
Vol. 119 (2011) ACTA PHYSICA POLONICA A No. 3

Front Dynamics with Time Delays
in a Bistable System of the Reaction-Diffusion Type:

Role of the Symmetry of the Rate Function
R. Bakanasa,∗, F. Ivanauskasb,c and V. Jasaitisb

aSemiconductor Physics Institute, A. Goštauto 11, 2600 Vilnius, Lithuania
bFaculty of Mathematics and Informatics, Vilnius University, Naugarduko 24, LT-03225 Vilnius, Lithuania

cInstitute of Mathematics and Informatics, Akademijos 4, 2600 Vilnius, Lithuania

(Received January 28, 2010; revised version April 28, 2010; in final form October 24, 2010)

The retardation effects in dynamics of the ac driven “bistable” fronts joining two states of the different
stability in a bistable system of the reaction-diffusion type are investigated by use of the macroscopic kinetic
equation of the reaction kinetics. We approximate the rate (reaction) function in the governing equation of
“bistable” fronts by the piecewise linear dependence of the flexible symmetry, encompassing both cases of the
symmetrical and asymmetrical rate functions. By numerically simulating the drift motion of the ac driven front
being subjected to the time-dependent step-like (rectangular) forcing we investigate the lag time between the
ac force and the instantaneous velocity of the ac driven front. We find that the time lags derivable by the
symmetrical and asymmetrical rate functions notably differ, namely, we show that (a) the lag time is a function of
the outer slope coefficients of the rate function and is not sensitive to the inner, (b) it has only weak dependence
on the strength of the applied forcing, (c) the retardation effects (time lags) in the front dynamics are describable
adequately enough by use of the perturbation theory. Another aspect of the front dynamics discussed in this
report is the influence of the retardation effects on the ratchet-like transport of the ac driven fronts being described
by the asymmetrical rate functions of the “low” symmetry. By considering the response of “bistable” front to the
single-harmonic ac force we find that the occurrence of the time lags in the oscillatory motion of the ac driven front
shrink the spurious drift of the front; the spurious drift practically disappears if the frequency of the oscillatory
force significantly exceeds the characteristic relaxation rate of the system. Furthermore, the occurrence of the
time lags in the front dynamics leads to the vanishing of the reversals in the directed net motion of the ac driven
fronts, being always inherent in the case of the slow (quasi-stationary) ac drive, i.e., the possibilities of controlling
the directed net motion of the self-ordered fronts by the low- and high-frequency zero-mean ac forces radically differ.

PACS: 05.45.−a, 02.30.Jr, 82.40.Ck

1. Introduction

The “unforced” direct transport of both the point-
-particles (electrons, atoms, molecules) and the self-
ordered front-structures without any net external force
(the so-called ratchet effect) has today become a funda-
mental field of multidisciplinary research in a wide va-
riety of systems driven out of thermal equilibrium. A
number of theoretical and experimental studies in recent
years have been devoted to the ratchet effects both, for
point particles and the self-ordered fronts, both the co-
herent and dissipative ones (see Refs. [1] and [2–12],
respectively). The ratchet-like transport implies that
a steady, systematic direct motion of the particle/self-
-ordered front being subjected to the oscillatory force
of zero-time average, either noisy or regular one, takes
place. The crucial feature of the systems performing
the unforced dc transport is the presence of dissipation,
which implies that the ac driven system escapes its mem-
ory when the development of the system progresses. The
ratchet-like transport of the dissipative fronts that result
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from the competition between the nonlinearity and diffu-
sion in the essentially dissipative systems of the reaction-
-diffusion type has been studied in numerous papers,
both numerically and by analytic tools (see Refs. [3–12]).
Two different kinds of the self-ordered fronts, namely, the
“bistable” fronts (BFs) joining the stable and metastable
states of the system, and “monostable” ones that sepa-
rate the stable and unstable states of the system have
been analyzed (e.g., see reviews [13], for the self-ordered
fronts in reaction-diffusion systems). An intriguing prop-
erty of the systems performing the ratchet-like shuttling
of the self-ordered fronts is their capability to rectify the
oscillatory motion of the ac driven front even in the case
of the spatially uniform system, by contrast to the ordi-
nary ratchets performing the unforced dc motion of the
free particles in the systems lacking the spatial inver-
sion symmetry. The unforced dc drift of the self-ordered
fronts usually originates due to the “hidden” asymmetry
of the system, or it comes from the broken temporal sym-
metry of the oscillatory force acting on the front in the
system. Two different mechanisms underlying the spuri-
ous drift discussed have been identified, namely, the para-
metrically stimulated and directly induced dc drift of the
fronts (e.g., see Refs. [3–5] and [6–10], respectively). The
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parametrically stimulated dc drift comes through the ac-
tion of the external oscillatory field of zero-time average
on the externally controllable parameter of the system:
the external time-symmetric field acting on the system is
transformed into the asymmetrically oscillating force of
a finite time average, that pushes the front in the system
(e.g., see Refs. [3–5]). By contrast, the directly induced
dc drift implies that the average force f(t) acting on the
front in the system equals zero. The evolution equation
of the directly driven front reads

ut − uzz − c(t)uz + R(u) = f(t) , (1)

where the function u(z, t) denotes the step-like field of
the front propagating at the instantaneous velocity c(t),
and the notation z = x − χ(t) stands for the traveling
(co-moving) coordinate, where χ(t) =

∫ t

t0
dt′c(t′), with t0

denoting the time moment, at which both the traveling
frame of reference and that being at rest coincide. The
rate (reaction) function R(u) that characterizes the rate
of the transient processes in the system has three zeroes
at u = u1, u2, u3 (say, u1 < u2 < u3), more specifically,
the following relations hold: R′(u1, 3) > 0 and R′(u2) < 0
where the prime denotes the derivative. The outer zero-
points of the rate function, u1 and u3, describe two steady
states of the system, the stable and metastable one, and
the inner u2 stands for unstable one.

In the present report we shall deal with the “bistable”
fronts. The free, unperturbed (f ≡ 0) front-solution
u0(z) of BF joins the outer zero-points of the rate func-
tion, u1 and u3. Without loss of generality, we shall
take in what follows that u0(z → −∞) → u1, and
u0(z → ∞) → u3. As mentioned, the “front-ratchet”
is capable to operate even under spatially uniform con-
ditions; the governing equation of the ac driven front (1)
satisfies the translational symmetry with respect to the
infinitesimal translations of the spatial coordinate z; the
structural (intrinsic) asymmetry of the system is masked
in the rate function. The symmetry properties of R−u
dependence play a prominent role, in considering the
ratchet-like transport of BFs, as shown in Refs. [8, 10].
For instance, both the oscillatory speed functions c(t) and
the average characteristics of the spurious drift of the ac
driven BF derivable by the symmetrical and asymmetri-
cal rate functions satisfying the different R−u symmetry
(see below), radically differ. The progressive (acceler-
ated), regressive (decelerated) and reversal types of the
unforced dc motion of BFs under slow (quasi-stationary)
ac force have been identified by use of the asymmetrical
rate functions of the “low” R−u symmetry, by contrast to
the other case of the symmetrical rate functions (see Refs.
[7, 8]). The governing equation of the quasi-stationary
driven BF reads

uzz + c(t)uz −RF(u) = 0 ,

RF(u) = R(u)− f(t) . (2)

The presented evolution Eq. (2), below referred to as the
adiabatic approximation of the governing Eq. (1), is very

approximate. It ignores the time lags (retardation ef-
fects) between the ac force f(t) and the speed function
c(t) of the ac driven BF, i.e., it describes the immedi-
ate, instantaneous response of BF to the applied force.
Clearly, the instantaneous velocity ac driven BF follows
behind the time-dependent forcing with some lag (retar-
dation); the actual speed functions c(t) are retarded with
respect to the applied forcing f(t). Our previous calcula-
tions being performed within the pseudolinear (piecewise
linear) model of the system, by use of the symmetrical
rate functions demonstrated that the retardation effects
in the front dynamics shrunk the spurious drift discussed;
the spurious drift of BF practically disappeared if the
frequency of the ac force acting on the front in the sys-
tem exceeded the characteristic relaxation rate τ− 1

R of
the system (see Refs. [11, 12]). By contrast, the quasi-
stationary ac drive is of the highest “efficiency” in terms
of the speed rectification discussed; it always induces the
maximal shift of the mean drift velocity 〈c(t)〉 of the ac
driven front, as shown in Ref. [12]. Both the symmetry
of the rate function and the retardation effects discussed
play very important role, in considering the ratchet-like
transport of BFs.

