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The asymptotic and approximate formulae for the asymmetric modal acoustic self- and mutual-impedance

have been presented for a clamped circular plate embedded into a flat rigid baffle.

The formulae have been

obtained for the wide frequency band covering the low frequencies, the high frequencies and the middle frequencies.
The high frequency asymptotics have been achieved using the method of contour integral and the method of
stationary phase. The products of the Bessel and Neumann functions have been expressed as the asymptotic
expansions. Further, the approximate formulae valid within the low and middle frequencies have been obtained
from the high frequency asymptotics using some mathematical manipulations. The formulae presented are valid
for both the axisymmetric vibrations and the asymmetric vibrations.

PACS numbers: 43.20.Ks, 43.20.Rz, 43.40.+s

1. Introduction

The surface of some structural elements is often excited
for vibrations and becomes a source of acoustic waves.
The excitation is very often asymmetric in the real vibrat-
ing systems and it is very useful to find some asymptotic
and approximate formulae for the modal quantities neces-
sary to compute the acoustic power, the acoustic pressure
and the structure’s vibration velocity including the fluid
loading. So far, a number of such formulae have been pre-
sented for vibrating circular and rectangular membranes
and plates using several approximate methods [1-9]. The
results obtained by using the exact solutions for the free
vibrations have been presented in a few studies [10-12].
The corresponding asymptotic formulae for the acoustic
impedance and the acoustic power have been reported in
[13-17]. However, the formulae are appropriate for the
axisymmetric processes only. Therefore, this paper fo-
cuses on the asymptotics and the approximations useful
for the asymmetric vibroacoustic quantities of the vibrat-
ing clamped circular plate valid within almost the whole
frequency range, i.e. for the high frequencies, the low fre-
quencies and the middle frequencies, except the very low
frequencies and the frequencies close to the plate’s eigen-
frequencies.

2. Asymptotic formulae for the modal acoustic
impedance

The modal impedance has no pure physical interpre-
tation. This quantity together with the coupling ma-

* corresponding author; e-mail: wprdzank@univ.rzeszow.pl

\\ ;__\'O argN1-z2 =-T/2
L g/' g X
O% Srmn Smn 1

Fig. 1. The integration path C used to derive the
asymptotics for the mutual resistance.

trix and the given excitation provides the total acoustic
impedance. This was reported by Morse and Ingard for
the acoustic wave transmission through a circular mem-
brane in considerable detail in [16, 18] and also for the
acoustic power radiated into the quarter space by the
membrane in [13]. The connection of the modal acoustic
impedance and the coupling matrix has been described in
Appendix B for the reader’s convenience. However, this
paper focuses only on the modal acoustic impedance.
The integral formulae for the modal acoustic
impedance of the two different vibrating clamped circu-
lar plates embedded into a flat rigid baffle have been pre-
sented earlier in [17]. The formulae can be simplified to
be valid for a single plate and the modal self impedance is
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where it has been denoted

Omn = Jm+1(ﬂmn)/*]m (ﬂmn) , Omn an/ﬂ B = koa, (2)
Jm () is the Bessel function of the m th order, a is the radius of the plate, ko is the acoustic wavenumber, 3,,, is the
eigenvalue, and i = —1. The frequency equation is Jy, (Bmn) Im+1(Bmn) + Jma1(Bmn ) Im (Bmn) = 0 where I,,,(+) is the
modified Bessel function of the m th order. The modal mutual impedance assumes the form of

Cm;n,n/ = em;n,n’ - Z-Xm;n,n/v
O = 402,02 ,/1 Frin,w (2)odz
m "o (@t =0, (2t = 8,,) VI - a?
*° Uy (2)xda
i = 462,02 / i , 3
ot = S =5, (0 = 0h ) VT T o

Wm;n,n’ (.Z‘) = (amnéanm(ﬂx) - mt]m-‘rl(ﬁm)) (amn’(smn’t]m(ﬁm) - $Jm+1 (ﬁl’))

This modal quantity is necessary for further calculations of the vibroacoustic properties of the acoustic system
under consideration. Using Eqgs. (1) and (3) makes it possible to calculate the modal impedance of the vibrating
circular plate for the whole frequency spectrum. However, their integral form causes numerical problems. Therefore,
a sort of asymptotic and approximate formulae has been developed and reported below to be useful for some further
numerical calculations.

2.1. The modal self-impedance within the high frequencies

The following condition d,,, < 1 is satisfied for the self-impedance within the high frequency range. The asymptotic
formulation for the resistance can be obtained by using the method of path integral analysis. For this purpose, the
following complex variable function has been introduced [10, 16, 17]

FO(2) = 02,02, I (B2) HSD (82) = 20mndyun I (32) HY\ 1 (B2) + 22 T 11 (B2)H) (82), (4)
where Hf,})() = Jm(+) +iNp(+) is the Hankel function of the first kind and m th order, N,,(-) denotes the Neumann
function of the m th order. Additionally, the following relation is satisfied

Re F)(z) = a2,,62,,J2 (82) — 20mnSmna I (B2) Jymi1(Bx) + 22 T2, 1 (Bz)

The integration path has been chosen according to Fig. 1 with this difference that there are only two second order
poles at points z = §,,, and z = id,,,,. Then applying the Cauchy theorem leads to

