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The asymptotic and approximate formulae for the asymmetric modal acoustic self- and mutual-impedance
have been presented for a clamped circular plate embedded into a flat rigid baffle. The formulae have been
obtained for the wide frequency band covering the low frequencies, the high frequencies and the middle frequencies.
The high frequency asymptotics have been achieved using the method of contour integral and the method of
stationary phase. The products of the Bessel and Neumann functions have been expressed as the asymptotic
expansions. Further, the approximate formulae valid within the low and middle frequencies have been obtained
from the high frequency asymptotics using some mathematical manipulations. The formulae presented are valid
for both the axisymmetric vibrations and the asymmetric vibrations.
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1. Introduction

The surface of some structural elements is often excited
for vibrations and becomes a source of acoustic waves.
The excitation is very often asymmetric in the real vibrat-
ing systems and it is very useful to find some asymptotic
and approximate formulae for the modal quantities neces-
sary to compute the acoustic power, the acoustic pressure
and the structure’s vibration velocity including the fluid
loading. So far, a number of such formulae have been pre-
sented for vibrating circular and rectangular membranes
and plates using several approximate methods [1–9]. The
results obtained by using the exact solutions for the free
vibrations have been presented in a few studies [10–12].
The corresponding asymptotic formulae for the acoustic
impedance and the acoustic power have been reported in
[13–17]. However, the formulae are appropriate for the
axisymmetric processes only. Therefore, this paper fo-
cuses on the asymptotics and the approximations useful
for the asymmetric vibroacoustic quantities of the vibrat-
ing clamped circular plate valid within almost the whole
frequency range, i.e. for the high frequencies, the low fre-
quencies and the middle frequencies, except the very low
frequencies and the frequencies close to the plate’s eigen-
frequencies.

2. Asymptotic formulae for the modal acoustic
impedance

The modal impedance has no pure physical interpre-
tation. This quantity together with the coupling ma-
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Fig. 1. The integration path C used to derive the
asymptotics for the mutual resistance.

trix and the given excitation provides the total acoustic
impedance. This was reported by Morse and Ingard for
the acoustic wave transmission through a circular mem-
brane in considerable detail in [16, 18] and also for the
acoustic power radiated into the quarter space by the
membrane in [13]. The connection of the modal acoustic
impedance and the coupling matrix has been described in
Appendix B for the reader’s convenience. However, this
paper focuses only on the modal acoustic impedance.

The integral formulae for the modal acoustic
impedance of the two different vibrating clamped circu-
lar plates embedded into a flat rigid baffle have been pre-
sented earlier in [17]. The formulae can be simplified to
be valid for a single plate and the modal self impedance is
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ζm;n = θm;n − iχm;n, (1a)

θm;n = 4δ4
mn

∫ 1

0

[αmnδmnJm(βx)− xJm+1(βx)]2 xdx

(x4 − δ4
mn)2

√
1− x2

, (1b)

χm;n = 4δ4
mn

∫ ∞

1

[αmnδmnJm(βx)− xJm+1(βx)]2 xdx

(x4 − δ4
mn)2

√
x2 − 1

, (1c)

where it has been denoted
αmn = Jm+1(βmn)/Jm(βmn) , δmn = βmn/β , β = k0a , (2)

Jm(·) is the Bessel function of the m th order, a is the radius of the plate, k0 is the acoustic wavenumber, βmn is the
eigenvalue, and i2 = −1. The frequency equation is Jm(βmn)Im+1(βmn)+Jm+1(βmn)Im(βmn) = 0 where Im(·) is the
modified Bessel function of the m th order. The modal mutual impedance assumes the form of

ζm;n,n′ = θm;n,n′ − iχm;n,n′ ,

θm;n,n′ = 4δ2
mnδ2

mn′

∫ 1

0

Ψm;n,n′(x)xdx

(x4 − δ4
mn) (x4 − δ4

mn′)
√

1− x2
,

χm;n,n′ = 4δ2
mnδ2

mn′

∫ ∞

1

Ψm;n,n′(x)xdx

(x4 − δ4
mn) (x4 − δ4

mn′)
√

x2 − 1
, (3)

Ψm;n,n′(x) = (αmnδmnJm(βx)− xJm+1(βx)) (αmn′δmn′Jm(βx)− xJm+1(βx))
This modal quantity is necessary for further calculations of the vibroacoustic properties of the acoustic system

under consideration. Using Eqs. (1) and (3) makes it possible to calculate the modal impedance of the vibrating
circular plate for the whole frequency spectrum. However, their integral form causes numerical problems. Therefore,
a sort of asymptotic and approximate formulae has been developed and reported below to be useful for some further
numerical calculations.

2.1. The modal self-impedance within the high frequencies

The following condition δmn < 1 is satisfied for the self-impedance within the high frequency range. The asymptotic
formulation for the resistance can be obtained by using the method of path integral analysis. For this purpose, the
following complex variable function has been introduced [10, 16, 17]

F (s)(z) = α2
mnδ2

mnJm(βz)H(1)
m (βz)− 2αmnδmnzJm(βz)H(1)

m+1(βz) + z2Jm+1(βz)H(1)
m+1(βz), (4)

where H
(1)
m (·) = Jm(·) + iNm(·) is the Hankel function of the first kind and m th order, Nm(·) denotes the Neumann

function of the m th order. Additionally, the following relation is satisfied
Re F (s)(x) = α2

mnδ2
mnJ2

m(βx)− 2αmnδmnxJm(βx)Jm+1(βx) + x2J2
m+1(βx)

The integration path has been chosen according to Fig. 1 with this difference that there are only two second order
poles at points z = δmn and z = iδmn. Then applying the Cauchy theorem leads to∮

C

F (s)(z)zdz

(z4 − δ4
mn)2

√
1− z2

= 0, (5)

where the integrand is analytical and regular on the contour C and within its interior. Performing integration along
the big circle for R → ∞ gives no contribution. Since F (s)(iy) = 0 for y ∈ R, the following asymptotic formula for
the modal acoustic resistance has been formulated as [17]

