerr coefficient y
with 7 = 2/3, |u|? = 1/12, [v|* = 11/12 and g = 1.
We can see that the concurrence Cl,,, disappears sud-
denly and the concurrence C¢,., appears suddenly dur-
ing the dynamics evolution, which means that the ESD
(solid line) and ESB (dotted line) appears in this sys-
tem. The ESD and ESB phenomenon demonstrate that
the entanglement contained initially in the atom—atom
subsystem is transferred to the cavity—cavity subsystem.
By requiring that Cy142(tgsp) = 0 and Ceyea(tgsg) = 0
in Egs. (10) and (12), respectively, we can obtain the
times for which ESD and ESB occur

t _1 arcsin Q 16r2juv? — (1 = r)”
) g\ 20-n@B+r) )

1 (2 2(1 —r —4r2uv)?)
lEsB = Qarcsm(g\/ T—1B+r ), (13)

where 2 = 1/2¢g%2 + x2. From the above formulae, it
is not difficult to find that the times for which ESD
(tesp) and ESB (tgsp) occur and the amount of en-
tanglement between two cavities could be altered by ad-
justing the Kerr coefficient y and the parameters of the
initial states. Furthermore, from the above relations
one can learn that the phenomenon of ESD occurs for
(14 4luv))™t <r < (/1 +16[pv|? — 1)/(8|uv|?) in the

case of the Kerr coeflicient x = 0.

+<rlu2 +

In Fig. 3, we plot the evolution of two-qubit concur-
rence Cy,q, (solid line) and C.,., (dotted line) for dif-
ferent values of the Kerr coefficient y with r = 2/3,
lu> = 1/6, |v|> = 5/6 and g = 1. Comparing with
Fig. 2, we can see the times for which ESD (tgsp) and
ESB (tgsp) occur depending on the parameters p and v.
In the case of |u|? = 1/12 and |v|?> = 11/12, tgsp < tEsB,
namely, ESD appears before ESB. Nevertheless when
|u? = 1/6 and |v|*> = 5/6, tgsp > trsp, namely, ESD
appears after ESB. Again, the duration of ESD and ESB
and the amount of entanglement between two cavities
can be altered by adjusting the Kerr coefficient y. Par-
ticularly, from the part (c) of Fig. 2 and Fig. 3, we can
find that the phenomenon of ESD and ESB disappears
one after another if we increase the value of the Kerr co-
efficient x continuously. In the part (c¢) of Fig. 2, the
ESB disappears earlier than ESD. But in the part (¢) of
Fig. 3, the ESD disappears earlier than ESB. This means
that the phenomenon of the ESD and ESB can be con-
trolled by adjusting the Kerr coefficient x and disappears
one after another. The phenomenon of ESD and ESB all
disappears if the value of the Kerr coefficient y is large
enough. The physical explain is that in the case of g < ¥,
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Fig. 2. Evolution of two-qubit concurrence Cqa,
(solid line) and C.,., (dotted line), for the initial state
of atoms p4(0) with r = 2/3, |u|*> = 1/12, |v|* = 11/12
and g = 1. (a) x = 0; (b) x = 0.7; (¢) x = 1.5
(d) x =2.5.
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Fig. 3. Evolution of two-qubit concurrence Coq;as,
(solid line) and C¢, ., (dotted line), for the initial state
of atoms p(0) with r = 2/3, |u|*> = 1/6, |v|*> = 5/6 and
g=1. (a) x=0; (b) x =0.7; (¢) x =1.5; (d) x = 2.5.

the Ap(t) and By(t) approximately behave as when g = 0,
which refers to the situation in which the atoms would
not interact with the cavities. Of course, without in-
teraction no flow of entanglement can occur among the
different partitions and hence no ESD and ESB.

In the following, we assume that the initial states of
the two atoms are in the py(0) and the density matrix
of the system at ¢t = 0 reads

p(0) = pw(0) @ 10)c,e, (O] @ [0)cye, (O] - (14)
A similar calculation shows that the density matrix of
the system at time ¢ is

pl0) = (VP + ) [ABOlec)osl 0}

+ Ao(t)Bo(t)[€g)aras02) ¢, e,

+ Bo(t) Ao (t)|9€) araz [20) e c

+ B3 (1)[99)ara2122) ercs ] [A57 (£) (€€l ayas (00]cy e
+ A5 (8) B (t){eglaras (02lcsc,

+ B5(t) Aj(t)(9€laras (20]cycs

+ B52(t)(991araz (22]csc.]