F&)(2)zdz B
j{j (24 . 5:1nn)2 m - 07 (5)

where the integrand is analytical and regular on the contour C' and within its interior. Performing integration along

the big circle for R — oo gives no contribution. Since F(*)(iy) = 0 for y € R, the following asymptotic formula for
the modal acoustic resistance has been formulated as [17]

. 00 (s)
glhish) _ 451 [ / [m I (2)z dz +A(5mn)}, (6)
R N NCES

where
1 1+4+a? 1— a2
463 1-— 5%”” 24/1 + 53%

MAmn 1 Qmn 362 362
+ = - - 5 5z T 3/2 (7)
A0 Bmn | 1462,  V1—=0%,| 8B |(1-62,)%%  (1+62,)"
is the real component of the sum of residues (cf. [10]). The upper indice “(high)” denotes that the asymptotic
expression is valid for the high frequencies. Taking into consideration that

ImF(S)(x) =a?,,0%, Jn(BL)Nm(B) = 20mn0mnm (B2) Npi1 (82) + 22T g1 (82) Ny 1 (Bz)
the integral from Eq. (6) can be formulated as
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The Bessel and Neumann functions can be presented by means of the following expansion series [16, 20]

55 = 3 (220 o) - 20 ]
=0

C

a

2 o0 m . ) hm .
Ml =[5 3 22 i) + 2512 cos(n)| (10)
where .
N VA S )
9m () = GiRE)E kl;[o [(2m)? — (2k +1)?] (11)

=0
Om = fPr—m/4—mm/2

From practical viewpoint, it is necessary to limit the expansion series to a finite number of terms. In order to take
into account only first N terms for calculations it has been assumed that the upper limit of sums are equal to N — 1.
On the basis of the above formulae, the products of special functions appearing in Eq. (9) can be presented as the
following expansion series

N—-1N-1
~ (=™ Gm (7)gm (s)
Im(B2) Ny, (Bz) ~ B 2 2 T aegas 008 20z
ﬁm,m(s’ T) . hm(r)hm(s) &m,m(ry 3)
+ et Sin20e + —orm = cos 200 (1) + s |

ﬁm,m+1(r7 S)

Im (Bx) Nypi1 (Bz) ~ Bz 2 2 {‘W sin 28z — o2stari1 OO 20x
P (7)o, . m(7)Im B (1) o,
+ £22+2ei;(8) sin 20z — (‘Umg (;)2€+2+7~1(8) - (=" ;ZZHJ;(S)] ’ -
where
U ke (1,8) = gm (1) (8) + gk (8)hm (1) s Ak (1, 8) = gm (1) hi(s) — gr(8)hm(r). (13)

The asymptotics for integrals in Eq. (9) can be derived after employing expansion series from Eq. (12) and carrying
out integration term by term. The following formula has been obtained by means of the stationary phase method
[10, 16, 17]

/°° exp(i2fz)a"dr 1 [mexp(28+7/4) (14)
N R N AR T

for any r which is useful for further integration. After integration in Eq. (9), the asymptotic expression for the acoustic
self-resistance has been formulated in the form where the oscillating and non-oscillating components are separated

oihigh) = g, ., + Ohieh), (15)
The oscillating and non-oscillating components have been denoted by the symbols “~ ” and “-”, respectively. The
asymptotic oscillating component can be formulated as

~ 2(—1)msk .

Orin, = e {X(SS) cos(26 + 7/4) + YV sin(26 + 7/4) |, 16

N TeTT (28+7/4) (28+7/4) (16)
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where
ngs) mndgnnum m(B) + 2@mn5mnym,m+1(6) - um+1,m+1(5)a

Ya(s) = afrm&?rmym,m(ﬁ) - 20‘mn5mnum,m+1(5) - Vm+1,m+1(5)7

N—-1N-1
Uk (B) =D D [ (r)hr(s) = gm (r)gn(s)]
r=0 s=0
N—-1N-1
Vm, k(ﬂ) = Am,k(5774)~ (17)
r=0 s=0

The following asymptotic formulation has been achieved

N—-1N-1

n(hi 1 s s s

O — 43, [ =52 2 (200 1) + A I 5,1 () +A<6mn>] : (18)
r=0 s=0

for the non-oscillating component where
) (r, s) = a%nnéfnnﬁ/m’m(r’ 5) + 2O‘mn§mnhm(r)hm+1(5)v

)‘(S) (7", 8) = ’3’m,m+1(7“, S) + 2amn5mngm(r)gm+1(s)7

> dx
I () = / : 19
0= | (19)
Employing Eqgs. (A.5) gives the non-oscillating component of the modal self-resistance in the form covering only the
elementary functions