θ(high)
mn = 4δ4

mn

[∫ ∞

1

Im F (s)(x)xdx

(x4 − δ4
mn)2

√
x2 − 1

+ Λ(δmn)
]

, (6)

where

Λ(δmn) =
1

4δ4
mn

[
1 + α2

mn

2
√

1− δ2
mn

+
1− α2

mn

2
√

1 + δ2
mn

]

+
mαmn

4δ4
mnβmn

[
1√

1 + δ2
mn

− 1√
1− δ2

mn

]
− αmn

8βδ5
mn

[
3δ2

mn − 2

(1− δ2
mn)3/2

+
3δ2

mn + 2

(1 + δ2
mn)3/2

]
(7)

is the real component of the sum of residues (cf. [10]). The upper indice “(high)” denotes that the asymptotic
expression is valid for the high frequencies. Taking into consideration that

Im F (s)(x) = α2
mnδ2

mnJm(βx)Nm(βx)− 2αmnδmnxJm(βx)Nm+1(βx) + x2Jm+1(βx)Nm+1(βx)

the integral from Eq. (6) can be formulated as
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∫ ∞

1

Im F (s)(x)xdx

(x4 − δ4
mn)2

√
x2 − 1

= α2
mnδ2

mnA(s)
a − 2αmnδmnB(s)

a + C(s)
a , (8)

where

A(s)
a =

∫ ∞

1

Jm(βx)Nm(βx)xdx

(x4 − δ4
mn)2

√
x2 − 1

,

B(s)
a =

∫ ∞

1

Jm(βx)Nm+1(βx)x2dx

(x4 − δ4
mn)2

√
x2 − 1

,

C(s)
a =

∫ ∞

1

Jm+1(βx)Nm+1(βx)x3dx

(x4 − δ4
mn)2

√
x2 − 1

. (9)

The Bessel and Neumann functions can be presented by means of the following expansion series [16, 20]

Jm(βx) =
√

2
πβx

∞∑

j=0

[
gm(j)
x2j

cos(ϕm)− hm(j)
x2j+1

sin(ϕm)
]

,

Nm(βx) =
√

2
πβx

∞∑

j=0

[
gm(j)
x2j

sin(ϕm) +
hm(j)
x2j+1

cos(ϕm)
]

, (10)

where

gm(j) =
(−1)j

(2j)!(8β)2j

2j−1∏

k=0

[
(2m)2 − (2k + 1)2

]
, (11)

hm(j) =
(−1)j

(2j + 1)!(8β)2j+1

2j∏

k=0

[
(2m)2 − (2k + 1)2

]
,

ϕm = βx− π/4−mπ/2
From practical viewpoint, it is necessary to limit the expansion series to a finite number of terms. In order to take

into account only first N terms for calculations it has been assumed that the upper limit of sums are equal to N − 1.
On the basis of the above formulae, the products of special functions appearing in Eq. (9) can be presented as the
following expansion series

Jm(βx)Nm(βx) ≈ (−1)m

πβx

N−1∑
r=0

N−1∑
s=0

[
−gm(r)gm(s)

x2r+2s
cos 2βx

+
ν̂m,m(s, r)
x2s+2r+1

sin 2βx +
hm(r)hm(s)

x2r+2s+2
cos 2βx(−1)m +

γ̂m,m(r, s)
x2r+2s+1

]
,

Jm(βx)Nm+1(βx) ≈ (−1)m

πβx

N−1∑
r=0

N−1∑
s=0

[
−gm(r)gm+1(s)

x2r+2s
sin 2βx− ν̂m,m+1(r, s)

x2s+2r+1
cos 2βx

+
hm(r)hm+1(s)

x2r+2s+2
sin 2βx− (−1)m gm(r)gm+1(s)

x2s+2r
− (−1)m hm(r)hm+1(s)

x2s+2r+2

]
, (12)

where
ν̂m,k(r, s) = gm(r)hk(s) + gk(s)hm(r) , γ̂m,k(r, s) = gm(r)hk(s)− gk(s)hm(r). (13)

The asymptotics for integrals in Eq. (9) can be derived after employing expansion series from Eq. (12) and carrying
out integration term by term. The following formula has been obtained by means of the stationary phase method
[10, 16, 17]∫ ∞

1

exp(i2βx)xr dx

(x4 − δ4
mn)2

√
x2 − 1

≈ 1
2

√
π

β

exp(2β + π/4)
(1− δ4

mn)2
, (14)

for any r which is useful for further integration. After integration in Eq. (9), the asymptotic expression for the acoustic
self-resistance has been formulated in the form where the oscillating and non-oscillating components are separated

θ(high)
m;n = θ̃m;n + θ̄(high)

m;n . (15)
The oscillating and non-oscillating components have been denoted by the symbols “∼ ” and “-”, respectively. The
asymptotic oscillating component can be formulated as

θ̃m;n =
2(−1)mδ4

mn√
πβ3/2 (1− δ4

mn)2
[
X(s)

a cos(2β + π/4) + Y (s)
a sin(2β + π/4)

]
, (16)
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where
X(s)

a = α2
mnδ2

mnum,m(β) + 2αmnδmnνm,m+1(β)− um+1,m+1(β),

Y (s)
a = α2

mnδ2
mnνm,m(β)− 2αmnδmnum,m+1(β)− νm+1,m+1(β),

um,k(β) =
N−1∑
r=0

N−1∑
s=0

[hm(r)hk(s)− gm(r)gk(s)] ,

νm,k(β) =
N−1∑
r=0

N−1∑
s=0

ν̂m,k(s, r). (17)

The following asymptotic formulation has been achieved

θ̄(high)
m;n = 4δ4

mn

[
1

πβ

N−1∑
r=0

N−1∑
s=0

(
Ω (s)(r, s)I(s)

2r+2s+1(δmn) + λ(s)(r, s)I(s)
2r+2s−1(δmn)

)
+ Λ(δmn)