1—r
+

[AU (t) |eg>a1a2 |00>0102
+ BO (t) |gg>a1(l2 ‘20>0102] [AS (t) <eg|(l102 <00|0102
+ BS (t) <99|a1a2 <20|c1<:2]

1—r
+

[Ao(t)|ge>a1a2|00>0102
+ By t)|99>a1a2‘02>0102] [AO ){g€laras (00]c,e,

+ Bg(t) <gg|ala2 <02|0102]

(157 10901001000, 00 00
o [A3(Dlehose, 00,

+ Aoft)Bo(B)e)ares 02)rc

+ Boft) Ao(8)06)ares 20)erc

+ B3 (1)99)ara2122)eres ] (99]aras (00 ez

1 19801001000y 5 [AG22) (el D0l
FAGB (1) 0l (02l

+ B A gk Dl

+ B32(t)(99lara (22]ercs] - (15)
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Tracing over the degrees of the freedom of cavities, we
obtain the reduced density matrix of atoms a; and ao,

pran(t) = <| " ) (1420116} aran (€Claras

+ ‘Ao(t)Bo(t)‘2|€g>ala2 <eg|a1a2

1—r

+ ‘Ao(t)BO(t)‘2|96>a1a2 <ge|a1a2

+ ‘Bg(t)‘2|gg>a1a2 <gg|a1a2}
1—7r

4

+ ‘Bo(t)‘2‘gg>a1a2 <gg|a1a2]

+

[|A0(t)|2|eg>a1a2 <eg‘ala2

1—r
4
+|Bo(t)*199) araz (99)ay as ]

+

[|A0<t)|2|ge>a1a2 <g@‘a1a2

1—r
i+ (rlu|2 + 4> 199)araz (99]ayas
—|—’I"fok [Ag(t)|ee>a1a2 <gg‘a1a2]
v [A?(4)]99) aras (€€laras ] - (16)

Inserting Eq. (16) into Eq. (4), we find that the explicit
expression of the concurrence between two atoms is

1_
Cu,a,(t) = 2max {O, |ruv||Ao(t)]? — |:<T|l/|2 + 1 T)

0P|

Similarly, the reduced density matrix of two cavities is

1—r
Peica (t) = <TV|2 + 4) [|A8(t)|2|00>6162 <OO|6102

+ ‘Ao(t)BO(t)‘2|02>6162 <02|0102

x |Bo(t) Ao (t)]* + (17)

+ ‘Ao(t)BO(t)‘2|2O>6162 (20[¢y e,

+ (B3 (6)%122) cyc (22l exco]
1—r
4
+ ‘Bo(t)‘2‘20>0102 <20‘0162}
1—r
4
+ ‘BO(t)‘2‘02>6162 <02‘C1C2}

+

[|A0(t)|2|00>0162 <00|6162

+

[|A0(t)|2|00>0102 <00|0102

1—r
+ (T|M|2 + 4> ‘00>c1cz <00‘c1cz

+ TV.U*Bg (t) |22>6162 <OO|C162

+ TNV*Bgz(t)|OO>C1Cz <22|0102 )

and the concurrence is

1—
Ce e, (t) = 2max {O, |7“/WHBO(t)|2 — {(ru|2 + 1 r)

(18)

< |Bo(t) Ao(t) 2 + 1= ’"Bou)?} } (19)

4

In Fig. 4, we plot the evolution of concurrence between
the two atoms C,, 4, (solid line) and the two cavities
Ce,c, (dotted line) for different values of the Kerr co-
efficient x with r = 2/3, |u|?> = 1/6, |v|* = 5/6 and
g = 1. On the one hand, we find that the concurrence
of two atoms Cl,,, disappears within a finite time dur-
ing the dynamics evolution (solid line). On the other
hand, the concurrence of two cavities C., ., appears dur-
ing the dynamics evolution (dotted line), which means
that the entanglement contained initially in the atom-—
atom subsystem flows into the cavity—cavity subsystem.
By requiring that Cy, 4, (tgsp) = 0 and C.,.,(tgsg) = 0
in Egs. (17) and (19), respectively, we can find the times
for which ESD and ESB occur

; 1 ) 22 (4r|pv| +7—1)
= — arccos ——
BSD 0 292 (4rjv|2 —r+1) )’
t L X +
= —arccos| | — =
BSE 0 2g%  2¢? (4rlv]2—r+1)
(20)

where 2 = \/2¢g? + x2. From the above expressions, it is
not difficult to find that the times for which ESD (tgsp)
and ESB (tgsp) occur and the amount of entanglement
between two cavities could be altered by adjusting the
Kerr coefficient y and the parameters of the initial states.
Furthermore, one can see that the phenomenon of ESD
occurs if we choose the parameters of the initial states
to satisfy two inequalities (2|uv| + 1 — 2|v|?)r < 1 and
r > 1/(4|pv|+1) in the case of the Kerr coefficient x = 0.