— 1 V(S)
OMED) = 458 (U + —=e + A(6n) | 20
min T (Omn) (20)
where
1 N—-1N-1
U(S = ﬁ vt (‘Q(S a2r+29+1(5mn) + A a2r+29 1(5mn)> ,
N—-1N-1
S 1 S S
2 = ] Z Z ( bgr+2s+1(5mn) + Al )bgr+25 1(§mn)) (21)

and the functlons a(s)(b) and bgf)(b) have been defined in App. A.
On the basis of Eq. (1), the modal self-reactance has been formulated as
Xonin = 40, (02,162, A8 = 2000000 BY + O] (22)
where
A6 — /Oo I (Br)rde . B® - / m (82) i1 (Br) 2 da
R . T R B R Gy ) VA
e8] 2 3
CI(JS) _ / Jm+1(ﬂf§)$ da . (23)
L@ —dh, PV
Making use of Eqs ( ) leads to
—1N-1

Unym (7, 8) B (1) o (8)
Z > [ x2r+2s ) sin 26z + eyt C0820% — — oo sin2fz
r=0 s=0

)

J2 (Bx) =

ﬁx
+ (_1)m9m(r)gm(3) + (_1)mhm(r)hm(s) 7]

x2r+2s x2r+2s+2

I (B2) T 41 (B) =

3 {_gmwgnm() cos 20 + %&1) sin 23z
s=0

P (1) e 1-1.(8)

+ x2r+2$+2

cos 20z + (—

)m ’Ym m+1 (T 5)
x2r+2s+1
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Integrals given in Eq. (23) have been calculated by using of the above expansion series and Eq. (14). Further, the
asymptotic modal self-reactance has been formulated as the sum of the oscillating and non-oscillating components

D) = g + ) (25)
by using Eq. ( ) The oscillating component assumes the form of
. 2(—1)mo2 [ .
= mn___ [ %) cos(2 4) + Y sin(2 4 } , 2%
o ﬁ53/2(1—5ﬁm)2 g I Y, T om0 /) 26)
where
XZ()G) mn(ngme(ﬁ) - 2amn5mnum7m+1(ﬁ) - Vm+17m+1 (/6)7
}/38) = mn(srgnnum m(ﬁ) - 2amn5mn’/m’m+l(5) + um+1,m+1(5)7 (27)
whereas the non—oscﬂlatlng component is
X = Z > (090 ) 18 20 Omn) + 02102l (1 ()18 s 52 ()
r=0 s=0
+ gm+1<r>gm+1<s>f§i>+23_2<6mn>} : (28)
where
(ZS(S)(T’ s) = 0472nn53m9m(7")9m(8) - 2O‘mn5mn§/m,m+1(7’a 5) + hm+1(r)hm+1(s)' (29)
Applying Egs. (A.5) gives
)’(S,}L‘;lﬁh) =462 UZES) + # arcsin Oy, | (30)
where
| NoiN-d
U = (39, )05 0 (Omn) + 82 (1) (8)857 2 Oonn) + G (1) g1 ()05 s (Onn) |
r=0 s=0
] NoiN-l
= (090005 2. (Omn) + A2l (1 (85322 (Bran) + G 1.(1) g1 ()05 22 (Oun) | -
r=0 s=0

1)
The absolute correction to the true value connected with the asymptotic formulae (16), (20), (26) and (30) can be
estimated for the high frequencies as [16]

o] )| < g1, 575/2 — {0, (32

where the true value of considered quantities means that the corresponding value has been calculated using the integral
formulae. Moreover, it has been assumed that the numerical integrations do not produce any numerical errors. The
absolute correction decreases rapidly with an increase in the parameter 8 and the vibration frequency associated.
The asymptotics obtained can be useful for some further numerical calculations of the self-impedance for the high
frequencies.

2.2. The modal self-impedance within the low frequencies

The approximate formulae presented in the previous section in Egs. (20) and (30) can be transformed using the
following equations [19]

arcsinx:gfiarccoshz, V12 =iva2 -1 forz>1 (33)
to be valid within the low frequency range, i.e. for d,,, > 1 [16, 19]. In this case they can be formulated as follows
O = O + 05 XS = Xomin + XS (34)
) 1- ; mn Amn 352 2 (s)
gllow) — 441 Omn__ 4 ma +U® - (3% + g - TV , (35a)
| 80V I+ 02 400 Bn /T4 02, 8307, (1 +02,,,)" 0 =
(s)

1+a2, mamn ) Va® O, (353,m - 2)
572nn -1 45mnﬁmn \/ V 5$nn ]‘ 8ﬁ5 - 1)3/2
B Vp(s) arccos hémn]

Voz, —1

(low) _ 454
-t [

(35b)
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It is worth noticing that this rearrangement does not influence the oscillating components of the modal impedance.
Only the non-oscillating components are modified. The upper indice “(low)” means that the formulation is valid
within the low frequency range. The absolute correction to the true value for formulae representing self-impedance
and self-reactance within the low frequency range is after [16]

[a0fe| | axto| < omnp>/ = B, (36)

The approximate formulae are useful for 7 < 6 < (B, They are useless for 5 < 7 since they have been obtained
using the asymptotic formulae from Eq. (10).