]
, (18)

for the non-oscillating component where
Ω (s)(r, s) = α2

mnδ2
mnγ̂m,m(r, s) + 2αmnδmnhm(r)hm+1(s),

λ(s)(r, s) = γ̂m,m+1(r, s) + 2αmnδmngm(r)gm+1(s),

I(s)
n (b) =

∫ ∞

1

dx

xn(x4 − b4)2
√

x2 − 1
. (19)

Employing Eqs. (A.5) gives the non-oscillating component of the modal self-resistance in the form covering only the
elementary functions

θ̄(high)
m;n = 4δ4

mn

[
U (s)

a +
V

(s)
a√

1− δ2
mn

+ Λ(δmn)

]
, (20)

where

U (s)
a =

1
πβ

N−1∑
r=0

N−1∑
s=0

(
Ω (s)a

(s)
2r+2s+1(δmn) + λ(s)a

(s)
2r+2s−1(δmn)

)
,

V (s)
a =

1
β

N−1∑
r=0

N−1∑
s=0

(
Ω (s)b

(s)
2r+2s+1(δmn) + λ(s)b

(s)
2r+2s−1(δmn)

)
(21)

and the functions a
(s)
n (b) and b

(s)
n (b) have been defined in App. A.

On the basis of Eq. (1), the modal self-reactance has been formulated as

χm;n = 4δ4
mn

[
α2

mnδ2
mnA(s)

p − 2αmnδmnB(s)
p + C(s)

p

]
, (22)

where

A(s)
p =

∫ ∞

1

J2
m(βx)xdx

(x4 − δ4
mn)2

√
x2 − 1

, B(s)
p =

∫ ∞

1

Jm(βx)Jm+1(βx)x2dx

(x4 − δ4
mn)2

√
x2 − 1

,

C(s)
p =

∫ ∞

1

J2
m+1(βx)x3 dx

(x4 − δ4
mn)2

√
x2 − 1

. (23)

Making use of Eqs. (10) leads to

J2
m(βx) ≈ (−1)m

πβx

N−1∑
r=0

N−1∑
s=0

[
gm(r)gm(s)

x2r+2s
sin 2βx +

ν̂m,m(r, s)
x2r+2s+1

cos 2βx− hm(r)hm(s)
x2r+2s+2

sin 2βx

+ (−1)m gm(r)gm(s)
x2r+2s

+ (−1)m hm(r)hm(s)
x2r+2s+2

,

]

Jm(βx)Jm+1(βx) ≈ (−1)m

πβx

N−1∑
r=0

N−1∑
s=0

[
−gm(r)gm+1(s)

x2r+2s
cos 2βx +

ν̂m,m+1(r, s)
x2r+2s+1

sin 2βx

+
hm(r)hm+1(s)

x2r+2s+2
cos 2βx + (−1)m γ̂m,m+1(r, s)

x2r+2s+1

]
. (24)
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Integrals given in Eq. (23) have been calculated by using of the above expansion series and Eq. (14). Further, the
asymptotic modal self-reactance has been formulated as the sum of the oscillating and non-oscillating components

χ(high)
m;n = χ̃m;n + χ̄(high)

m;n (25)
by using Eq. (22). The oscillating component assumes the form of

χ̃m;n =
2(−1)mδ4

mn√
πβ3/2 (1− δ4

mn)2
[
X(s)

p cos(2β + π/4) + Y (s)
p sin(2β + π/4)

]
, (26)

where
X(s)

p = α2
mnδ2

mnνm,m(β)− 2αmnδmnum,m+1(β)− νm+1,m+1(β),

Y (s)
p = −α2

mnδ2
mnum,m(β)− 2αmnδmnνm,m+1(β) + um+1,m+1(β), (27)

whereas the non-oscillating component is

χ̄(high)
m;n =

4δ4
mn

πβ

∞∑
r=0

∞∑
s=0

[
φ̂(s)(r, s)I(s)

2r+2s(δmn) + α2
mnδ2

mnhm(r)hm(s)I(s)
2r+2s+2(δmn)

+ gm+1(r)gm+1(s)I
(s)
2r+2s−2(δmn)

]
, (28)

where
φ̂(s)(r, s) = α2

mnδ2
mngm(r)gm(s)− 2αmnδmnγ̂m,m+1(r, s) + hm+1(r)hm+1(s). (29)

Applying Eqs. (A.5) gives

χ̄(high)
m;n = 4δ4

mn

[
U (s)

p +
V

(s)
p√

1− δ2
mn

arcsin δmn

]
, (30)

where

U (s)
p =

1
πβ

N−1∑
r=0

N−1∑
s=0

[
φ̂(s)(r, s)a(s)

2r+2s(δmn) + α2
mnδ2

mnhm(r)hm(s)a(s)
2r+2s+2(δmn) + gm+1(r)gm+1(s)a

(s)
2r+2s−2(δmn)

]
,

V (s)
p =

1
πβ

N−1∑
r=0

N−1∑
s=0

[
φ̂(s)(r, s)b(s)

2r+2s(δmn) + α2
mnδ2

mnhm(r)hm(s)b(s)
2r+2s+2(δmn) + gm+1(r)gm+1(s)b

(s)
2r+2s−2(δmn)

]
.

(31)
The absolute correction to the true value connected with the asymptotic formulae (16), (20), (26) and (30) can be
estimated for the high frequencies as [16]∣∣∣∆θ(high)

m;n

∣∣∣ ,
∣∣∣∆χ(high)

m;n

∣∣∣ ≤ δ4
mnβ−3/2 = E

(high)
t , (32)

where the true value of considered quantities means that the corresponding value has been calculated using the integral
formulae. Moreover, it has been assumed that the numerical integrations do not produce any numerical errors. The
absolute correction decreases rapidly with an increase in the parameter β and the vibration frequency associated.
The asymptotics obtained can be useful for some further numerical calculations of the self-impedance for the high
frequencies.