In the present report the retardation effects in dynam-
ics of the ac driven BFs being described by the asymmet-
rical rate functions are investigated. The pseudolinear
model of the system is used, namely, we approximate the
rate function by the piecewise linear R−u dependence of
the flexible symmetry. The piecewise linear rate function
provides us with a possibility of controlling the charac-
teristic relaxation rates of the system, in considering the
retarded accelerations of the ac driven BFs. The piece-
wise linear emulations of the rate function have been used
in the previous studies of the self-ordered fronts in multi-
stable systems of the different physical origin (e.g., see
Refs. [14] and references therein). The present report
is further development and generalization of our previ-
ous results being derived in the particular case of the
symmetrical rate functions (see Refs. [11, 12]). We in-
vestigate the dynamical properties of the ac driven BFs
numerically and, partially, also analytically. Namely, the
particular case of the slow ac drive that describes imme-
diate, instantaneous response of BF to the applied forc-
ing is studied analytically, by use of Eq. (2), and the
other case of the fast driving, the front dynamics with
a delayed, postponed reaction of BF to the ac drive was
studied numerically, by the direct solution of the govern-
ing Eq. (1).

The paper has two distinct aims. The first, which we
address in Sect. 3.2, is to investigate the retardation
effects in the front dynamics. Namely, the lag time be-
tween the ac force f(t) and the speed function c(t) of the
ac driven BFs derivable by the piecewise linear rate func-
tion of the flexible R−u symmetry is studied. In consid-
ering the time lags we approximate the forcing function
by the step-like (rectangular) f−t dependence. By con-
sidering the response of BF to the rectangular forcing we
show that the temporal behavior of the retarded speed
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functions c(t) is exponential. Furthermore, we find that
the characteristic time duration τS denoting the lag time
between the step-like speed function c(t) and the rectan-
gular forcing is describable adequately enough by use of
the perturbation theory, even in the case of the strong
forcing.

Another aspect of the front dynamics, discussed in the
present report is the influence of the retardation effects
on the spurious drift of BFs derivable by the asymmetri-
cal rate functions. In particular, we investigate whether
and how strongly the time lags discussed are capable to
influence on the reversal behavior of the directed net mo-
tion of the ac driven fronts derivable by the asymmetrical
rate functions. In considering the ratchet-like shuttling
of BFs we approximate the oscillatory force f(t) acting
on the front in the system by the single-harmonic forc-
ing function. The average characteristics of the spurious
drift of the “retarded” BFs are presented. The retarda-
tion effects in dynamics of the ac driven BFs that are
described by the asymmetrical rate functions of the low
R−u symmetry, as far as we know, have not previously
been studied elsewhere in the literature.

The paper is organized as follows. In Sect. 2 we discuss
the model, approximations and techniques used. Section
3 deals with the retarded speed functions of the ac driven
BFs being under the action of the time-dependent rect-
angular forcing. In Sect. 4 the ratchet-like transport of
the periodically forced BFs is investigated. Finally, in
Sect. 5 we summarize the main results.

2. Model, approximations and techniques used

Before discussing the model and the techniques used,
let us touch briefly on the relevant symmetries of the rate
functions used (for more details, see Ref. [10]). We shall
deal with the self-similar rate functions being defined by
the relation:

R(u; C) := R0(u) + C , (3)

where C is the free constant and the subscript zero refers
to the balanced rate function R0(u) satisfying the rela-
tion (Maxwellian construction) S0 ≡

∫ u3

u1
duR0(u) = 0,

where the notation S0 stands for the total area sub-
tracted by R0–u dependence within the interval [u1, u3]
of the variable u. Without loss of generality, two differ-
ent classes (families) of the symmetrical (symmetrically
shaped) and asymmetrical (asymmetrically shaped) rate
functions R(u; C) satisfying the relations

R0(u− u2) = −R0(u + u2) (4a)
and

R0(u− u2) 6= −R0(u + u2) , (4b)

respectively, may be typified. Both families discussed
encompass the most general case of the system with two
stable equilibria. In the present report we shall deal with
the asymmetrical rate functions RA(u). The asymmetri-
cal rate function, RA(u; C) := R0(u)+C, implies that the

basic (balanced) rate function is asymmetrically shaped
with respect to the inner zero-point u2, i.e., the inequal-
ity (4b) holds. For brevity, in what follows we shall omit
the subscript “A” in the notation RA(u).

Obviously, the free constant C cannot exceed the criti-
cal value: the criterion of the global stability of BF reads,
C ∈ (−R0M,−R0m) where by R0M and R0m we denote
the extremes of the balanced rate function, and the sub-
scripts M and m denote “Maximal” and “minimal”, re-
spectively. By tuning the free constant C in Eq. (3)
one governs Maxwellian construction of the rate function
R(u;C), as a consequence, one arrives at the different
propagation rates c0 of the free, unperturbed BF. The
free BF is static (motionless, c0 = 0) if the Maxwellian
construction is balanced, namely, if one takes that C = 0
(e.g. see Refs. [7–9, 16]). Let us turn to the model and
the techniques used.

2.1. Model

We shall deal with the piecewise linear rate functions
being constructed from three linear pieces, thus we write
that (see Fig. 1)

R(u) =





α1(u− u1), u < uM,

−α2(u− u2), uM < u < um,

α3(u− u3), u > um,

(5)

where the free parameters ui and αi satisfy the relations
u1 < uM < u2 < um < u3 and αi > 0 (i = 1, 2, 3),
and the extremes of the rate function, RM ≡ R(uM)
and Rm ≡ R(um), are described as follows, RM, m =
α2(u2 − uM, m). The piecewise linear rate function used
(a) is analytically tractable; both the free front solutions
of BFs and the perturbed ones derivable by use of Eq. (2),
within the adiabatic approximation discussed, are known
explicitly (see Ref. [8, 15]), (b) is of the flexible R−u
symmetry; by taking α1 = α3 and α1 6= α3 one arrives
at both cases of the symmetrical and asymmetrical rate
functions, respectively, (c) reproduces qualitatively well
enough the characteristic features of the bistable system;
both the speed functions c(t) and the average characteris-
tics of the spurious drift of BFs derivable by use of both
the prototype (cubic polynomial) rate function and its
piecewise linear emulations (5) satisfying the same R−u
symmetry are very close to each other, as shown in Refs.
[10, 12].

