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State-to-State Cross Sections for Rotationally Inelastic
Collision of He with Na2
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As a further theoretical study of the collision-induced quantum interference on rotational energy transfer
in an atom–diatom system, the differential interference angles for singlet-triplet mixed states of Na2 system in
collision with He were calculated based on the first-Born approximation of time-dependent perturbation theory,
taking into account the anisotropic Lennard–Jones interaction potential and the long-range interaction potential.
The relationships of differential interference angle versus impact parameter including collision parameter, velocity,
are obtained. It is beneficial to reduce the loss in molecular cooling and trapping.

PACS: 34.20.−b

1. Introduction

Collisional energy transfer in weakly interacting
molecule has been the subject of numerous experimen-
tal and theoretical studies [1] because of the importance
of such processes in several areas of molecular physics
and chemical physics. On the other hand, the relevant
state-to-state cross sections with which the actual energy
content of the heat bath can be collisionally transferred
to different molecular degrees of freedom, and the vari-
ous external conditions which control the relative weights
of the final inelastic channels, provide an essential piece
of information. Recent progress in the development of
experimental methods for the cooling and trapping of
atoms and molecules may provide an opportunity for
high resolution spectroscopy, accurate determination of
intermolecular potentials, and the study of reactive and
inelastic collisions at ultralow temperatures [2, 3]. Sev-
eral methods have been proposed for creating transla-
tionally cold molecules with thermal or nonthermal vi-
brational excitation. They rely on removing kinetic en-
ergy from molecules one way or another. A successful
demonstration of trapping CaH in a magnetic field with
the buffer gas loading technique was carried out by We-
instein et al. [4]. Here, a cold buffer gas of 3He is used
to cool molecules to a temperature of about 240 mK.
Molecules, slowed down by elastic collisions with the
buffer gas, are trapped in an inhomogeneous magnetic
field. In the context of the buffer gas loading experi-
ment, there are several ab initio calculations for differ-
ent van der Waals complexes of He atoms and diatomic
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molecules: He + H2, He + O2, He + CO, He + CaH,
He + NH, He + F2, He + N2, etc. [5]. These studies
have provided accurate intermolecular potential for these
complexes and have given new insight into the behavior
of atom–diatom collisions at ultracold temperatures in-
cluding investigations of the Feshbach resonances, predis-
sociation in the Van der Waals complexes, determination
of complex scattering lengths, testing of effective range
theory and the Wigner threshold laws, and quasiresonant
vibration–rotation energy transfer.

On the other hand, alkali metal dimers are of great
interest to both theoreticians and experimentalists, be-
cause they are theoretically tractable and their exper-
imental properties can be observed with various tech-
niques. During the past few years this interest has in-
creased mainly due to the observation of the photoasso-
ciation of cold alkali atoms [6] and their Bose condensa-
tion. So currently there is an explosion of interest in the
structure and properties of sodium clusters [7]. Attention
focuses not only on the properties of the cluster but also
on its interactions with other atoms, molecules, or clus-
ters [8]. The interactions between Na2 and the rare gas
atoms have also attracted much attention. Up to date
there have already several studies made on the He–Na2

system. In 1971 Krauss et al. [9] first published a model
potential [10], which is based on a Hartree–Fock poten-
tial curve for He–Na. Then at 1981 Schinke [11] used a
single set of Gaussian-type orbital for the whole surface.
For each sodium atom, 11s and 5p functions contracted
to [7s, 4p] were employed, and for helium atom, 7s and 2p
functions contracted to [4s, 2p] were used. They predict
the well depth to be 0.8066 cm−1. The basis sets which
they used might not be big enough for such shallow well
depth. All the potential energy surfaces (PESs) calcu-
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lated before for title system are either semiempirical or
obtained by fitting preexisting but old ab initio calcula-
tions. In this article we used the new three-dimensional
He–Na2 interaction potential [12]. Based on the fitted
PES state-to-state differential cross sections (DCSs), in-
tegral cross sections are calculated.