2.2. The modal self-impedance within the low frequencies

The approximate formulae presented in the previous section in Eqs. (20) and (30) can be transformed using the
following equations [19]

arcsin x =
π

2
− iarc cosh x ,

√
1− x2 = i

√
x2 − 1 for x > 1 (33)

to be valid within the low frequency range, i.e. for δmn > 1 [16, 19]. In this case they can be formulated as follows
θ(low)

m;n = θ̃m;n + θ̄(low)
m;n , χ(low)

m;n = χ̃m;n + χ̄(low)
m;n (34)

θ̄(low)
m;n = 4δ4

mn

[
1− α2

mn

8δ4
mn

√
1 + δ2

mn

+
mαmn

4δ4
mnβmn

√
1 + δ2

mn

+ U (s)
a − αmn

(
3δ2

mn + 2
)

8βδ5
mn (1 + δ2

mn)3/2
− πV

(s)
p

2
√

δ2
mn − 1

]
, (35a)

χ̄(low)
m;n = 4δ4

mn

[
1 + α2

mn

8δ4
mn

√
δ2
mn − 1

− mαmn

4δ4
mnβmn

√
δ2
mn − 1

+ U (s)
p +

V
(s)
a√

δ2
mn − 1

+
αmn

(
3δ2

mn − 2
)

8βδ5
mn (δ2

mn − 1)3/2

− V
(s)
p arccoshδmn√

δ2
mn − 1

]
. (35b)
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It is worth noticing that this rearrangement does not influence the oscillating components of the modal impedance.
Only the non-oscillating components are modified. The upper indice “(low)” means that the formulation is valid
within the low frequency range. The absolute correction to the true value for formulae representing self-impedance
and self-reactance within the low frequency range is after [16]∣∣∣∆θ(low)

m;n

∣∣∣ ,
∣∣∣∆χ(low)

m;n

∣∣∣ ≤ δ−4
mnβ−3/2 = E

(low)
t . (36)

The approximate formulae are useful for 7 < β < βmn. They are useless for β < 7 since they have been obtained
using the asymptotic formulae from Eq. (10).

2.3. The modal mutual impedance within the high frequencies
The high frequency range in the case of the mutual-impedance is determined by means of the following relation

δmn, δmn′ < 1.
Making use of the following identity

1
(x4 − b4

1)(x4 − b4
2)

=
1

b4
1 − b4

2

[
1

(x4 − b4
1)
− 1

(x4 − b4
2)

]
(37)

it is possible to express the modal mutual impedance from Eq. (3) in the form of (cf. [16])
θm;n,n′ = Sm;n − Sm;n′ , χm;n,n′ = Wm;n −Wm;n′ , (38a)

Sm;n =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

∫ 1

0

Ψm;n,n′(x)xdx

(x4 − δ4
mn)

√
1− x2

, Sm;n′ =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

∫ 1

0

Ψm;n,n′(x)xdx

(x4 − δ4
mn′)

√
1− x2

, (38b)

Wm;n =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

∫ ∞

1

Ψm;n,n′(x)xdx

(x4 − δ4
mn)

√
x2 − 1

, Wm;n′ =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

∫ ∞

1

Ψm;n,n′(x)xdx

(x4 − δ4
mn′)

√
x2 − 1

. (38c)

The asymptotics for the quantity Sm;n, appropriate to frequencies above the coincidence, can be obtained in the
similar way as in the case of the self-resistance by applying the method of the contour integral. For this purpose, the
following function has been introduced

F (m)(z) = αmnδmnαmn′δmn′Jm(βz)H(1)
m (βz)− (αmnδmn + αmn′δmn′) zJm(βz)H(1)

m+1(βz)

+ z2Jm+1(βz)H(1)
m+1(βz) (39)

and the following equation has been formulated∮

C

F (m)zdz

(z4 − δ4
mn)

√
1− z2

= 0.

The integration has been performed along the path shown in Fig. 1. There are the first order poles at z = δmn and
z = iδmn which results in

Sm;n =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

[∫ ∞

1

Im F (m)(x)xdx

(x4 − δ4
mn)

√
x2 − 1

+
αmn′δmn′

2δ2
mnβ

[
1√

1 + δ2
mn

− 1√
1− δ2

mn

]]
. (40)

The integral appearing in the above equation can also be presented in the following form of∫ ∞

1

Im F (m)(x)xdx

(x4 − δ4
mn)

√
x2 − 1

= αmnδmnαmn′δmn′A
(m)
a − (αmnδmn + αmn′δmn′)αmnδmnB(m)

a + C(m)
a , (41)

where

A(m)
a =

∫ ∞

1

Jm(βx)Nm(βx)xdx

(x4 − δ4
mn)

√
x2 − 1

, B(m)
a =

∫ ∞

1

Jm(βx)Nm+1(βx)x2dx

(x4 − δ4
mn)

√
x2 − 1

,

C(m)
a =

∫ ∞

1

Jm+1(βx)Nm+1(βx)x3dx

(x4 − δ4
mn)

√
x2 − 1

. (42)

Calculations of the integrals in Eq. (42) have been conducted by employing the expansion series from Eq. (12) and
making use of the following formula∫ ∞

1

exp(i2βx)xr dx

(x4 − δ4
mn)

√
x2 − 1

≈ 1
2

√
π

β

exp(2β + π/4)
(1− δ4

mn)
(43)

for any r. Finally, the asymptotic formula of the modal acoustic impedance can be expressed as
S(high)

m;n = S̃m;n + S̄(high)
m;n (44)

where the oscillating component assumes the form of

S̃mn =
2(−1)mδ2

mnδ2
mn′√

πβ3/2 (1− δ4
mn) (δ4

mn − δ4
mn′)

[
X(m)

a cos(2β + π/4) + Y (m)
a sin(2β + π/4)

]
, (45)

where
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X(m)
a = αmnδmnαmn′δmn′um,m(β) + (αmnδmn + αmn′δmn′) νm,m+1(β)− um+1,m+1(β),

Y (m)
a = αmnδmnαmn′δmn′νm,m(β)− (αmnδmn + αmn′δmn′)um,m+1(β)− νm+1,m+1(β). (46)

By applying Eqs. (A.5) the non-oscillating component of S
(high)
m;n can be formulated as