In the present report the general case of the asym-
metrical rate functions is considered; we do not impose
any additional restrictions on the rate function (5). For
our purposes it is useful to introduce the auxiliary pa-
rameters, h0 = −R0M/R0m and hR = −RM/Rm, below
referred to as “balance parameters” of the balanced and
unbalanced rate functions, R0(u) and R(u), respectively.
The Maxwellian construction of the rate function (5) is
balanced (at the Maxwell point) if one takes that

h0 =
√

(1 + δ3)/(1 + δ1) , δ1,3 = α2/α1,3 . (6)

The unbalanced rate function R(u; C) implies that
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Fig. 1. The piecewise linear rate function.
hR 6= h0 (or equivalently, C 6= 0); the obvious relation
hR = −(R0M + C)/(R0m + C) holds. By tuning the bal-
ance parameter hR one governs the propagation velocity
of the free BF. The maximal propagation rate of the for-
ward (c0 > 0) and the backward (c0 < 0) running BFs is
achieved by taking the limits hR → ∞ and hR → 0, re-
spectively. More specifically, the following relations hold:
(a) c0 → cM if hR → ∞, and (b) c0 → −cM if hR → 0
where the notation cM stands for the maximal (marginal)
velocity of BF, namely, one has that cM = 2

√
α2 (the

boundary conditions u0(z → ∓∞) → u1,3 discussed
above are taken into account in the derivation of these
inequalities (e.g., see Ref. [8])). In what follows we shall
use the scaled speed functions s(t) being defined by the
relation s(t) := c(t)/cM. The scaled speed functions are
preferable over the ordinary (non-scaled) ones. They take
the values within the interval (−1, 1), namely, the rela-
tion s(t) ∈ (−1, 1) holds in any case, regardless to the
balance parameter value hR used (see Refs. [10, 12]).
Quite similarly, the scaled velocity of the free, unper-
turbed BF, s0 := c0/cM, takes values within the interval
(−1, 1), more specifically, the following relations hold:
s0 → 1 if hR →∞ and s0 → −1 if hR → 0.

Both the heights, ∆R := RM(uM; C) − Rm(um; C), of
the self-similar rate functions R(u; C) and the positions
of the extremes, being located at u = uM and u = um do
not depend on the free constant C. From Eq. (5), if used
in conjunction with (3), follows that

RM = hR(1 + hR)−1∆R ,

Rm = −(1 + hR)−1∆R , (7a)

u1 = uM − α−1
1 RM , u2 = uM − α−1

2 RM ,

u3 = um − α−1
3 Rm . (7b)

In closing the discussion of the piecewise linear rate func-
tions we notice that the free front-solutions of BFs, u0(z),
derivable by the rate function of the flexible symmetry
(5) are presented in Ref. [15]. Let us touch briefly on the
techniques used.

2.2. Techniques used

The governing equation of the ac driven BF (1) is not
solvable, even in the case of the piecewise linear rate func-
tion (5). In view of this, in considering the dynamical
properties of the ac driven BFs we used both the nu-
merical and analytic tools. As previously mentioned, the

particular case of the slowly driven BFs, that describes
the immediate, instantaneous response of BF to the ap-
plied forcing was studied analytically, by use of Eq. (2),
and the other case of the rapid driving, the front dynam-
ics with a delayed response of BF to the ac force was
studied numerically, by use of Eq. (1). The governing
equation of the quasi-stationary driven BF (2) bears a
close similarity to that of the free, unperturbed BF; both
the speed functions and the front solutions of the slowly
driven BFs derivable by the piecewise linear rate func-
tion (5) are known explicitly (see Ref. [8]). The scaled
speed functions s(t) are the main subject of the present
study. The “instantaneous” speed functions sA(t) that
ignore the time lags discussed are derivable by use of the
“speed equation” being derived by the direct solution of
Eq. (2). The speed equation reads (see Ref. [8] for de-
tails)

ΨSn(sA)
exp(−ϕ(sA)) sinΦ(sA)

=
hR − (1 + hR)f(t)
1 + (1 + hR)f(t)

, (8)

where the auxiliary functions are defined by the relations

ϕ(sA) =
sAΦ(sA)
Q2(sA)

,

Φ(sA) =

{
arctanΨTg(sA), ΨTg(sA) > 0,

π − arctan[−ΨTg(sA)], ΨTg(sA) < 0,

(8a)
and the unknown functions are described as follows:

ΨSn(sA) = FSn/FV , ΨTg(sA) = FSn/FCn , (8b)

FSn = Q2(sA) [δ1K1(sA)− δ3K3(sA)] ,

FCn = − [
Q2

2(sA) + G1(sA)G3(sA)
]
, (8c)

FV = Q2
2(sA) + G2

1(sA) ,

G1,3 = −sA + δ1,3K1,3(sA) , (8d)

where

Q2(sA) =
√

1− s2
A ,

K1,3(sA) = −sA ±
√

r1,3 + s2
A , (8f)

and by δ1, 3 and r1, 3 we denote the characteristic param-
eters described by the relation r1, 3 = δ− 1

1, 3 := α1, 3/α2.
The boundary conditions u0(z → ∓∞) → u1, 3 discussed
above have been used in the derivation of these equa-
tions. To avoid the confusion we stress that the denota-
tion sA(t) stands for the “instantaneous” speed function,
throughout this paper.

In considering the retarded accelerations of BFs, the
front dynamics with the time lags, we numerically simu-
lated the drift motion of the ac driven BF. To find both
the front-solution u(z, t) and the retarded speed function
s(t) of the ac driven BF we numerically solved the gov-
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erning Eq. (1) in the co-moving uniform grid. Equation
(1) was approximated by the finite difference scheme in
the co-moving coordinates, z = x− xC(t), with the trav-
eling center of the ac driven front, xC(t), being defined
by the relation xC(t) = ∆u− 1(t)

∫∞
−∞ dxxux(x, t) where,

∆u(t) =
∫∞
−∞ dxux(x, t). The speed functions s(t) of

the ac driven BFs have been obtained by considering the
traveling center xC(t) of the front.

Finally, let us specify the forcing functions used. As
discussed, in considering the time lags between the ac
force and the instantaneous velocity s(t) of the ac driven
BF we approximated the forcing function by the step-like
f−t dependence,

F (t) = F0Θ(t− t0) , (9)

where the denotation Θ(x) stands for the Heaviside unit-
-step function, and by F0 and t0 we denote the strength of
the rectangular forcing and the initial moment, at which
the step-like force was switched on, respectively. The
forcing function used is extremely fast (steep); it provides
us with a possibility of testing a wide “spectrum” of the
characteristic relaxation rates of the temporal (transient)
behavior of the retarded speed functions s(t).

As mentioned, another aspect of the front dynamics
discussed in this report is the influence of the time lags
discussed on the ratchet-like transport of BFs drivable
by the asymmetrical rate functions. To reveal the role
of R−u symmetry in the dynamics of the rectified oscil-
latory motion of BFs, we used the time-symmetric forc-
ing function. Namely, the response of BF to the single-
-harmonic forcing function,

f(t) = f0 sinωt , (10)

was investigated. The forcing function (10) is of the
“highest” temporal symmetry. It satisfies both the
time-shift and time-inversion symmetry relations, f(t +
T/2) = f(t) and f(tN − t) = −f(tN + t), respectively,
where the notation tN stands for the N -th zero-point of
the oscillatory function f(t), namely, one has that tN =
2Nπ where N = 0,±1,±2, . . . Obviously, the strength of
the driving force acting on the front in the system can-
not exceed the critical value, fM x = min{RM,−Rm}; the
criterion of the global stability of the ac driven BF reads,
(f0, F0) < fM x.