2. Potential energy surface and computational
method

2.1. Potential energy surface

In Ref. [12] the main features of the potential may be
summarized as below:

(1) The PES has two shallow wells corresponding to the
T-shaped structure and the linear configuration. For the
linear configuration of well located at 14a0, the well depth
is 1.584 cm−1 and the T-shaped structure corresponds to
12.5a0, the well depth is 1.769 cm−1. The whole PES
exhibits weak anisotropy (shown in Fig. 1).

Fig. 1. Contour plots of the potential for He–Na2 com-
plex at r = re. Contours are labeled in cm−1.

Fig. 2. 3D view of the interaction potential for He–Na2

complex at r = 5.8175a0.

(2) The interaction potential has high angular
anisotropy, similar to the He–Li2 system. In Fig. 2 we
show a 3D view of global behavior of this new PES at
r = 5.8175a0. In this figure, one can easily see the mainly

isotropic interaction and the well-defined molecular core
identified by the repulsive regions which show vanishing
angular dependence for this very weakly bound Van der
Waals complex.

2.2. The quantum dynamics

In our work we implement the close coupling calcula-
tion for rotationally inelastic collision of Na2 with He.
This may be done either in a body-fixed frame [13] or in
a space-fixed (SF) [14] frame. In order to obtain the ex-
perimental observations such as DCS and temperature-
-dependent rate constant, the SF frame is a favorable
one. We use the conventional Jacobi coordinates (R, r, θ),
where r is the bondlength of Na–Na (fixed at its equilib-
rium value, 5.8175a0), R is the separation of the atom He
and the center of mass of Na–Na and θ is the enclosed
angle, θ = 0◦ corresponds to the collinear He–Na2 geom-
etry. The total scattering wave function is expanded as

ψJM
jl (R̂, r̂) =

∑

j′l′
R−1uJjl

j′l′(R)φJM
j′l′ (R̂, r̂) , (1)

where J denotes the total angle momentum, j is the ro-
tational angular momentum for Na2, and l is the orbital
angular momentum.

As we easily see from Eq. (1), the presence of the two
sets of asymptotic indices (jl) and (j′l′) prepares for a
representation of the effect of the anisotropic potential
which will couple the initial state (jl) to the final state
(j′l′) reached after the collision. Substitution of expan-
sion (1) into the stationary Schrödinger equation, the
close coupling calculation equations for the radial coeffi-
cients uJjl

j′l′ became
[

d2

dR2
+ k2

jj′ −
l′(l′ + 1)

R2

]
uJjl

j′l′(R)

= 2µ
∑

j′′l′′
〈j′l′|V (R, θ) |j′′l′′〉uJjl

j′l′(R) . (2)

Here

k2
jj′ = 2µ(Ecol + εj

rot − εj′
rot) , (3)

where Ecol is the collision energy, εj
rot and εj′

rot is the ini-
tial and the final rotational energy level of the Na–Na,
respectively. In order to evaluate the potential energy
matrix elements the interaction potential is convention-
ally expanded in the Legendre polynomials

V (R, θ) =
∑

λ

Vλ(R)Pλ(cos θ) (4)

and the integrals 〈j′l′|V (R, θ)|j′′l′′〉 are subsequently
taken analytically [15].