)

2.8. The modal mutual impedance within the high frequencies
The high frequency range in the case of the mutual-impedance is determined by means of the following relation
5mn7 6mn’ <1
Making use of the following identity

1 1 [ 1 1 } (37)
(@b —b3) b6 (@b (et )
it is possible to express the modal mutual impedance from Eq. (3) in the form of (cf. [16])
gm;n,n/ = Sm;n - Sm;n’ y  Xmin,n! = Wm;n - Wm;n’a (383)
g 452,62, /1 Wy e () A o 462,62, /1 Wi e ()2 daz (38b)
e 57%171 - 6;1nn’ 0 (1‘4 - 61%»”1) V31— 2 ’ e 6;1nn - 6:lnn’ 0 (374 - 6371”/) v1-— xQ’
462,62 R/ A—; d 462,02 [ Vpn d
Winn = o i / 5 (w,)/x - v W = T / a (x)/ix : : (38¢c)
5mn - 5mn’ 1 (174 - 5;1rm) 2 —1 6mn - 5mn’ 1 (I4 - 5mn/) z? —1

The asymptotics for the quantity S,,.,, appropriate to frequencies above the coincidence, can be obtained in the
similar way as in the case of the self-resistance by applying the method of the contour integral. For this purpose, the
following function has been introduced

F(m) (Z) = amnémnamn’émn/ Jm (5Z)H7(,1) (ﬁZ) - (amn(smn + Oémn’[;mn’) ZJm (ﬂZ)Hgil(ﬂZ)

+ 21 (B2) Hy, ) (52) (39)
and the following equation has been formulated

% FMzdz 0

c (24 = 6pn)V1 = 22

The integration has been performed along the path shown in Fig. 1. There are the first order poles at z = d,,,,, and
2z = 10,,n, which results in

g 462,62, /°° Im F™) (z)xdx O Oy 1 B 1 (40)
i 6;17171 - 5;1nn/ 1 (234 - 6frlnn) Va2 —1 2672”"5 \/1 + 572”"7« \/1 o 53"” '

The integral appearing in the above equation can also be presented in the following form of

/°° Im F™) () da
1 (2t =8k )vVa? —1
where

ag = [ BNl Orrds iy _ [ TG Na(Ge)e s
¢ 1 (=04 ) Va2 -1 ¢ 1 (x4 =t Iva? -1
C«ém) — /OO Jm+1(ﬂl‘)Nm+1(ﬁ$)$3d$- (42)
L @ ok Va1
Calculations of the integrals in Eq. (42) have been conducted by employing the expansion series from Eq. (12) and
making use of the following formula

/°° exp(i2fz)r"dr 1 [mexp(2B+m/4)
1 (

= amn(smnamn’(smn’Agm) - (amn(smn + amn’§mn’) amn(smntm) + Clgm); (41)

)

st Va2 —1 2\ B (1-04,) )
for any r. Finally, the asymptotic formula of the modal acoustic impedance can be expressed as
‘5’7(7}11;17%}1) = gm;n + 5'7(r111;i’rg1h) (44)
where the oscillating component assumes the form of
Sy = 20" G [X“") cos(26 + m/4) + Y™ sin(26 + 71'/4)} (45)
" B (L= Gn) (B — O L ’ ’

where
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X,g,m) = amnémnamn’(smn’um,m(ﬁ) + (amnémn + amn’(smn’) Vm,m-i—l (ﬁ) - um-l—l,m-‘rl(ﬁ)a

Ya(m) = amnamnamn’(smn’l/’m,m(ﬁ) - (amnémn + amn’émn') um,erl(ﬂ) - Vm+1,m+1(ﬁ)- (46)
By applying Egs. (A.5) the non-oscillating component of Sr(,zl;,glh) can be formulated as
- 462, 52 V™ Son)  rn O 1 1
Glhigh) _ Tmn_mn’ -\ pr(m) (g a mn mn’9mn _ 47
min 6»%7,“ _ (53”1/ a ( Ln) + ,71 — 572nn + 2(5?””6 \/1 + 57%”1 \/1 — (S%Ln ) ( )
where
| NoiN-l
U0 = =53 3 (2 ala(0) + X0, 1)),
r=0 s=0
N—-1N-1
. 1 A L p2)\(m)
Vi (b) = W35 z% ZO <b2r+25+1> (48)

Q(m) (Ty 5) = O‘mn(smnamn’amn/:}/m,m (’I", 5) + (amnémn + amn’5m7L’) hm(r)hm—&-l(S)a

)\(m) (T7 S) = ’S/m,m—i-l (T; S) + (amnémn + amn’(smn’) 9m (T)gm—i-l (8);
and the function a%m)(b) has been defined in App. A.
The asymptotic formulae for S, have been obtained in the analogous way

ghigh) Spint + G(high)

m;n/’ m;n’

S, . — 2(71)7”5%1"(572””/ {X(m) COS(2ﬂ + 7T/4) + Y(m) sin(25 + 7'l'/4):|
" T 0 G~ ) L : |
(m)
g(high) _ % (m) Va" (6mn') | QmnOmn 1 _ 1 4
Sm;n’ - 5;4nn _ 6;171”/ Ua (5mn ) + ,—1 — (Sgﬂn, + 257%171/5 \/1 n 572nn, \/1 — 63nn/ . ( 9)

According to Egs. (38) the asymptotic formula for the mutual resistance is
high high high
(high) :S’En;?% )_nglrgl,).

Further, it has been obtained

OSmiet), = O + SCHiED) — SO (50)
by employing (44), (47) and (49) where

~ 2(—-1)ms2,,.62 .