3. Front dynamics with time delays

3.1. Preliminary remarks: perturbative approach
The lag time τD between the ac force f(t) and the

speed function s(t) of the ac driven BF is sensitive to
both rates that characterize the driving force and the sys-
tem. More specifically, it depends on both the steepness
of the forcing function, that characterizes the “rate” of
the driving force, and the characteristic relaxation time
of the system, τR, which describes the rate of the tran-
sient processes in the system (e.g., see Ref. [11]). Re-
gretfully, the characteristic parameter τR is analytically
not obtainable; the analytical techniques of finding the

front-solutions of the ac driven BF are lacking. The pre-
vious investigations of the ac driven BFs have been based,
for the most part, on the adiabatic approximation (2) ig-
noring the time lags discussed. Nevertheless, a rough
estimate of the required parameter τR may be obtained
by use of the perturbation theory that describes the par-
ticular case of the weakly perturbed system being only
slightly deviated from its stationary “state” u0(z). As
a preliminary, it seems to be instructive to begin our
consideration of the retardation effects in the front dy-
namics with a brief discussion of the characteristic re-
laxation rates τ− 1

R in a weakly perturbed system. The
temporal behavior of the system being only slightly devi-
ated from its stationary state u0(z) is obtainable through
the linearization procedure of the governing Eq. (1), in
which we replace the forcing function f(t) by the weak
forcing εf(t, z), where ε ¿ 1. Then, it follows that
u(z, t) = u0(z) + ∆u(z, t) and c(t) = c0 + ∆c(t) where
by ∆u(z, t) and ∆c(t) we denote the small deviations.
With the linearization procedure discussed the following
equation results (e.g., see Refs. [5, 17]):

∆ut(z; t) + L̂∆u(z; t)−∆c(t)u0z

= f(t, z) + O[∆u, ∆c; u0(z)] , (11)

where the linear operator L̂ is defined as follows:

L̂ = −∂zz − c0∂z + U(z) , (12a)

and the associated potential U(z) is described by the re-
lation

U(z) = R′ [u0(z)] , (12b)

with the prime denoting the derivative with respect to the
“variable” u0. The auxiliary function O(z, t) in Eq. (11)
involves the nonlinear terms in ∆u and ∆c. Equa-
tion (11) holds in any case the weak forcing εf(t, z), ei-
ther noisy or regular one, independently of the initial
cause that produced the small deviations ∆u and ∆c.
From Eq. (11) it follows that the temporal behavior of
the system being only slightly deviated from its station-
ary state u0(z) may be evaluated by solving the following
eigenvalue problem (e.g., see Refs. [5, 17] for details):

L̂Yα(z) = λαYα(z) , (13)

where the notations Yα and λα stand for the eigenfunc-
tion and the corresponding eigenvalue of the linear op-
erator L̂, respectively. The eigenvalues spectrum {λα},
which encompasses an ordered set of the eigenvalues λα

denoting the characteristic relaxation rates (exponents),
τ− 1
α = λα, of a weakly perturbed system, depends on
the peculiarities of the potential U(z) being a function of
both the rate function R(u) and the front solution u0(z),
as follows from Eqs. (13), (12a) and (12b). The free
front solution of BF, u0(z), joins the outer zero points
of the rate function. Thus, from Eq. (12b) it follows
that the potential function U(z) describes the potential
well with two maxima being at infinity, z → ∓∞, and
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the minimum being located at the point z = zm deriv-
able from the following equation: u0(zm) = uf where the
denotation uf stands for the flex-point of the rate func-
tion, namely, one has that R′′(uf) = 0. The obvious
relations that are followed directly from Eq. (12b) hold:
U(z → ∓∞) → U∓∞ where U∓∞ = R′(u1, 3). Referring
to the particular case of the pseudolinear rate function
studied in the present report we get that U−∞ = α1,
U+∞ = α3, and U(zm) = −α2, i.e., the potential func-
tion U(z) describes the square well being schematically
depicted in Fig. 2.

Fig. 2. The associated potential of the linearized prob-
lem being related to the pseudolinear model of the
bistable system.

In continuing the discussion of the characteristic relax-
ation rates τ− 1

α we notice that the eigenvalues spectrum
{λα} has a gap. More specifically, it contains at least
one discrete (separate) eigenlevel, λ̄ = 0, being related
to the translational (Glodstone) mode, Ȳ (z) ∝ u′0(z),
and the continuous spectrum of the eigenvalues λk being
separated from the discrete eigenlevel λ̄ by the gap ∆λ,
which depends on the peculiarities of the potential func-
tion U(z). The obvious relation ∆λ = λmin − λ̄ ≡ λmin

holds, where by λmin we denote the bottom of the con-
tinuous spectrum, namely, one has that λmin ≤ λk where
λmin = min {R′(u1), R′(u3)} (see Fig. 2). Finally, we
notice that the separate eigenlevel λ̄ being related to
the translational mode is the lowest (minimal) eigen-
value of the spectrum {λα}, namely, the rigorous equal-
ity λ̄ ≡ min{λα} = 0 holds, in any case of the front
solution u0(z) joining two steady states of the bistable
system (e.g., see Refs. [18]). Referring to the partic-
ular case of the pseudolinear rate function we thus get
that ∆λ = λmin where λmin = min {α1, α3}. Finally,
we notice that the slowly developing processes that are
characterized by the low relaxation rates τ− 1

α play a ma-
jor role, in considering the retardation effects discussed.
Consequently, in evaluating the characteristic (largest)
relaxation time τR of the “pseudolinear” system being
only slightly deviated from its stationary state u0(z) we
get that

τR = max
{
α−1

1 , α−1
3

}
. (14)

From Eq. (14) it follows that the characteristic time
duration τR is a function of the outer slope coefficients

of the rate function, α1 and α3, and is not sensitive to
the inner α2. Furthermore, the characteristic relaxation
rates of the system, τ− 1

R , derivable by the symmetrical
and asymmetrical rate functions satisfying the relations
α1 = α3 and α1 6= α3 differ. By tuning the outer slope
coefficient, either α1 or α3, one lengthens or shortens the
time duration τR, as a consequence, one arrives at the
different rates of the transient processes in a weakly per-
turbed system being slightly deviated from its stationary
state u0(z).

3.2. Bistable front under rectangular ac forcing:
retarded speed functions

The above given estimate (14) of the characteristic pa-
rameter τR is very approximate. Let us turn to the more
general case of the system being largely deviated from its
stationary state u0(z).

As already noted, in considering the retarded acceler-
ations of the ac driven front, more exactly, the lag time
between the ac drive and the instantaneous velocity of
BFs we shall deal with the step-like forcing function (9).
The rectangular forcing (9) is extremely fast; both pa-
rameters discussed, τR and τD, that characterize the rate
of the temporal relaxation of the transient processes in
system and the time lags, respectively, coincide. The
numerically found s−t dependences that describe the re-
sponse of BF to the step-like force (9) are shown by the
solid curves 1, 2, and 3 in Fig. 3; the particular case of
the symmetrical rate function is presented by curve 1, for
comparison. One can see that the presented s−t depen-
dences being derived at the different slope coefficients α3

are differently sloped, i.e., they are characterized by the
different lags τD. We notice that the presented depen-
dences are in a reasonable agreement with relation (14)
being derived within the perturbation theory. Indeed,
the parameter values τR that are related to the separate
curves in Fig. 3 are as follows (see the figure caption):
τR = 1 (curves 1, 2) and τR = 5 (curve 3), whence it fol-
lows that τR 1 = τR 2 < τR 3 where the subscripts 1, 2, and
3 refer to the separate curves. As discussed, in the consid-
ered case of the rectangular forcing both parameters τR

and τD coincide, thus, we get that τD 3 > τD 1, τD 2. One
can see that the presented s−t dependences are in a qual-
itatively good agreement with relation τD 3 > τD 1, τD 2.
Indeed, both nearly equally sloped curves 1 and 2 being
derived at the different values of the slope coefficient α3

satisfying the relations α3 = α1 and α3 > α1, respec-
tively, are related to the same value of the parameter τR,
i.e., the approximate equality τD 1 ≈ τD 2 holds. By con-
trast, curve 3 being derived at the lesser slope coefficient
α3 satisfying the relation α3 < α1, thus, being related to
the lower relaxation rate τ− 1

R is more gently sloped, in
accord with the relation τD 3 > τD 1, τD 2.

