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Circularly Polarized Laser Fields, with Different Z,
Including Non-Zero Initial Momentum
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In this paper, by estimating the influence of different atom charge Z to the transition rate in tunnel ionization
of atoms in strong laser fields we are devoloping further the observations from our earlier work. That is in the
process of tunnel ionization including non-zero momentum into calculation of the transition rate gives result in
lower transition rates for ejecting electrons from atoms by low-frequency laser fields, indicating that much of the
photons are engaged in transferring energy to the free electron and thus unable to contribute to the effect of
ionization. This is a conclusion that needs further experimental testing, which would clarify the mechanisms of
tunnel ionization.

PACS: 32.80.−t, 32.80.Fb, 32.80.Rm

1. Introduction

It is definitely shown [1–10] that for low frequency laser
fields one of the mostly used models is based on the tun-
neling regime: external field, due to its long duration,
leads to the formation of the barrier through which elec-
tron can tunnel out. Among theories using this model
the ADK-theory [1] is widely recognized. This theory
was developed for linearly polarized laser fields, but it
can be extended to the circularly polarized lasers, also
[2, 3, 9].

As we have recently shown that the momentum of the
ejected electron influences the transition rate in the case
of ADK-theory [2, 7–9], we are now examining how the
change of atom charge Z [8], when including non-zero
momentum, contributes to transition rates for circularly
polarized laser fields. Here, we are devoloping further
the observations from our earlier work which included
the ADK-theory. Namely, the process of tunnel ioniza-
tion including non-zero momentum into calculation of
the transition rate gives result in lower transition rates
for ejecting electrons from atoms by low-frequency laser
fields. All our observations indicate that much of the
photons are engaged in transferring energy to the free
electron and thus are unable to contribute to the effect
of ionization.

Transition rate formula for circularly polarized field
(in cases of zero momentum) was obtained earlier [3, 9]
(atomic unit (a.u.) system ~ = me = e = 1, is used here
and throughout the paper).
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where Z is charge state, F is field intensity, e is the loga-
rithmic base not to be confused with elementary electric
charge (which is 1 in the atomic system of units), and
n∗ = Z/

√
2Ei is effective principal quantum number, Ei

being the ionization potential.

In order to include the non-zero initial momentum
into the expression (1), we used method of complex
turning point, obtained from relation Ei(τ) = Ef(τ),
where Ei and Ef are energies of initial and final states
of ejected electron, respectively [2, 6, 11]. After expand-
ing trigonometry functions into power series, expression
for non-zero initial momentum is calculated and included
into exponential part of Eq. (1):
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Expression for momentum, which we obtained in paper
[2, 7] is calculated introducing parabolic coordinates, by
solving the Schrödinger equation for a charged particle
in the Coulomb field [12, 13]. It is found that expression
for momentum is

(761)



762 V.M. Ristić, T.B. Miladinović, J.M. Stevanović

p(η) =

√
−1

4
+

1
2η

+
1

4η2
+

F

4
η , (3)

where η is parabolic coordinate depending on the field in-
tensity obtained from classical turning point (η ∼ 1/F ).
η could, in our case (3), be considered equivalent in its
behavior to p. For example, F ≈ 1012; η = 268.421 (a.u.
system). For greater fields, η is decreasing, obviously.

Further, developing Eq. (3) into power series gives
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)

Outside barrier η > 1/F .
Now we have introduced all necessary expressions for

our further calculations. Next we shall present the new
results that are obtained.

2. Calculating the transition rates for circularly
polarized laser fields including non-zero

momentum, for different charge Z

After that preparation we calculated transition rates
for ejected electrons for various atomic charge Z, which
is the new result first to be published here. The proce-
dure is experimentally founded in [10]. Our results are
shown on 3D and 2D graphs in Figs. 1–4. As parameters
γ and n∗ include in themselves ionization potential Ei:
γ = ω

√
2Ei/F , n∗ = Z/

√
2Ei, we, as is done in experi-

ments [10] and also analyzed in [9], define and calculate
the change of ionization energy for each ejected electron.
So graphs shown are depending on various η [1, 300],
and on field intensities I = 1012–1017 W/cm2, which are
fixed for each separate graph.