Oy = MR [Xém) cos(20 + w/4) + Ya(m) sin(206 + /4 ] . 51

= T (U k) (1~ 0] 20w/ 2o oy

The quantity Wp,., can be presented in the form of

Wm;n - W [amnémnamn/émn’A; ) - (amnémn + Oémn/(smn’) B[() ) + 01(7 ):| 9 (52)
where

: 1 (@t =0, Vet =17 1 (@t =0k, Vet =1

© J2 . (Br)rde
(m) _ m+1
s /1 ( (53)

xd— 04 Va2 -1
Calculations of these integrals have been performed by using of the expansion series from Eq. (24) and Eq. (43). The
asymptotics can be formulated as

wihieh) — 7, 4 T (high) (54)
after separating the oscillating and non-oscillating components. The oscillating component is
Wi = G (1= 63,,) (54, — 62) [ X{™ cos(28 + m/4) + Y™ sin(28 + m/4)| (55)

where

X}()m) - amn(smnamn’(smn’y’m,m (ﬁ) - (amnémn + amn’émn’) um,m-i—l (ﬁ) - Vm-i—l,m-i—l (/6)7
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}/p(m) = _am7L67anam7L’5mn/um,m(6) - (O‘mn(Smn + am7L/5mn’) V’m,m+1(ﬁ) + um+1,m+1(6)~ (56)
The non-oscillating component assumes the form of

_ 402,82 [ V™ (6n)
Wi = 57 2250 U5 (o) + 2 ansin5) “”
after applying Eqs (A.5) where
] NoiN-d
U(m)(b ﬂ Z Z [ m) ’/’ s)azrlgg(b) +amn6mnamn’5mn’hm( )h (S)ag;:)_zwrz(b)
r=0 s=0

+ gm+1(7“)9m+1<3>aé722s—2(b)} )

1N
v *fﬁ;

(b(m) (T‘, 8) = AmnQmn/ 6mn5mn’gm(r)gm (S) - (amn(smn + amn’6mn’) ’A)/m,m-f—l('f', 8) + hm+1(r)hm+1(s). (58)
The asymptotic formula for W,(,?f/h )

W(hlgh) Wm it + W(hlgh)

m;n/’ m;n

MZ

b2r+28+5 |:€Z)(m) (T7 5)b2 + o‘mn,(smnamn’amn/hm (T)hm(s) + 9m+1 (T)g7n+1 (5)b4 )

Il
<

S

can be found in a similar way giving

W = NCIE (1 _ 54 ) (54 —5t ) {XI(, )COS(Qﬁ +7/4) + Yp( )sm(QB +7/4)
1 46 62 / V(m) 5mn
Wr(ff,h) ﬁ Uzgm) (O ) + \p/%z) arcsin dy, .,/ (59)

The asymptotic formulation for the mutual acoustic reactance can be formulated as
K yphigh) _yp hieh)

m;n,n’

using Eq. (38). Further, using (54), (55) and (59) gives

high i high
Xin i 7)1/ = Xm;n,n' + W'r(r?fh) Wv(n;n% ) (60)
where
. 2(— )m572nn572nn’ (m) (m) g
Kt = = g gy XA €0s(28 4 /) + V() sin(25 + w/4)} . (61)
nLn mn’

The asymptotics valid within the high frequencies have been derived with the following absolute correction to their
true values

‘Ae(hlgh AX(high)

min,n’ | m;n,n’ < 672nn61%nn ﬁ 3/2 = Et(high)' (62)

This absolute correction to the true value decreases very rapidly with an increase in frequency (cf. the correction to
the true values of the self impedance). The formulae obtained can be useful for numerical computations of the mutual
acoustic impedance for 8 > B, Bmn-

2.4. The modal mutual impedance within the low frequencies

The following conditions are satisfied 5, 0mns > 1 within the low frequencies. In this case, the approximation
for the mutual acoustic impedance can be directly derived from Egs. (50) and (60) by using Eqs. (33). Finally, the
acoustic mutual resistance and reactance has been formulated as

9’571107V:)n’ - 9 n’ + 31(711?3) - Sfrls::/)? (633)
XSLO:LV)W = Xm n,n/ + W?S,O:LV) - W£?§)7 (63b)
respectively, where
. 452, 52 TV (8 Crmn
S(lc.)w) _ mn“mn’ U(m) Som) — P mn + mn’9mn 64a
el W =y BTN (o)
(m)
(low) __ 463nn512nn (m) WVP (5mn’) am7L57an
Smnt = g1 g |V ) S T T i (640)
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= 4 2 2 ’ a(m) mn mn’9mn’ (m) mn mn
i tlow) _ 46mn6n1n U}gm) (Orun) + Vo™ (6mn) om0 Vo (dmn) arccos hd (64c)
’ 6 - 5mn’ 672nn -1 267%1716 V 6’%171 -1 V 57%1717 -1
(m) (m)
_ (low) 462,62, (m) Va (6mn/) Wmnmn Vo™ (8 ) arccos hé
w: ") = ———2 10 [ Smn’) + — . 64d
min 5 5;1nn/ P ( ) 53171/ 1 2572nn’/8 /5727”1, —1 A /53’m, -1 (64d)