To be more specific we notice that the temporal behav-
ior of the retarded speed functions s(t) derivable by the
rectangular forcing is exponential with a good accuracy
of few percent, as follows from our direct calculations (see
also Ref. [19]). Namely, the actual (numerically found)
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Fig. 3. The temporal relaxation of the moment ve-
locity of the dragged front being under the action of
the step-like force (shown by the rectangular curve).
The solid curves show the actual s−t dependences be-
ing derived by the numerical simulation of the govern-
ing Eq. (1), and the analytic approximations sE(t) are
shown by the dashed curves. The parameter values are:
∆R = 1, α1 = α2 = 1, hR = h0; F0 = −0.5fMx, t0 = 0;
(curve 1) α3 = 1, τR = 1.0, τS = 1.23, s∞ = 0.30;
(curve 2) α3 = 5.0, τR = 1.0, τS = 0.93, s∞ = 0.26;
(curve 3) α3 = 0.2, τR = 5.0, τS = 5.04, s∞ = 0.21.

s−t dependences are describable adequately enough by
use of the following expression:

sE(t− t0)− s0

=

{
0, t < t0,

(s∞ − s0)[1− exp(−(t− t0)/τS)], t > t0,

(15)
where by s0 and s∞ we denote the initial and asymp-
totic values of the speed function s(t), respectively. More
specifically, one has that s(t < t0) = s0 and s(t → ∞)
→ s∞. The empirical parameter τS (below referred to as
the “speed relaxation” time) characterizes the time du-
ration of the transient behavior (temporal relaxation) of
the step-like speed function; its inverse, τ− 1

S , indicates
the steepness of s−t dependence. From Eq. (23) it fol-
lows that

s∞ − sE(TS)
s∞ − s0

= δS , δS(TS) = e−β , (15a)

where the introduced quantity, TS = t − t0, denotes the
time separation between the time moment t and the ini-
tial moment t0, at which the step-like force was switched
on, and the parameter β is defined as follows, β = TS/τS .
The characteristic time duration τS is derivable by the
direct substitution of the auxiliary parameters s0 and
s∞, being derived by the numerical solution of the gov-
erning Eq. (1), into Eq. (15a). By properly choosing
the empirical parameter δS one can find the parameter
value τS with a needed accuracy. In considering the time
lags discussed we used Eq. (15a). Clearly, the required
parameter value s∞ derivable by numerically simulating
the drift motion of the ac driven BF is very approximate;

strictly speaking, the asymptotic value s∞ is numerically
not achievable. In view of this, to enhance the accuracy
of the calculations we used the required asymptotic val-
ues s∞ being derived by use of the “instantaneous” speed
functions sA(t). The speed function sA(t) instantly fol-
lows the step-like rectangular forcing, namely, the one
has that s∞ = sA(t > t0).

The actual speed functions s(t) and their emulations
sE(t) are presented in Fig. 3, for comparison; these are
shown by the solid and dashed curves, respectively. One
can see that a close proximity between the appropriate
s−t and sE−t dependences being derived at the same
values of the outer slope coefficient α3 occurred. For large
t’s satisfying the relation t − t0 À τR both dependences
discussed practically coincide. They deviate somewhat
from each other only in the interval of the initial time
moments satisfying the relation t − t0 < τR. Such an
exponential behavior of the retarded speed functions s(t)
may be attributed to the piecewise-linear character of the
rate function R(u).

In continuing the discussion of the retarded speed func-
tions we notice that both parameters discussed, the speed
relaxation time τS obtainable empirically and the char-
acteristic time duration τR derivable analytically, by use
of the perturbation theory are in a reasonable agree-
ment with each other, as follows from our direct calcu-
lations. A close proximity of both parameters discussed,
τS and τR, is demonstrated by two separate families of
τS−α− 1

3 and τS−α− 1
2 characteristics that are shown by

the solid and dashed curves, respectively, in Fig. 4. The
family of the solid curves labeled by 1a, 2a, and 3a in
the figure show τS−α− 1

3 dependences being derived at
the different outer slope coefficients α1 of the rate func-
tion; the inner slope coefficient α2 was kept fixed. One
can see that the presented τS−α− 1

3 dependences agree
both qualitatively and quantitatively well enough with
relation (14) being derived within the perturbation the-
ory. Indeed, from Eq. (14) it follows that the character
of the discussed τR−α− 1

3 dependences is quite different
within two separate intervals of the “variable” α− 1

3 , be-
ing defined by the following relations, α− 1

3 ∈ (0, α− 1
1 ]

and α− 1
3 ∈ [α− 1

1 ,∞), respectively. More specifically, one
has that (i) τR = α− 1

1 = const if α− 1
3 < α− 1

1 , and (ii)
τR = α− 1

3 if α− 1
3 > α− 1

1 . The “critical” (break) points
of the considered τR−α− 1

3 dependences, separating both
intervals discussed, are located at α− 1

3 = α− 1
1 ; the break

points are pointed by the vertical arrow-lines in Fig. 4,
and the straight dashed line A shows the linear τR−α− 1

3

dependence (ii). One can see that in the limit of the
large α− 1

3 ’s satisfying the relation α− 1
3 À α− 1

1 the nu-
merically found τS−α− 1

3 characteristics closely approach
the linear dependence τS = α− 1

3 shown by the dashed
line A in the figure, in a good agreement with relation
(ii). By contrast, in the interval of the small values α− 1

3

satisfying the relation α− 1
3 ¿ α− 1

1 the empirical param-
eter τS tends to some fixed value, τS ≈ const, in accord
with relation (i) (see curves 1a, 2a, and 3a in the figure).
Both dependences τS−α− 1

3 and τR−α− 1
3 deviate some-
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Fig. 4. The speed relaxation time τS versus the inverse
slope coefficients α−1

3 and α−1
2 of the rate function; two

separate families of τS−α−1
3 and τS−α−1

2 dependences
being derived at the different values of the outer slope
coefficients, α1 and α3, respectively, are shown by the
solid and dashed curves labeled by a and b, respectively.
The vertical arrows, being located at the break points
α−1