S̄(high)
m;n =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

a (δmn) +
V

(m)
a (δmn)√
1− δ2

mn

+
αmn′δmn′

2δ2
mnβ

(
1√

1 + δ2
mn

− 1√
1− δ2

mn

)]
, (47)

where

U (m)
a (b) =

1
πβ

N−1∑
r=0

N−1∑
s=0

(
Ω (m)a

(m)
2r+2s+1(b) + λ(m)a

(m)
2r+2s−1(b)

)
,

V (m)
a (b) =

1
4b3β

N−1∑
r=0

N−1∑
s=0

(
∆(m) + b2λ(m)

b2r+2s+1

)
, (48)

Ω (m)(r, s) = αmnδmnαmn′δmn′ γ̂m,m(r, s) + (αmnδmn + αmn′δmn′)hm(r)hm+1(s),

λ(m)(r, s) = γ̂m,m+1(r, s) + (αmnδmn + αmn′δmn′) gm(r)gm+1(s),

and the function a
(m)
n (b) has been defined in App. A.

The asymptotic formulae for Sm;n′ have been obtained in the analogous way

S
(high)
m;n′ = S̃m;n′ + S̄

(high)
m;n′ ,

S̃m;n′ =
2(−1)mδ2

mnδ2
mn′√

πβ3/2 (1− δ4
mn′) (δ4

mn − δ4
mn′)

[
X(m)

a cos(2β + π/4) + Y (m)
a sin(2β + π/4)

]
,

S̄
(high)
m;n′ =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

a (δmn′) +
V

(m)
a (δmn′)√
1− δ2

mn′
+

αmnδmn

2δ2
mn′β

(
1√

1 + δ2
mn′

− 1√
1− δ2

mn′

)]
. (49)

According to Eqs. (38) the asymptotic formula for the mutual resistance is

θ
(high)
m;n,n′ = S(high)

m;n − S
(high)
m;n′ .

Further, it has been obtained

θ
(high)
m;n,n′ = θ̃m;n,n′ + S̄(high)

m;n − S̄
(high)
m;n′ (50)

by employing (44), (47) and (49) where

θ̃m;n,n′ =
2(−1)mδ2

mnδ2
mn′√

πβ3/2 (1− δ4
mn) (1− δ4

mn′)

[
X(m)

a cos(2β + π/4) + Y (m)
a sin(2β + π/4)

]
. (51)

The quantity Wm;n can be presented in the form of

Wm;n =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

[
αmnδmnαmn′δmn′A

(m)
p − (αmnδmn + αmn′δmn′) B(m)

p + C(m)
p

]
, (52)

where

A(m)
p =

∫ ∞

1

J2
m(βx)xdx

(x4 − δ4
mn)

√
x2 − 1

, B(m)
p =

∫ ∞

1

Jm(βx)Jm+1(βx)x2dx

(x4 − δ4
mn)

√
x2 − 1

,

C(m)
p =

∫ ∞

1

J2
m+1(βx)x3dx

(x4 − δ4
mn)

√
x2 − 1

. (53)

Calculations of these integrals have been performed by using of the expansion series from Eq. (24) and Eq. (43). The
asymptotics can be formulated as

W (high)
m;n = W̃m;n + W̄ (high)

m;n (54)
after separating the oscillating and non-oscillating components. The oscillating component is

W̃m;n =
2(−1)mδ2

mnδ2
mn′√

πβ3/2 (1− δ4
mn) (δ4

mn − δ4
mn′)

[
X(m)

p cos(2β + π/4) + Y (m)
p sin(2β + π/4)

]
, (55)

where
X(m)

p = αmnδmnαmn′δmn′νm,m(β)− (αmnδmn + αmn′δmn′)um,m+1(β)− νm+1,m+1(β),
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Y (m)
p = −αmnδmnαmn′δmn′um,m(β)− (αmnδmn + αmn′δmn′) νm,m+1(β) + um+1,m+1(β). (56)

The non-oscillating component assumes the form of

W̄mn =
4δ2

mnδ2
mn′

δ4
mn − δ4

mn′

[
U (m)

p (δmn) +
V

(m)
p (δmn)√
1− δ2

mn

arcsin(δmn)

]
(57)

after applying Eqs. (A.5) where

U (m)
p (b) =

1
πβ

N−1∑
r=0

N−1∑
s=0

[
φ̂(m)(r, s)a(m)

2r+2s(b) + αmnδmnαmn′δmn′hm(r)hm(s)a(m)
2r+2s+2(b)

+ gm+1(r)gm+1(s)a
(m)
2r+2s−2(b)

]
,

V (m)
p (b) =

1
2πβ

N−1∑
r=0

N−1∑
s=0

1
b2r+2s+5

[
φ̂(m)(r, s)b2 + αmnδmnαmn′δmn′hm(r)hm(s) + gm+1(r)gm+1(s)b4

]
,

φ̂(m)(r, s) = αmnαmn′δmnδmn′gm(r)gm(s)− (αmnδmn + αmn′δmn′) γ̂m,m+1(r, s) + hm+1(r)hm+1(s). (58)

The asymptotic formula for W
(high)
m;n′ can be found in a similar way giving

W
(high)
m;n′ = W̃m;n′ + W̄

(high)
m;n′

W̃m;n′ =
2(−1)mδ2

mnδ2
mn′√

πβ3/2 (1− δ4
mn′) (δ4

mn − δ4
mn′)

[
X(m)

p cos(2β + π/4) + Y (m)
p sin(2β + π/4)

]

W̄
(high)
m;n′ =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

p (δmn′) +
V

(m)
p (δmn′)√
1− δ2

mn′
arcsin δmn′

]
(59)

The asymptotic formulation for the mutual acoustic reactance can be formulated as

χ
(high)
m;n,n′ = W (high)

m;n −W
(high)
m;n′

using Eq. (38). Further, using (54), (55) and (59) gives

χ
(high)
m;n,n′ = χ̃m;n,n′ + W̄ (high)

m;n − W̄
(high)
m;n′ (60)

where

χ̃m;n,n′ =
2(−1)mδ2

mnδ2
mn′√

πβ3/2 (1− δ4
mn) (1− δ4

mn′)

[
X(m)

p cos(2β + π/4) + Y (m)
p sin(2β + π/4)

]
. (61)

The asymptotics valid within the high frequencies have been derived with the following absolute correction to their
true values∣∣∣∆θ

(high)
m;n,n′

∣∣∣ ,
∣∣∣∆χ

(high)
m;n,n′

∣∣∣ ≤ δ2
mnδ2

mn′β
−3/2 = E

(high)
t . (62)

This absolute correction to the true value decreases very rapidly with an increase in frequency (cf. the correction to
the true values of the self impedance). The formulae obtained can be useful for numerical computations of the mutual
acoustic impedance for β > βmn, βmn′ .