The absolute correction to the true values of the self-resistance and the self-reactance can be estimated by the following
expression [16]

‘AH(I"W)

m;n,n’

A (low)

mnn’

<6-2572 3=3/2 - plow) (65)

mn-mn’

)

within the low frequency range. The obtained formulae, like in the case of self impedance are valid for 7 < <

ﬂmna 5mn’ .
2.5. The modal mutual impedance within the middle frequencies

The middle frequency range can be defined by 6., < 1 < dpyns. The approximate formulations for the modal
mutual impedance can be obtained directly from the asymptotic formulae given in (44), (45), (47), (54), (55), (57)
and (64) based on Eq. (38a)

e(middle) _ Sgl.igh) . S(low) g ot S(hlgh) S(low/7 (66&)
Xf;n;dgl/e) Wy(nh;i;%h) W(low) = X + W(hlgh) WTS‘;ZV,), (66b)

where the upper indice middle” denotes that the expression is valid for the middle frequencies. The absolute correction
to the true values of the modal resistance and reactance is [16]

A0 | AT | € B2 = B (67)
for the middle frequencies.
3. Numerical analysis @ o
10"
The modal resistance and reactance, and the corre- O Ko

sponding absolute correction to their true values have 1
been illustrated in Figs. 2-8. The quantities have been

10%

4Gl

(a) (b)

Fig. 3. The modal acoustic self impedance related to
the mode (11,12) within the low frequency range: (a) re-
sistance, (b) reactance, (c) and (d) the corresponding
absolute correction to their true values. Key: (a) and
(b) solid line — the exact formula, dashed line — the
asymptotic formula, (c) and (d) solid line-the correction
estimation, dashed line — theoretical correction.

Fig. 2. The modal acoustic self impedance related to
the mode (11,1) within the high frequency range: (a) re-

sistance, (b) reactance, (c) and (d) the corresponding respectively. The absolute values of this correction have
absolute correction to their true values. Key: (a) and been shown in all the following figures where the logarith-
(b) solid line — the exact formula, dashed line — the mic axes have been used for convenience. It is necessary
asymptotic formula, (c) and (d) solid line-the correction for the impedances calculations to determine a suitable

estimation, dashed line — theoretical correction. number N of terms in the asymptotic series from (10).

The selection of the number N depends on the desired
accuracy and on the modal number m (the number of
the nodal diameters) of the interacting modes. The cor-
v rection to the true value of considered quantities is not

AQ = Qexact — @, (68) equal to zero. This fact results from using the station-
where Qexact and @ denote the true value of Q obtained ary phase method and asymptotic expressions (12). The
from the integral and its approximation or asymptotics, number of terms N necessary to use in Eq. (12) has been

plotted using the integral formulae as well as the asymp-
totic and approximate formulations. The correction to
their true value of a quantity @ has been defined as [19]



(a) 107] (0)
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Fig. 4. The modal acoustic mutual impedance related
to the mode (11,1) and (11,2) within the high frequency
range: (a) resistance, (b) reactance, (c) and (d) the
corresponding absolute correction to their true values.
Key: (a) and (b) solid line — the exact formula, dashed
line — the asymptotic formula, (c) and (d) solid line-the
correction estimation, dashed line — theoretical correc-
tion.

107 (@) ®)

107 107

20 30 B 40 20 30 B 40

Fig. 5. The modal acoustic mutual impedance related
to the mode (11, 11) and (11,12) within the low fre-
quency range: (a) resistance, (b) reactance, (¢) and (d)
the corresponding absolute correction to their true val-
ues. Key: (a) and (b) solid line — the exact formula,
dashed line — the asymptotic formula, (c) and (d) solid
line-the correction estimation, dashed line — theoretical
correction.

Fig. 6. The modal acoustic mutual impedance related
to the mode (11,1) and (11,12) within the middle fre-
quency range: (a) resistance, (b) reactance, (¢) and (d)
the corresponding absolute correction to their true val-
ues. Key: (a) and (b) solid line — the exact formula,
dashed line — the asymptotic formula, (c) and (d) solid
line-the correction estimation, dashed line — theoretical
correction.
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Fig. 7. The modal acoustic mutual impedance related
to the mode (11,5) and (11,12) within the high frequency
range containing both resonance frequencies: (a) resis-
tance, (b) reactance, (c¢)—(d) the corresponding abso-
lute correction to their true values. Key: (a)—(b) solid
line — the exact formula, dashed line — the asymptotic
formula.

(a) ()

Ouonar ¥ 10"

minn’
-0.02

[AY ]|

45 50 ﬁ 80

Fig. 8. The modal acoustic mutual impedance related
to the pair of modes (0,11) and (0,12), and the high
frequencies: (a) resistance, (b) reactance, (c)—(d) the
corresponding absolute correction to their true values.
Key: (a)—(b) solid line — exact formula, dashed line-
-asymptotic formula, (c¢)—(d) solid line-correction esti-
mation, dashed line — theoretical correction.

obtained empirically by plotting a number of curves with
different values of N. This value is

N — Vﬂ-lJ 7 (69)

2

where |x] denotes the greatest integer smaller or equal
to x. As the consequence, the estimate absolute correc-
tion to the true value does not exceed its theoretical value
within all the considered frequency bands.