3 = α−1
1 of τR−α−1

3 characteristic, on the abscissa
axis, separate two different intervals α−1

3 < α−1
1 and

α−1
3 > α−1

1 of the variable α3, that are characterized
by the different τR−α−1

3 dependences. Namely, one has
that (a) τR = α−1

1 if α−1
3 < α−1

1 , and (b) τR = α−1
3 if

α−1
3 > α−1

1 (see Eq. (14)). The horizontal arrows point
the parameter values τS(α−1

3 ) taken at the break points,
α−1

3 = α−1
1 . The straight dashed line labeled by A shows

the linear dependence, τS = α−1
3 . The parameter values

are: ∆R = 1, hR = 1.2h0; F0 = −2fMx/3; (curves 1a,
2a, and 3a) α2 = 1 and α1 = 0.2, 0.5, 1.0, respectively;
curves (1b, 2b, and 3b) α1 = α3 = 0.5, 1.0, 2.0, respec-
tively. The characteristic parameters τR being related
to the separate curves 1b, 2b, and 3b are as follows:
τR = 2.0; 1.0; 0.5, respectively.

what from each other in the vicinity of the break points
being located at α− 1

3 = α− 1
1 . For instance, the minimal

(lowest) values τmin of the empirical parameter τS being
related to the separate curves shown Fig. 4 are as follows:
τmin ≈ 5.2 (1a), 2.2 (2a), 1.1 (3a) where the notations in
the round brackets refer to the separate curves. On the
other hand, the minimal values of the characteristic re-
laxation time τR being related to the separate curves 1a,
2a, and 3a are as follows: τR = 5.0 (1a), 2.0 (2a), 1.0 (3a)
(see the figure caption), thus, a close proximity between
both discussed parameters occurred.

Referring to the τS−α− 1
2 characteristics that describe

the dependence of the empirical parameter τS versus the
inner slope coefficient we notice that a close proximity be-
tween both τS−α− 1

2 and τR−α− 1
2 dependences has also

occurred (see the dashed curves in Fig. 4). One can see
that the presented τS−α− 1

2 dependences that are derived
at the different values of the outer slope coefficients α1, 3

are flattened; the characteristic time duration τS is prac-
tically independent of the inner slope coefficient α2, in
a good agreement with relation (14). Furthermore, both
discussed parameters τS and τR are close to each other,

namely, one has that i) τS ≈ 2.9 (1b), 1.4 (2b), 0.7 (3b),
and ii) τR ≈ 2.0 (1b), 1.0 (2b), 0.5 (3b) where, as before,
the notations in the braces refer to the separate curves.

Thus, we conclude that a close proximity between both
τS−αi and τR−αi dependences was occurred. We notice
that the strength of the rectangular forcing that was used
in the derivation of the considered τS−αi dependences
was taken large enough, namely, one had that |F0| ≈
0.7fMx (see the figure caption). By contrast, the relation
(14) holds in the case of the weak forcing only.

Fig. 5. The characteristic time duration τS versus the
strength F0 of the rectangular forcing. The parame-
ter values are: ∆R = 1, hR = 2h0/3, α1 = α2 = 1;
(curve a) α3 = 0.2, hR ≈ 1.55, s0 = −0.09; (curve b)
α3 = 1.0, hR = 2/3, s0 = −0.11; (curve c) α3 = 5.0,
hR ≈ 0.52, s0 = −0.12. The characteristic parameters
τR being related to the separate curves a, b, and c are
as follows: τR = 5.0, 1.0, and 1.0, respectively (shown
by the dashed horizontal lines in the figure).

Evidently, the characteristic time duration τS should
be a function of the strength of the ac forcing, F0. We no-
tice in advance that the empirical parameter τS has only
a weak dependence on the strength of the rectangular
forcing; the numerically found τS−F0 dependences deriv-
able by the flexible rate function (5) are gently sloped, as
follows from our direct calculations. The typical τS−F0

characteristics are presented by solid curves a, b, and c
in Fig. 5; the dashed horizontal lines point the corre-
sponding values of the parameter τR. One can see that
the presented curves are flattened everywhere, apart from
the narrow interval of the extremely large F0’s being in a
close vicinity of the critical point, F0 = fMx, above which
the global stability of the ac BFs breaks down. We notice
that the parameter values τS(F0) that are taken within
the interval of the small amplitudes F0 satisfying the re-
lation F0 ¿ fMx are very close to those derivable within
the perturbation theory, namely, the approximate equal-
ity holds, τS(F0) ≈ τR if F0 ¿ fMx. Referring to the
separate curves shown in Fig. 5 we get that τS ≈5.3 (a),
1.1 (b), and 0.8 (c) if F0 < 0.1, where the notations in
the braces refer to separate curves. Quite similarly, from
Eq. (14) it follows that τR = 5.0 (a), 1.0 (b), and 1.0 (c).

Summarizing we conclude that (a) the transient behav-
ior of the step-like speed functions s(t) that describe the
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temporal evolution of the instantaneous velocity of the
ac driven BFs under the rectangular forcing is exponen-
tial, (b) the characteristic exponent of the retarded speed
functions, τ− 1

S , that describes both the rate of the tem-
poral relaxation of the speed functions and the time lags
between the instantaneous velocity of the ac driven BF
and the driving force is a function of the outer slope coef-
ficients of rate function, α1, 3, and is not sensitive to the
inner α2, (c) the characteristic time duration τS has only
weak dependence on the strength of the applied forcing,
(d) the temporal behavior of the retarded speed functions
s(t) being derived with an arbitrary strong forcing is de-
scribable adequately enough by use of the perturbation
theory, in the most general case of the piecewise linear
rate function.

Obviously, the retardation effects discussed will take
place also in the case of the periodic oscillatory zero-
mean ac forces being capable to induce the directed net
motion of the ac driven BF. The occurrence of the time
lags between the oscillatory force and the instantaneous
velocity of the periodically forced BFs may significantly
influence on the spurious drift of BFs. Let us turn to the
rectified oscillatory motion of the ac driven BFs derivable
by the asymmetrical rate functions.

4. Front dynamics with time lags

In considering the ratchet-like transport of BFs we
shall deal with the single-harmonic forcing function of the
highest temporal symmetry. The scaled forcing functions
f∗(t) being defined by the relation f∗(t) := f(t)/∆R will
be used. The average characteristics of the spurious drift
of BFs derivable by the self-similar rate functions R(u; C)
are not sensitive to the height ∆R of the rate function if
both scaled functions f∗(t) and s(t) are used (see Refs.
[8, 10, 12]).

In the previous section we have demonstrated that
both relaxation rates τ− 1

R and τ− 1
S derivable in two dif-

ferent cases of the symmetrical and asymmetrical rate
functions notably differ. Broadly speaking, the parame-
ters discussed are increasing functions of the outer slope
coefficients of the rate function. Thus, one may expect
that the lag time between the oscillatory speed function
s(t) of the periodically forced BF and the ac force will be
decreasing function of the outer slope coefficients. Our
numerical simulations confirm this prediction. The oscil-
latory speed functions s(t) that are derived at the differ-
ent slope coefficients α3 are presented by the solid curves
in Fig. 6; the dashed curves show the “instantaneous”
speed functions sA(t). As expected, the actual speed
functions s(t) become more and more flattened with the
decreasing slope coefficient α3 (compare the solid curves
shown in the figure). Both the magnitude, ∆s = sM−sm,
of the oscillatory function s(t) and the lag time between
both s−t and sA−t dependences increase with the de-
creasing slope coefficient α3, in accord with relation (14);
as before, by the subscripts M and m we denote “Max-
imal” and “minimal”, respectively. The increasing time

lags between both oscillatory functions s(t) and sA(t)
are schematically depicted by the straight inclined lines
(a) and (b) denoting the average “slopes” of the consid-
ered sA−t and s−t dependences (the straight inclined
line indicating the average “slope” of the oscillatory func-
tion joins the adjacent extremes of the oscillatory func-
tion). One can see that the relative slope between both
inclined lines (a) and (b) increases with the decreasing
slope coefficient α3 (compare the separate families of the
curves labeled (A), (B) and (C) in the figure). Notice
that the magnitude of the actual (retarded) speed func-
tion, ∆s, becomes notably reduced even at the moder-
ately low frequencies satisfying the relation ω ' τ−1