The coupled Eqs. (3) are solved numerically. Match-
ing the solutions to the proper boundary conditions for
the radial wave function (uJjl

j′l′) in the asymptotic region
leads to the transition matrix elements T J

jl→j′l′ , and the
scattering amplitude is taken as [16]:
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fjmj→j′m′
j
(R̂) =

(
π

kjkj′

)1/2

×
∑

JMll′ml′

il−l′+1(2l + 1)1/2(j′mj′ l
′ml′ |j′l′JM)

× T J
jl→j′l′(jlmj0|jlJM)Yl′ml′ (R̂) , (5)

from which the DCSs for the j → j′ transition averaged
over initial mj and summed over final mj′ projections,
are

dσj→j′

dΩ
=

kj′

(2j + 1)kj

∑
mjmj′

∣∣∣fjmj→j′mj′

∣∣∣
2

. (6)

The total cross section are given by the usual formulae

σj→j′ =
∑

J

P J
j→j′ . (7)

Here, P J
j→j′ are the partial cross sections

P J
j→j′ =

(2J + 1)π
(2j + 1)k2

j

∑

ll′

∣∣T J
jl→j′l′

∣∣2 . (8)

Since the T matrix goes to zero for large J , this sum will
converge and can be truncated.

3. Results and discussion

In our work all calculations used the hybrid modified
log-derivative Airy propagator [17, 18] to solve the close
coupling (CC) equations and obtain rotationally inelastic
cross sections. Thirty-two point Gauss–Legendre quadra-
ture was adopted to evaluate the expansion coefficients
Vλ(R) in Eqs. (4), and the Legendre terms up through
λmax = 12 were included. The results were checked by
reasonable changes in propagator step size, the maximum
distance for the propagation and the total number of ro-
tational states included in the basis.

3.1. Differential cross-sections

We try first to understand some features of the He–Na2

collision by looking at inelastic DCSs. A crossed molecu-
lar beam experiment can directly measure the DCS; the
number of rovibrationally selected Na2 molecule striking
a finite size detector at a fixed scattering angle will be
proportional to the DCS. In Fig. 3 we show the computed
state-to-state rotational DCS of He–Na2 system from the
initial j = 0 at a collision energy of 90 meV (726 cm−1)
(refer to the j = 0 rotational level of Na2 molecule).
The fast narrow diffraction oscillations in the cross sec-
tions are the obvious characters for the low ∆j inelas-
tic transitions, and decrease with j′ increasing. It was
well known they happen as a result of the interference
of quantum mechanical waves associated with different
classical trajectories leading to the same scattering angle
and the same angular momentum transfer. The largest
amplitude occurs at small scattering angles. There is
very little backward scattering. This suggests that in a

low ∆j transition, the He projectile is predominantly for-
ward scattered in the molecular frame of reference. We
suggest that the scattering pattern in Fig. 3 will be typ-
ical for systems in which the usual rainbow maximum is
absent and only pure orientation interferences arise.

Fig. 3. CC differential cross sections for selected rota-
tional excitation j = 0 → j′ transitions versus scattering
angle θ. The collision energy is 90 meV.

Fig. 4. CC differential cross sections for selected j →
j′ = 28 transitions versus scattering angle θ. The colli-
sion energy is 90 meV.

cross sections at the collision energy of E = 90 meV
with j′ = 28 and selected initial states are plotted in
Fig. 4. The overall behavior is similar to the correspond-
ing 0 → j′ transitions in Fig. 3; the rotational rainbow
oscillations, however, are strongly quenched and only
slightly indicated even for the ∆j = 2 transition. There-
fore, state-to-states cross sections starting out of low ro-
tational states, ideally the ground state j = 0, should be
considered in future experiments to resolve these rota-
tional rainbow oscillations.

Because of some substantial deviations in Fig. 5, es-
pecially for higher transition, we perform a diminished
comparison and normalize each experimental cross sec-
tion curve separately to the theoretical one. Thus, only
the angular dependences of the individual ∆j transitions
are considered. Surprisingly, the agreement for ∆j = 0
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Fig. 5. Comparison between theoretical and experi-
mental differential cross sections for j → j′ = 28 tran-
sitions at θLAB = 12.5◦ and 8◦. The collision energy
is 90 meV.