The presented asymptotic formulae are useful for
the calculations of the self-impedance and the mutual-
-impedance within the high frequency range. It is obvi-
ous that accuracy of this formulae grows rapidly with an
increase in 3. The self-resistance and the self-reactance
related to the mode (11,1) can be calculated with the ab-
solute correction to the true value smaller than 10~3 by
assuming § > 23, (Fig. 2). The absolute correction to the
true value for the mutual resistance and the mutual re-
actance do not exceed 1072 for the mode pair (11,1) and
(11,2) when 5 > 28 (Fig. 4). Figures 3 and 5 show that
for the lower vibrations frequencies the approximation
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accuracy decreases when the frequency tends to the res-
onance value. The absolute correction to the true value
increase is also observed for very low frequencies. That
fact results from using the special functions asymptotics
which are less accurate as the 3 parameter decreases. The
self resistance and the self reactance have been computed
with the absolute correction to the true value smaller
than 1073 for 3 € (15,45) in the case of mode (11,12)
within the low frequency range (Fig. 3). Based on an
analysis of Fig. 5, it is confirmed that the reached ap-
proximate expression enables the calculations of the mu-
tual resistance and the mutual reactance with the abso-
lute correction to the true value smaller than 103 for
8 € (20,45) in the case of pair of the modes (11,11),
(11,12). For low frequencies the absolute correction to
the true value is always greater than 10~° for all con-
sidered modes. The absolute correction to the true value
for the mutual resistance and reactance in the case of the
mode pairs (11,1), (11,12) is smaller than 10~ for almost
the whole range of the middle frequencies. Only for some
close to coincidence frequencies, the absolute correction
to the true value assumes some great values (Fig. 6).

It is possible to determine the frequency bands about
the corresponding coincidence frequencies for which the
formulae presented are useless with regard to an increase
in the correction to their true value (Fig. 7). It can be
noticed how narrow are the frequency bands about the
coincidence frequencies, where the absolute correction to
their true value exceeds 1072, The width of the bands of
koa is not greater than 7. The formulae obtained are use-
less within these narrow bands and the integral formulae
must be used instead.
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The high frequency asymptotics obtained are more ac-
curate than the approximate expressions appropriate to
the low and middle frequencies. The required accuracy
of the asymptotics valid for the high frequencies can be
achieved by increasing the g parameter value. In the case
of low and middle frequencies, the absolute correction to
their true values approaches its minimal value.

The approximate and asymptotic formulae achieved
are also useful in the particular case of axisymmetric
modes, i.e. for m = 0. As an example, the mutual-
-resistance and the mutual-reactance related to the pair
of modes (0,11) and (0,12) together with the correspond-
ing absolute correction to their true values (Fig. 8). The
absolute correction in this case is smaller than 10~2 when
8 > 45.

4. Conclusions

The approximate and asymptotic formulae of the
asymmetric self impedance and the mutual impedance
of a vibrating clamped circular plate embedded in a flat
rigid baffle have been obtained. The formulation ob-
tained enable calculations within almost the whole fre-
quency range for 3 > 7, except the frequencies close to
the coincidence. They are sufficiently accurate both for
some axisymmetric and asymmetric modes. In the case
of the asymmetric vibrations, the accuracy growth has
been reached by taking into account the proper number
of terms to approximate the special function products.
The elementary form of the formulae obtained is useful
for numerical analysis.

Appendix A. The exact values of the integrals

In order to present the asymptotics for the self and mutual impedance in an elementary form, it is necessary to

calculate the following integrals

o0 dl’ o0
I(S)b:/ , I(m)b:/
n (0) 1 xn(zt —bh)? /x2 — 1 n () 1 an(xt —bh) /22 — 1

for n =—-2,-1,0,..., where it has been assumed that b < 1.
The above integrals can be transformed into the following form

[7(18)(1)) —
m 1 2(b #(a 1. e
100) = 1 (100) = 1950)) + 510(0),

dx

1 [ 1 /o . o . )
= [41)3 (152La(b) = 0L (b) + b1y (b) + A (1)) — Ifng(b)} ,

i@y = [ i = [
L <b)_/1 a2 (z +b)VaZ -1 In (b)_/1 a2 (z —b)VaZ —1’

Moy [ Y
©) /lxn(“b)z —. 190 /m(

. oo dx . oo
7@y :/ . ID® :/
n )= | R R T )=/ o

Integrals from Eq. (A.3) for n = -2,

22 4 b2)2y/22 = 1’