R .
Referring to the particular case labeled by (B) in the
figure we get that ∆s/∆sA ≈ 0.3 where the quantity,
∆sA = sAM−sAm, denotes the magnitude of the “instan-
taneous” oscillatory function sA(t) that ignores the time
lags discussed (notice, both parameters τ− 1

R and ω that
characterize the “rate” of the system and the oscillatory
force, respectively, are of the same order in magnitude
in this case, namely, one has that ω = 6τ− 1

R ; see the
figure caption). The magnitude ∆s of the actual speed
function s(t) becomes notably reduced, namely, the in-
equality ∆s ¿ ∆sA holds if the criterion of the rapid
driving, ωτR À 1, is satisfied, as follows from our direct
calculations. In closing the discussion of the oscillatory
speed functions we conclude that the temporal behavior
of the retarded speed functions s(t) is in line with the pre-
vious results being derived with the rectangular forcing.
Let us turn to the spurious drift of BFs.

Fig. 6. The retarded speed functions s(t) being derived
at the different values of the outer slope coefficient α3

(shown by the solid curves). The dashed curves show
the “instantaneous” speed functions sA(t) that ignore
the delays. The average slopes of both speed functions
sA(t) and s(t) are depicted by the straight inclined lines
(a) and (b), respectively. Notice that the relative slope
(angle) between both lines (a) and (b) increases with the
decreasing slope coefficient α3. The parameter values
are: f∗0 = 0.6f∗Mx, T = 1; α1 = 5, α2 = 1, hR = h0,
s0 = 0; (curves A) T = 5.0τR, α3 = 5.0, hR = 1.00;
(curves B) T = τR, α3 = 1, hR = 1.29; (curves C) T =
0.2τR, α3 = 0.2, hR = 2.24. The forcing amplitudes f∗0
being related to the separate pairs of the curves labeled
by A, B, and C are as follows: f∗0 ≈ 0.30, 0.26, and 0.19,
respectively.
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Fig. 7. (a) The mean drift velocity of the ac driven
BF versus the frequency of the harmonic force. The
initial velocity of BF (shown by the dashed line) was
taken fixed, namely, s0 = 0.5. The parameter values
are: f∗0 = 0.9f∗Mx; α1 = 5, α2 = 1; (curve 1) α3 = 0.2,
hR ≈ 9.6h0 (h0 ≈ 2.24), f∗0 ≈ 0.04; (curve 2) α3 = 1.0,
hR ≈ 6.9h0 (h0 ≈ 1.29), f∗0 ≈ 0.09; (curve 3) α3 = 5.0,
hR ≈ 6.3h0 (h0 = 1.00), f∗0 ≈ 0.12. The character-
istic time durations τR being related to the separate
curves (1), (2), and (3) are as follows: τR = 5.0, 1.0,
and 0.2, respectively. Notice that the steepness of the
given v−ω dependences increases with the decreasing
slope coefficient α3. In the range of the high frequencies
satisfying the relation ωτR À 1 the mean drift veloc-
ity of BF is very close to that of the free BF, s0, i.e.,
the spurious drift of BF practically disappears. (b) The
same as in Fig. 7a, but the dependence of the mean
drift velocity of BF versus the period of the ac force is
presented. Both the denotations and the parameter val-
ues are the same as in part (a). The dashed horizontal
lines show the mean drift velocities vA being derived by
the speed equation (8); these are as follows: (curve 1)
vA ≈ 0.531; (curve 2) vA ≈ 0.528; (curve 3) vA ≈ 0.524.
The actual drift velocities v, when taken at the fixed
period, T = 100, which satisfies the relation T À τR,
are as follows: (curve 1) v ≈ 0.533; (curve 2) v ≈ 0.528;
(curve 3) v ≈ 0.525.

The influence of the retardation effects discussed on
the ratchet-like transport of BFs is demonstrated by v−ω
dependences shown by the solid curves 1, 2, and 3 in Fig.
7a. The average characteristics that are derived with the
asymmetrical rate functions are shown by curves 1 and 2,
and the particular case of the symmetrical rate function
is presented by curve 3.

As expected, the presented v−ω dependences that are
related to the lesser values of the outer slope coefficient
α 3, thus, being related to the lower characteristic rates
τ− 1
R and the larger lags τD are more steeply sloped, in

accord with relation (14). To be more specific we notice
that the relaxation rates τ− 1

R being related to the sepa-
rate curves 1, 2, and 3 are as follows: τ− 1

R = 0.2, 1.0, and
5.0, respectively. It is necessary to note that the “acceler-
ation factor” of the ac driven BF, ρ(ω) = v(ω)/s0, which
characterizes the “efficiency” of the ac driver, becomes
notably reduced, i.e., the drift velocity v of the ac driven
BF becomes very close to that of free, unperturbed BF,
s0, even at “moderately low” frequencies ω satisfying the
relation ωτR ' 1. More specifically, the acceleration fac-
tors, ρR ≡ ρ(ω = τ− 1

R ), being related to the separate
curves 1, 2, and 3 shown in Fig. 7a are as follows: 1.03,
1.02, and 1.01, respectively.

In order to reveal the peculiarities of the ratchet-like
shuttling of BFs in the low-frequency range of the oscilla-
tory force we present the “reciprocal” v−T dependences
that describe the dependence of the mean drift velocity
v versus the period T of the forcing. These are shown in
Fig. 7b; both the notations and the parameters used are
the same as in Fig. 7a. As expected, the average v−T
characteristics are decreasingly sloped with the increas-
ing period of the forcing. The mean drift velocity v of
the ac driven BF becomes very close to that of the quasi-
-stationary driven BF, vA, if the period T of the ac force
significantly exceeds the characteristic relaxation time of
the system, τR (the drift velocities vA are pointed by the
dashed horizontal lines in the figure). This result har-
monizes well with the previous findings (see Fig. 6); the
retardation effects become notably reduced, i.e., the lag
time τD practically vanishes if the criterion of the slow
driving T À τR is satisfied.

In closing the discussion of the spurious drift of the
“retarded” BFs let us touch briefly on some peculiarities
of the reversal behavior of the directed net motion of the
ac driven BFs derivable by the asymmetrical rate func-
tions. As previously mentioned, the average v− f∗0 char-
acteristics of the ratchet-like transport of BFs that are
derived by use of the symmetrical and asymmetrical rate
functions radically differ. Our previous calculations be-
ing performed by use of the asymmetrical rate functions,
within the adiabatic approximation discussed, demon-
strated that depending on the initial velocity of the free,
unperturbed BF, s0, the ac driven BF being subjected to
the time-symmetric oscillatory force of zero-time average
exhibited the reversal of the unidirectional net motion, as
a function of the driving amplitude f0 (see Ref. [8]). The
reversal implies that the average v − f∗0 characteristic of
the ac driven BF has at least one null (zero-point). As al-
ready mentioned, the governing Eq. (1) is analytically not
solvable; the rigorous criteria under which the reversals
discussed exist (occur, vanish) are lacking. The approxi-
mate criteria, more exactly, the necessary, but insufficient
conditions for the existence of the reversals discussed are
obtainable by considering the spurious drift of BFs un-
der “slow” square-wave ac forcing satisfying the relation
T → ∞ (see Ref. [8]). The approximate criteria encom-
passing both cases of the backward- and forward-running
BFs satisfying the relations s0 < 0 and s0 > 0, respec-
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tively, read: (A) hR ∈ (1, h0) if α1 > α3 (the particular
case, s0 < 0); (B) hR ∈ (h0, 1) if α1 < α3 (the other case,
s0 > 0); the boundary conditions u0(z → ∓∞) → u1, 3

discussed above have been used in the derivation of these
relations. We stress that the presented criteria (A) and
(B) are the necessary, but not sufficient conditions for the
existence of the reversals discussed. In any case, the re-
versal disappears, namely, the progressive (accelerated)
dc motion of the ac driven BF takes place if both criteria
(A) and (B) are broken. The adiabatic approximation
being used in the derivation of the presented relations
(A) and (B) ignores the time lags between the instanta-
neous velocity of the ac driven BF and the ac forcing. It
is not clear enough whether and how strongly the retar-
dation effects discussed are capable to influence on the
reversal behavior of the unidirectional net motion of the
ac driven BFs.