02 (dr|pv| + 7 — 1))

In Fig. 5, we plot the evolution of two-qubit concur-
rence Cy,q, (solid line) and C.,., (dotted line) for dif-
ferent values of the Kerr coefficient y with r = 2/3,
lu*> = 3/5, [v|> = 2/5 and ¢ = 1. Comparing with
Fig. 4, we can see the times for which ESD (tgsp) and
ESB (tgsp) occur depending on the parameters p and v.
In the case of |u|?> = 1/6 and |v|*> = 5/6, the ESD ap-
pears before ESB, that is, tgsp < tgsg. However, when
lu? = 3/5 and |v|? = 2/5, the ESD appears after ESB,
that is, tgsp > tgsp. Again, the duration of ESD and
ESB and the amount of entanglement between two cav-
ities can be altered by adjusting the Kerr coefficient x.
Particularly, from part (c) of Fig. 4 and Fig. 5, we can
see that the phenomenon of ESD and ESB disappears
one after another if we increase the value of the Kerr co-
efficient x continuously. In the part (c) of Fig. 4, the
ESB disappears earlier than ESD. But in the part (c¢) of
Fig. 5, the ESD disappears earlier than ESB. These re-
sults demonstrate that the phenomenon of the ESD and
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Fig. 4. Evolution of two-qubit concurrence Cqa,
(solid line) and C.,., (dotted line), for the initial state
of atoms py (0) with 7 = 2/3, |u|*> = 1/6, |v|> = 5/6 and
g=1. (a) x=0; (b) x =0.7; (¢) x =1.5; (d) x = 2.5.

ESB disappears one after another if we increase the value
of the Kerr coefficient y continuously, and all disappear
if the value of the Kerr coefficient y is large enough. The
physical reason is similar to the case of two atoms are
prepared initially in the state pg(0).

In order to have an idea of how the entanglement is
shared among the different partitions in the present sys-
tem, we display the bipartite entanglement of a1 ® as,
c1 ® ¢a, a1 ® ¢z, and a1 ® ¢ in Fig. 6 (C@)) and Fig. 7
(C(w)). It can be observed that the concurrence Cq,c,
can exceed zero in the evolution of this system. This im-
plies that the atom a; and cavity co which start uncorre-
lated and do not interact, then become entangled as the
system evolves. From Fig. 6 and Fig. 7, it is worth noting
that in the region where there is no entanglement, there
is, Cayay = Ceies = Caye, = 0, but the entanglement
between atom a1 and its corresponding cavity ¢; (Co,e, )
reaches its maximum value. Furthermore, from Egs. (10)
and (12), we can verify that Cy,a,(t) = 2|uv|A(t) and
Ceye, (t) = 2|uv|BE(t) for the initial state pg(0) when
r = 1. For this case, there are no ESD and ESB, but
nothing similar seems to occur for py(0). Particularly, it
is clear to see that in this case Cy, 4, (t)+Ce, e, (t) = 2|uv|,
which means that the amount of entanglement is con-
served in these two partitions. It is interesting to check
that whether the entanglement appears anywhere else in
this “conservative case” in the further work.

Cle)

0.2
0

Fig. 5. Evolution of two-qubit concurrence Cga,
(solid line) and C¢, ¢, (dotted line), for the initial state
of atoms py (0) with r = 2/3, |u|? = 3/5, |v|> = 2/5 and
g=1. (a) x=0; (b) x =0.7; (¢) x =1.5; (d) x = 2.5.
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Fig. 6. Evolution of the two qubits concurrence for
different bipartite partitions: Ca,a, (solid line), Ce,c,
(dotted line), Cy, ¢, (dot-dashed line) and Cq, ¢, (dashed
line), for the initial state of atoms p4(0) with r = 2/3,
g=1, |u*=1/12, |v|* = 11/12 and x = 0.
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Fig. 7. Evolution of the two qubits concurrence for
different bipartite partitions: Ca,a, (solid line), Ce,c,
(dotted line), Cy, ¢, (dot-dashed line) and Cq, ¢, (dashed
line), for the initial state of atoms py(0) with r = 2/3,
g=1,|uf*=1/3, [v]* =2/3 and x = 0.
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3. Conclusion

In this paper, we investigate the entanglement dynam-
ics of a double two-photon Jaynes—Cummings model with
an added nonlinear Kerr-like medium and show that the
phenomenon of ESD and ESB appears in this system.
The ESD and ESB phenomenon imply that the loss of
entanglement between two atoms is related to the birth
of entanglement between two cavities and the other par-
titions. It is clear to see that ESD and ESB occur at
times depending on the parameter r, p and v of the ini-
tial entangled states, and the ESD can occur before, to-
gether, or even after ESB. Furthermore, we find that the
duration of ESD and ESB and the amount of entangle-
ment of two qubits can be altered by adjusting the Kerr
coefficient x. Particularly, the phenomenon of ESD and
ESB disappears one after another if we increase the value
of the Kerr coefficient y continuously. This means that
the ESD and ESB phenomenon can be controlled by ad-
justing the Kerr coefficient x and disappears one after
another. From the part (c) of Fig. 2 to Fig. 5, we can ob-
serve that if the ESD appears before ESB (tgsp < trsg),
then the ESB disappears earlier than ESD. On the con-
trary, the ESD disappears earlier than ESB if the ESD
appears after ESB (tgsp > tgsp). The phenomenon of
ESD and ESB all disappears if the value of the Kerr co-
efficient y is large enough.
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