—1,0,... can be expressed as

de (A1)
(A.2)
dz
dx
r—b)2V22 -1
dz (A.3)
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n—1 n
1 1\ " arccos(b)
- B0 e ()
; b b 1— b2
100 = 1 _ 1 " 7/2 + arcsin(b)
b ‘ b Vi—-v2

n—1n—s—1 s+r+2 _1\n _1\n n_b2n
o (e e

s=0 r=0 (1 o b2) bt (1 - b2)3/2
n—1ln—s—1 s+r+2 2
. 1 1 (n—b*(n+1)) _
W (b) = () Up—s—r + - (m/2 + arcsin(b)) ,
s=0 7r=0 b b" (1 o b2) bt (1 - b2)3/2
) s %‘H}f(b) forn =-1
[0) = s forn=0 , (A4)
L (v, —195(b)) forn>0
4(1+b2)3/2 forn = -1 /2 forn=1
I () = —m [1 -1+ 2b2)Iée) (b)} forn=0 |, v,=<¢1 forn=2.
A ~ n—2
& (1870) - 10,0)) for n > 0 (it on—z forn>2
Inserting expressions (A.4) into Eq. (A.2) provides
m 1 S S S
LM (b) = al™(0) + oz fa0), 17 (0) = a2 (0) + 01 (1) £ (0), (A.5)
where
1SR 1+ (-1 1)
aglm) (b) = @ ; Tvn+2 7 + §In+2 (b)

14 (~1) "5 ’“1+ 1)itr 1+ ] 1.
() () = | 5
WO =g |2 et i+ by | a0

n+3—b%(n+4)
16b7+7(1 — b2)

B (b) = -

Formulae (A.5) together with denotations (A.6) have been used to express some asymptotic expressions for modal
acoustic impedance in a convenient for numerical calculation form.

Appendix B. The total acoustic impedance and the coupling matrix

The vibration amplitude can be presented as the complete eigenfunction system series
o0 o0

W(ro,00) = 3 3 [cdehWih(ro, 9o0) + L Wik (ro, 90)| (B.1)
m=0n=1
where

(c)
WT(ZT)’ (TO’ QOO) - Amn [Jm (kmnTO) + anIm (kmnTO)] C.OS 1o
Winn (10, ¢0) S 1MPo

are the corresponding eigenfunctions, g, o are plate’s point polar coordinates, k2,,, = wn+/ph/D is the structural
wave number of the mode (m, n), wy,, is the eigenfrequency, p is the plate’s density, h is plate’s thickness, D =
Eh?/(12(1 — v?)) denotes the plate’s stiffness, E is Young modulus, v is the Poisson ratio.

The normalized acoustic impedance can be formulated in the form of the infinite triple series

(=0—ix= Z Z Z {~£rct)n 7(72):; + sign,, C7(n)n 5}3);} Cmin,ns (B.2)

m=0n=1n'=1
where 6, x denote resistance and reactance, respectively,
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~(C _

mn_ mn7 ~ni
\/2 \UN| 2 |UN|

oo —— S GO : B.3
mn <"UN| > m,n m,n <|UN‘ > mn ( )
}

CHE 215/ N () (r ZZ{‘& ’ o+ sign,, [l

Cmin,ns 18 the modal impedance, sign,,, represents the signum function which is equal to 0, -1 and 1 when m = 0,

m < 0 and m > 0, respectively. The coupling factors c,(fb?n, cs,si)n can be obtained by solving of the equation of motion.

In the case when the acoustic attenuation is neglected the normalized constants cgﬁ?n, cSﬁ?n can be expressed in the

form of the following coupling matrix

D, [T Pohlhy k1) | £S5 [ '

where

{ o } S/{mgn Wieh(r >}f“‘>d5 (B.5)

are the excitation factors, w is the excitation frequency, f(r) is the excitation, k54 = D/phw?.

Equation (B.2) represents the exact value. However, in practical applications only its approximation can be obtained
on the basis of Egs. (B.2) and (B.4). Limiting the infinite sum to the finite number of terms results in the following
asymptotic formulae

0 =01+ A0, x=x1+Ax1, (B.6)
where
M—1N-1N-1
61 = Z Z Z {Cg)nNm)n +Slg1’l an)n 'nfb);:,} em;n,nH (B7a’)
=0 n=1n'=1
—1N-1N-1
LTSN {0,045 (5.7b)

m=0 n=1 n/=1
Further, it is convenient to introduce its relative approximation error as follows

0 X
where |Af;| and |Ax1]| are the absolute approximation errors of the quantities given in Eq. (B.2) caused by limiting
the infinite series to the finite number of terms used, and |Af| and |Axz| are the absolute approximate errors of
the same quantities caused by the approximation of the corresponding modal quantities. The former approximation
errors can be estimated as follows

M N
Af, < Z Z{ &9, &% +sign,, &), §;>N} v+ 33 { &9 27, 4 sign, )y }Hm;N,n/

(B.8)

m=0n=1 m=0n/=1
N-1
+ Z {Cl\/cl)nél(\/cl)n’ + SlgnMcl(\/[)nCl(\fI)n’} GM;nan/’ (Bga‘)
) 7M N M N
S IP A LR T NTTIIRTS B 9 R T
m=0n=1 m=0n'=1
(c)* : () S(s)x
+ Z CM nCM n’ + SlgnMcM nCM o ( XM;n,n’, (ng)
n,n’/=1
and the later as
M—-1N—-1N-—
2= 3 3 3 {0, + im0, 80} A (B.102)

m=0 n=1 n'=1
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—1N-1

M-
= Z Z Z {67(707' nCSVCLn—’_Slgn an)n gn):,}Aannv

m=0 n=1 n'=1

(B.10b)

where Af,,., s and AXpyip,ns are the corrections to the true values of the modal resistance and the modal reactance.
The corrections have been defined in Eq. (68) and this paper focuses on them.
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