(j = 28 → 28) is rather poor. However, this artifact does
not affect the inelastic cross sections and excellent agree-
ment is obtained for the ∆j = 2 (j = 26 → 28) transition.
The small shoulder at θLAB = 8◦, which reminds one of a
rotational rainbow oscillation, is also observed in the ex-
perimental cross section curve [19], The theoretical cross
sections are overestimated around the rotational rainbow
maximum and in the classically forbidden region, where
the theoretical cross sections fall off too slowly. This is
expected to be valid for the He–Na2 system because the
potential well depth is very shallow.

Fig. 6. Differential cross sections for selected j = 0 →
j′ = 0, 2 transitions versus scattering angle θ. The col-
lision energy is 3 cm−1, 5 cm−1, 8 cm−1, 20 cm−1, re-
spectively.

Inspecting Fig. 6 we compared with four different low
collision energies (the collision energy is 3 cm−1, 5 cm−1,
8 cm−1, 20 cm−1, respectively) for j = 0 → j′ = 0, 2
transitions versus scattering angle θ. In this figure, we
can observe that with a decrease in energy the rotational
rainbow maxima (θr) move to the larger angle by an al-
ternation about ∆θ = 10◦. This is because of purely
repulsive potentials, the previous studies [20–22] showed

that the angular distributions of inelastic DCS provide a
useful visualization of rotational rainbows, they present
the following typical characteristics: they are “dark”, less
intense, on the low angle side of the rainbow. When the
higher ∆j inelastic transitions are considered, it is obvi-
ously not the case described above. It is therefore rea-
sonable to suggest that attractive well and low energies
play a considerable role in low ∆j inelastic collisions.

3.2. Integral cross-sections

The inelastic j = 0, 1 → j′ integral cross sections are
displayed graphically in Fig. 7. Due to the integration
over the scattering angle rotational rainbow oscillations
characteristic to DCSs are not observed [23]. All distri-
butions show the same typical behavior. The onset of
the rapidly decreasing branch at larger transitions shifts
further out with increasing energy. Similar final state dis-
tributions were reported by Jendrek and Alexander [24]
for He–LiH collisions using the coupled-states approxi-
mation.

Fig. 7. Integral cross sections for j = 0 → j′ transi-
tions versus final rotational state j′.

Fig. 8. Integral cross sections for j = 0 → j′ transi-
tions versus collision energy E.

In Fig. 8 the energy dependence of selected integral
cross sections is investigated for 403 cm−1(0.05 eV) ≤
E ≤ 1815 cm−1(0.25 eV). In this energy range the
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j = 0 → j′ = 0, 4, and 8 cross sections decrease slowly
with E, while those for the higher transitions rise steeply
at lower energies, reach a broad maximum, and decrease
finally with almost the same gradient as the elastic one.
The maximum shifts to larger energies for higher tran-
sitions. The energy that depended on single rotational
excitation cross sections as shown in Fig. 8 have been also
observed in numerous theoretical studies mainly concern-
ing the systems such as He–H2 [25, 26] and H–H2 [27]. In
the present case they are easily understood in the context
of rotational rainbows or, likewise, classically allowed and
forbidden transitions.

4. Conclusions

In this work we have employed a newly computed PES
to study various state-to-state cross sections of the rota-
tionally inelastic excitation of Na2 molecule by collision
with He atom. The close coupling method is adopted.
DCSs show the feature of forward scattering for low ∆j
inelastic transitions and backward scattering for high ∆j
transitions at the energy examined. The long-range at-
tractive well gives the significant contribution to the par-
tial cross section for j = 0 → j′ = 1, 2 inelastic transi-
tions, whereas it does not exist for the higher inelastic
transitions. The dependence of the integral cross sec-
tions on j′ from j = 0, 1 is not monotonic but displays
a pronounced oscillatory structure, which proves to be
a sensitive probe of the interaction potential, and the
dependence on low collision energy presents resonance
features. We relate these features with the anisotropic
interaction potential in detail. This work should provide
useful information for further experimental and theoret-
ical studies.
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