Fig. 1. Transition rates W cir
ADK and W cir

pADK depen-
dence on field intensity, for zero initial momentum
and non-zero initial momentum, respectively (enlarged
parts), Z = 2, E2 = 1.16; (a) η fixed at 190 (2D graph);
(b) η varying (3D graph).

Fig. 2. Transition rates W cir
ADK and W cir

pADK depen-
dence on field intensity, for zero initial momentum
and non-zero initial momentum, respectively, Z = 3,
E3 = 1.68; (a) η fixed at 190 (2D graph); (b) η varying
(3D graph).

Fig. 3. Transition rates W cir
ADK and W cir

pADK depen-
dence on field intensity, for zero initial momentum
and non-zero initial momentum, respectively, Z = 4,
E4 = 2.24; (a) η fixed at 190 (2D graph); (b) η varying
(3D graph).

In order to mark the difference between the case of zero
momentum of the ejected electron and non-zero momen-
tum we have shown in each figure the transition rates
maxima for both W cir

ADK and W cir
pADK, depending on in-

tensity of lasers and parabolic coordinate η, which is ap-
proximately proportional to p (3), notifying the value of
ion charge number Z, and the corresponding ionization
energy (atomic unit system).

One should notice considerably large gap between the
curves, for Z = 2, indicating that the transition rate
for ejected electrons with zero initial momentum and the
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Fig. 4. Transition rates W cir
ADK and W cir

pADK depen-
dence on field intensity, for zero initial momentum
and non-zero initial momentum, respectively, Z = 5,
E5 = 3.04; (a) η fixed at 190 (2D graph); (b) η varying
(3D graph).

transition rate for electrons with non-zero momentum are
different. The transition rate for electrons with non-zero
momentum are much lesser as lots of photons are spent
for increasing momentum.

For Z = 3, the gap between curves is reduced, showing
that the difference between the transition rate for ejected
electrons with zero initial momentum and the transition
rate for electrons with non-zero momentum are getting
lesser, as Z increases.

Here, for Z = 4, the gap-effect is continuing to show
itself, being smaller and smaller. See also the forthcoming
figures.

Comparing Figs. 1–4 one can notice the greater Z,
the lesser difference between two curves. It could be ex-
plained by the greater ionization energy needed for mul-
tiple ionized atoms.

Namely, as Z is increasing, the influence of ejected
electrons momentum on transition rates is decreasing,
because much more photons from laser beam are used for
overcoming the binding energy in the ion for greater Z.
Therefore there is much less photons which could increase
the momentum of ejected electrons, which can be seen
from the lesser difference between corresponding curves.
This is a prediction that should be tested experimentally,
of course (for the linear polarization see [10]).

3. Final remarks

We have noticed that as Z increases, the influence of
non-zero momentum of ejected electrons decreases. It is

due to the fact that more and more photons from the
laser beam are used to overcome the binding energy in
the multiply ionized atom, and there are lesser photons
for increasing the initial momentum of ejected electrons.

Examining carefully Figs. 1–4 one can conclude that
the greater Z, the lesser difference between two curves.
It could be explained by the greater ionization energy
needed for multiple ionized atoms, so there are less pho-
tons left to be transferred to the ejected electron, and the
effect of non-zero initial momentum is damped.

Also, though maxima are at the same laser intensi-
ties, in the case of zero momentum the transition rate is
greater (which can be seen especially in 2D graphs).

As mentioned earlier in the text these are predictions of
the theory which should be compared with experimental
results, if any (in [10] the similar procedure for linearly
polarized field is strongly confirmed by the experiment).
That could clarify the mechanisms of the tunnel ioniza-
tion of atoms in low frequency laser fields.
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