2.4. The modal mutual impedance within the low frequencies

The following conditions are satisfied δmn, δmn′ > 1 within the low frequencies. In this case, the approximation
for the mutual acoustic impedance can be directly derived from Eqs. (50) and (60) by using Eqs. (33). Finally, the
acoustic mutual resistance and reactance has been formulated as

θ
(low)
m;n,n′ = θ̃m;n,n′ + S̄(low)

m;n − S̄
(low)
m;n′ , (63a)

χ
(low)
m;n,n′ = χ̃m;n,n′ + W̄ (low)

m;n − W̄
(low)
m;n′ , (63b)

respectively, where

S̄(low)
m;n =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

a (δmn)− πV
(m)
p (δmn)

2
√

δ2
mn − 1

+
αmn′δmn′

2δ2
mnβ

√
1 + δ2

mn

]
, (64a)

S̄
(low)
m;n′ =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

a (δmn′)− πV
(m)
p (δmn′)

2
√

δ2
mn′ − 1

+
αmnδmn

2δ2
mn′β

√
1 + δ2

mn′

]
, (64b)
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W̄ (low)
m;n =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

p (δmn) +
V

(m)
a (δmn)√
δ2
mn − 1

− αmn′δmn′

2δ2
mnβ

√
δ2
mn − 1

− V
(m)
p (δmn) arccos hδmn√

δ2
mn,−1

]
(64c)

W̄
(low)
m;n′ =

4δ2
mnδ2

mn′

δ4
mn − δ4

mn′

[
U (m)

p (δmn′) +
V

(m)
a (δmn′)√
δ2
mn′ − 1

− αmnδmn

2δ2
mn′β

√
δ2
mn′ − 1

− V
(m)
p (δmn′) arccos hδmn′√

δ2
mn′ − 1

]
. (64d)

The absolute correction to the true values of the self-resistance and the self-reactance can be estimated by the following
expression [16]∣∣∣∆θ

(low)
m;n,n′

∣∣∣ ,
∣∣∣∆χ

(low)
m;n,n′

∣∣∣ ≤ δ−2
mnδ−2

mn′β
−3/2 = E

(low)
t , (65)

within the low frequency range. The obtained formulae, like in the case of self impedance are valid for 7 < β <
βmn, βmn′ .

2.5. The modal mutual impedance within the middle frequencies

The middle frequency range can be defined by δmn < 1 < δmn′ . The approximate formulations for the modal
mutual impedance can be obtained directly from the asymptotic formulae given in (44), (45), (47), (54), (55), (57)
and (64) based on Eq. (38a)

θ
(middle)
m;n,n′ = S(high)

m;n − S
(low)
m;n′ = θ̃m;n,n′ + S̄(high)

m;n − S̄
(low)
m;n′ , (66a)

χ
(middle)
m;n,n′ = W (high)

m;n −W
(low)
m;n′ = χ̃m;n,n′ + W̄ (high)

m;n − W̄
(low)
m;n′ , (66b)

where the upper indice “middle” denotes that the expression is valid for the middle frequencies. The absolute correction
to the true values of the modal resistance and reactance is [16]∣∣∣∆θ

(middle)
m;n,n′

∣∣∣ ,
∣∣∣∆χ

(middle)
m;n,n′

∣∣∣ ≤ δ2
mnδ−2

mn′β
−3/2 = E

(middle)
t (67)

for the middle frequencies.

3. Numerical analysis

The modal resistance and reactance, and the corre-
sponding absolute correction to their true values have
been illustrated in Figs. 2–8. The quantities have been

Fig. 2. The modal acoustic self impedance related to
the mode (11,1) within the high frequency range: (a) re-
sistance, (b) reactance, (c) and (d) the corresponding
absolute correction to their true values. Key: (a) and
(b) solid line — the exact formula, dashed line — the
asymptotic formula, (c) and (d) solid line-the correction
estimation, dashed line — theoretical correction.

plotted using the integral formulae as well as the asymp-
totic and approximate formulations. The correction to
their true value of a quantity Q has been defined as [19]

∆Q = Qexact − Q̄, (68)
where Qexact and Q̄ denote the true value of Q obtained
from the integral and its approximation or asymptotics,

Fig. 3. The modal acoustic self impedance related to
the mode (11,12) within the low frequency range: (a) re-
sistance, (b) reactance, (c) and (d) the corresponding
absolute correction to their true values. Key: (a) and
(b) solid line — the exact formula, dashed line — the
asymptotic formula, (c) and (d) solid line-the correction
estimation, dashed line — theoretical correction.

respectively. The absolute values of this correction have
been shown in all the following figures where the logarith-
mic axes have been used for convenience. It is necessary
for the impedances calculations to determine a suitable
number N of terms in the asymptotic series from (10).
The selection of the number N depends on the desired
accuracy and on the modal number m (the number of
the nodal diameters) of the interacting modes. The cor-
rection to the true value of considered quantities is not
equal to zero. This fact results from using the station-
ary phase method and asymptotic expressions (12). The
number of terms N necessary to use in Eq. (12) has been
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Fig. 4. The modal acoustic mutual impedance related
to the mode (11,1) and (11,2) within the high frequency
range: (a) resistance, (b) reactance, (c) and (d) the
corresponding absolute correction to their true values.
Key: (a) and (b) solid line — the exact formula, dashed
line — the asymptotic formula, (c) and (d) solid line-the
correction estimation, dashed line — theoretical correc-
tion.