The numerically found v−f∗0 dependences encompass-
ing both cases of the progressive and regressive dc motion
of BFs are presented by the solid curves in Figs. 8A and
B, respectively. The dashed curves labeled by vA show
the average vA−f∗0 characteristics being derived by the
speed Eq. (8). One can see that the numerically found
v − f∗0 dependences that describe the particular case of
the slow oscillatory force satisfying the relation T À τR

agree well with the appropriate vA−f∗0 dependences be-
ing derived within the adiabatic approximation discussed
(compare the solid and the dashed curves labeled by a
and vA, respectively, in both figures). As expected, the
steepness of the given v−f∗0 characteristics decreases with
the frequency of the ac force being increased; the spuri-
ous drift of BF becomes notably suppressed in the whole
interval of the driving amplitudes f0 if the period of the
ac force becomes lesser if compared to the characteris-
tic relaxation time of the system, namely, if the relation
T ≤ τR is satisfied (see curves labeled by c in both fig-
ures). As noted, the reversals in the spurious drift of
BFs are related to the nulls of v−f∗0 characteristics. The
particular case of the regressive-progressive dc motion
exhibiting the reversal that satisfies the criterion (A), is
demonstrated by curve (a) in Fig. 8B.

The occurrence of the time lags in the oscillatory mo-
tion of BF leads to the shifting of the nulls of v−f∗0 char-
acteristic toward the larger values of the driving ampli-
tude f∗0 ; the higher strengths of the oscillatory force are
required to achieve the reversal with the ac force of the
higher frequency ω. Curve (b) shows the “critical” sit-
uation: the ac driven front, which initially propagated
at some fixed nonzero velocity s0, experienced the stop-
ping at the maximal amplitude, f∗0 = f∗Mx, above which
the global stability of BF breaks down. A further in-
crease of the oscillatory frequency ω leads to the larger
lags, as a consequence, the average v−f∗0 characteristic
becomes more and more flattened with the increasing fre-
quency ω, as a result, the reversal of the unidirectional
net motion of BF disappears (see curve c in Fig. 8B).
As noted, the rigorous criteria for the existing of the re-
versals discussed are lacking. The average v−f∗0 charac-

Fig. 8. (A) The mean drift velocity of the ac driven
BF versus the amplitude of the harmonic force. The
solid curves (a), (b), and (c) show the actual v−f∗0 de-
pendences being derived by the numerical solution of
Eq. (1); the dashed curve labeled by vA is obtained by
the speed Eq. (8). The parameter values are: α1 = 5,
α2 = 1, α3 = 0.2; h0 ≈ 2.24, hR ≈ 2.78; s0 = 0.05,
τR = 5.0; (curve a) T/τR = 60; (curve b) T/τR = 10;
(curve c) T/τR = 5. The maximal drift velocities
vMx being derived at the maximal amplitude of the ac
drive, f∗0 = f∗Mx, are as follows: (curve a) vMx ≈ 0.13;
(curve b) vMx ≈ 0.10; (curve c) vMx ≈ 0.08. (B) The
same as in part (A), but for the other case of the oppo-
sitely running BF satisfying the criterion of the reversal
behavior (A). The parameter values are: s0 = −0.05;
α1 = 5, α2 = 1, α3 = 0.2; h0 ≈ 2.24, hR ≈ 1.81;
τR = 5.0; (curve a) T/τR = 60; (curve b) T/τR = 10;
(curve c) T/τR = 5. The maximal drift velocities vMx

being related to the separate curves a, b, and c are as
follows: vMx ≈ 0.042, 0.000, and −0.026, respectively.
Notice that depending on the frequency of the driving
force, the bistable front, which initially propagated at
the fixed velocity s0, exhibited (i) the reversal (curve a),
(ii) the stopping (curve b), (iii) regressive (decelerated)
dc drift (curve c), as a function of the driving amplitude.

teristics become very flattened practically in the whole
interval of the driving amplitudes f∗0 if the lag time τD

significantly exceeds the period of the forcing, namely,
when the criterion of the fast driving ωτR À 1 is sat-
isfied, as follows from our direct calculations. Thus, we
say that the reversals discussed will disappear “almost in
the whole interval” of the initial propagation rates s0 of
the ac driven BF if the criterion of the rapid driving is
satisfied.

5. Summary
The retardation effects (time lags) in dynamics of the

ac driven “bistable” fronts (BFs) joining two states of the
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different stability in a bistable system of the reaction-
-diffusion type have been studied by use of the macro-
scopic kinetic equation of the reaction kinetics, within
the piecewise linear model of the system, encompass-
ing both cases of the symmetrical and asymmetrical rate
functions. By numerically simulating the drift motion of
the ac driven BF under the step-like ac forcing we have
shown that (A) the time-dependent speed functions that
describe the temporal evolution of the instantaneous ve-
locity of the ac driven BF follow the ac drive with some
retardation (lag time), (B) the temporal behavior of the
retarded (step-like) speed functions is exponential, in the
most general case of the piecewise linear rate function of
the flexible symmetry; the temporal evolution of the in-
stantaneous velocity of the ac driven BF is describable
quite adequately by use of the characteristic exponent
γS denoting the rate of the temporal relaxation of the
retarded speed function; its inverse, τS = γ− 1

S , describes
the lag time τD between the instantaneous velocity of
the ac driven BF and the rectangular forcing, (C) the lag
time τD is a function of the outer slope coefficients of the
rate function and is not sensitive to the inner; further-
more, it has only weak dependence on the strength of the
applied forcing, (D) the time lags (retardation effects) in
the front dynamics are describable by use of the pertur-
bation theory, even in the case of the strong forcing.

Another aspect of the front dynamics being discussed
in the present report is the influence of the retardation ef-
fects on the ratchet-like shuttling of BFs derivable by the
asymmetrical rate functions. By considering the response
of BF to the single-harmonic ac forcing we were able to
show that the occurrence of the time lags in the oscil-
latory motion of the ac driven BF shrunk the spurious
drift of BF; the spurious drift of BFs practically disap-
peared if the frequency of the oscillatory force acting of
the front significantly exceeded the characteristic relax-
ation rate of the system. In addition, we have shown that
the possibilities of controlling the directed net motion of
the self-ordered fronts by the low- and high-frequency
zero-mean ac forces radically differ: the occurrence of
the time lags in the front dynamics leads to the vanish-
ing of the reversals in the directed net motion of the ac
driven BFs, being inherent in the case of the extremely
slow (quasi-stationary) ac drive.
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