Fig. 5. The modal acoustic mutual impedance related
to the mode (11, 11) and (11,12) within the low fre-
quency range: (a) resistance, (b) reactance, (c) and (d)
the corresponding absolute correction to their true val-
ues. Key: (a) and (b) solid line — the exact formula,
dashed line — the asymptotic formula, (c) and (d) solid
line-the correction estimation, dashed line — theoretical
correction.

Fig. 6. The modal acoustic mutual impedance related
to the mode (11,1) and (11,12) within the middle fre-
quency range: (a) resistance, (b) reactance, (c) and (d)
the corresponding absolute correction to their true val-
ues. Key: (a) and (b) solid line — the exact formula,
dashed line — the asymptotic formula, (c) and (d) solid
line-the correction estimation, dashed line — theoretical
correction.

Fig. 7. The modal acoustic mutual impedance related
to the mode (11,5) and (11,12) within the high frequency
range containing both resonance frequencies: (a) resis-
tance, (b) reactance, (c)–(d) the corresponding abso-
lute correction to their true values. Key: (a)–(b) solid
line — the exact formula, dashed line — the asymptotic
formula.

Fig. 8. The modal acoustic mutual impedance related
to the pair of modes (0,11) and (0,12), and the high
frequencies: (a) resistance, (b) reactance, (c)–(d) the
corresponding absolute correction to their true values.
Key: (a)–(b) solid line — exact formula, dashed line-
-asymptotic formula, (c)–(d) solid line-correction esti-
mation, dashed line — theoretical correction.

obtained empirically by plotting a number of curves with
different values of N . This value is

N =
⌊

m + 1
2

⌋
, (69)

where bxc denotes the greatest integer smaller or equal
to x. As the consequence, the estimate absolute correc-
tion to the true value does not exceed its theoretical value
within all the considered frequency bands.

The presented asymptotic formulae are useful for
the calculations of the self-impedance and the mutual-
-impedance within the high frequency range. It is obvi-
ous that accuracy of this formulae grows rapidly with an
increase in β. The self-resistance and the self-reactance
related to the mode (11,1) can be calculated with the ab-
solute correction to the true value smaller than 10−3 by
assuming β > 23, (Fig. 2). The absolute correction to the
true value for the mutual resistance and the mutual re-
actance do not exceed 10−3 for the mode pair (11,1) and
(11,2) when β > 28 (Fig. 4). Figures 3 and 5 show that
for the lower vibrations frequencies the approximation
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accuracy decreases when the frequency tends to the res-
onance value. The absolute correction to the true value
increase is also observed for very low frequencies. That
fact results from using the special functions asymptotics
which are less accurate as the β parameter decreases. The
self resistance and the self reactance have been computed
with the absolute correction to the true value smaller
than 10−3 for β ∈ (15, 45) in the case of mode (11,12)
within the low frequency range (Fig. 3). Based on an
analysis of Fig. 5, it is confirmed that the reached ap-
proximate expression enables the calculations of the mu-
tual resistance and the mutual reactance with the abso-
lute correction to the true value smaller than 10−3 for
β ∈ (20, 45) in the case of pair of the modes (11,11),
(11,12). For low frequencies the absolute correction to
the true value is always greater than 10−5 for all con-
sidered modes. The absolute correction to the true value
for the mutual resistance and reactance in the case of the
mode pairs (11,1), (11,12) is smaller than 10−4 for almost
the whole range of the middle frequencies. Only for some
close to coincidence frequencies, the absolute correction
to the true value assumes some great values (Fig. 6).

It is possible to determine the frequency bands about
the corresponding coincidence frequencies for which the
formulae presented are useless with regard to an increase
in the correction to their true value (Fig. 7). It can be
noticed how narrow are the frequency bands about the
coincidence frequencies, where the absolute correction to
their true value exceeds 10−3. The width of the bands of
k0a is not greater than 7. The formulae obtained are use-
less within these narrow bands and the integral formulae
must be used instead.

The high frequency asymptotics obtained are more ac-
curate than the approximate expressions appropriate to
the low and middle frequencies. The required accuracy
of the asymptotics valid for the high frequencies can be
achieved by increasing the β parameter value. In the case
of low and middle frequencies, the absolute correction to
their true values approaches its minimal value.

The approximate and asymptotic formulae achieved
are also useful in the particular case of axisymmetric
modes, i.e. for m = 0. As an example, the mutual-
-resistance and the mutual-reactance related to the pair
of modes (0,11) and (0,12) together with the correspond-
ing absolute correction to their true values (Fig. 8). The
absolute correction in this case is smaller than 10−3 when
β > 45.

4. Conclusions

The approximate and asymptotic formulae of the
asymmetric self impedance and the mutual impedance
of a vibrating clamped circular plate embedded in a flat
rigid baffle have been obtained. The formulation ob-
tained enable calculations within almost the whole fre-
quency range for β > 7, except the frequencies close to
the coincidence. They are sufficiently accurate both for
some axisymmetric and asymmetric modes. In the case
of the asymmetric vibrations, the accuracy growth has
been reached by taking into account the proper number
of terms to approximate the special function products.
The elementary form of the formulae obtained is useful
for numerical analysis.

Appendix A. The exact values of the integrals

In order to present the asymptotics for the self and mutual impedance in an elementary form, it is necessary to
calculate the following integrals

I(s)
n (b) =

∫ ∞

1

dx

xn(x4 − b4)2
√

x2 − 1
, I(m)

n (b) =
∫ ∞

1

dx

xn(x4 − b4)
√

x2 − 1
(A.1)

for n = −2,−1, 0, . . . , where it has been assumed that b < 1.
The above integrals can be transformed into the following form

I(s)
n (b) =

1
4b2

[
1

4b3

(
Î
(a)
n+2(b)− Î

(b)
n+2(b) + bÎ

(c)
n+2(b) + dÎ

(d)
n+2(b)

)
− Î

(f)
n+2(b)

]
, (A.2)

I(m)
n (b) =

1
4b

(
Î
(b)
n+2(b)− Î

(a)
n+2(b)

)
+

1
2
Î
(e)
n+2(b),

where

Î(a)
n (b) =

∫ ∞

1

dx

xn(x + b)
√

x2 − 1
, Î(b)

n (b) =
∫ ∞

1

dx

xn(x− b)
√

x2 − 1
,

Î(c)
n (b) =

∫ ∞

1

dx

xn(x + b)2
√

x2 − 1
, Î(d)

n (b) =
∫ ∞

1

dx

xn(x− b)2
√

x2 − 1
,

Î(e)
n (b) =

∫ ∞

1

dx

xn(x2 + b2)
√

x2 − 1
, Î(f)

n (b) =
∫ ∞

1

dx

xn(x2 + b2)2
√

x2 − 1
, (A.3)

Integrals from Eq. (A.3) for n = −2,−1, 0, . . . can be expressed as
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Î(a)
n (b) = −

n−1∑
s=0

(
−1

b

)s+1

vn−s +
(
−1

b

)n arccos(b)√
1− b2

,

Î(b)
n (b) = −

n−1∑
s=0

(
1
b

)s+1

vn−s +
(

1
b

)n
π/2 + arcsin(b)√

1− b2
,

Î(c)
n (b) =

n−1∑
s=0

n−s−1∑
r=0

(
−1

b

)s+r+2

vn−s−r +
(−1)n

bn (1− b2)
+

(−1)n
(
n− b2(n + 1)

)

bn+1 (1− b2)3/2
arccos(b),

Î(d)
n (b) =

n−1∑
s=0

n−s−1∑
r=0

(
1
b

)s+r+2

vn−s−r +
1

bn (1− b2)
−

(
n− b2(n + 1)

)

bn+1 (1− b2)3/2
(π/2 + arcsin(b)) ,

Î(e)
n (b) =





π
2
√

1+b2
for n = −1

arcsin h(b)

b
√

1+b2
for n = 0

1
b2 (vn − Î

(e)
n−2(b)) for n > 0

, (A.4)

Î(f)
n (b) =





π
4(1+b2)3/2 for n = −1

− 1
2b2(1+b2)

[
1− (1 + 2b2)Î(e)

0 (b)
]

for n = 0
1
b2

(
Î
(e)
n (b)− Î

(f)
n−2(b)

)
for n > 0

, vn =





π/2 for n = 1
1 for n = 2
(n−2)
(n−1)vn−2 for n > 2

.

Inserting expressions (A.4) into Eq. (A.2) provides

I(m)
n (b) = a(m)

n (b) +
1

4bn+3
fn(b) , I(s)

n (b) = a(s)
n (b) + b(s)

n (b)fn(b), (A.5)

where

a(m)
n (b) = − 1

4b2

n+1∑

i=0

1 + (−1)i

bi
vn+2−i +

1
2
Î
(e)
n+2(b),

fn(b) =
[1− (−1)n]π/2 + [1 + (−1)n] arcsin(b)√

1− b2
, (A.6)

a(s)
n (b) =

1
16b6

[
n+1∑

i=0

1 + (−1)i

bi
vn+2−i +

n+1∑

i=0

n−i+1∑
r=0

1 + (−1)i+r

bi+r
vn+2−i−r +

1 + (−1)n

bn (1− b2)

]
− 1

4b2
Î
(f)
n+2(b),

b(s)
n (b) = −n + 3− b2(n + 4)

16bn+7(1− b2)
.

Formulae (A.5) together with denotations (A.6) have been used to express some asymptotic expressions for modal
acoustic impedance in a convenient for numerical calculation form.

Appendix B. The total acoustic impedance and the coupling matrix

The vibration amplitude can be presented as the complete eigenfunction system series

W (r0, ϕ0) =
∞∑

m=0

∞∑
n=1

[
c(c)
mnW (c)

mn(r0, ϕ0) + c(s)
mnW (s)

mn(r0, ϕ0)
]
, (B.1)

where{
W

(c)
mn (r0, ϕ0)

W
(s)
mn (r0, ϕ0)

}
= Amn [Jm (kmnr0) + BmnIm (kmnr0)]

{
cos mϕ0

sin mϕ0

}

are the corresponding eigenfunctions, r0, ϕ0 are plate’s point polar coordinates, k2
mn = ωmn

√
ρh/D is the structural

wave number of the mode (m, n), ωmn is the eigenfrequency, ρ is the plate’s density, h is plate’s thickness, D =
Eh3/(12(1− ν2)) denotes the plate’s stiffness, E is Young modulus, ν is the Poisson ratio.

The normalized acoustic impedance can be formulated in the form of the infinite triple series

ζ = θ − iχ =
∞∑

m=0

∞∑
n=1

∞∑

n′=1

{
c̃(c)
m,nc̃(c)∗

m,n + signmc̃(s)
m,nc̃(s)∗

m,n

}
ζm;n,n′ , (B.2)

where θ, χ denote resistance and reactance, respectively,
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c̃(c)
m,n =

ω√
2

〈
|vN|2

〉c(c)
m,n , c̃(s)

m,n =
ω√

2
〈
|vN|2

〉c(s)
m,n,

c̃(c)∗
m,n =

ω√
2〈|vN|2〉

c(c)∗
m,n , c̃(s)∗

m,n =
ω√

2〈|vN|2〉
c(s)∗
m,n, (B.3)

〈
|vN|2

〉
=

1
2S

∫

S

vN(r)v∗N(r)dS =
ω2

2

∞∑
m=0

∞∑
n=1

{∣∣∣c(c)
m,n

∣∣∣
2

+ signm

∣∣∣c(s)
m,n

∣∣∣
2
}

,

ζm;n,n′ is the modal impedance, signm represents the signum function which is equal to 0, -1 and 1 when m = 0,
m < 0 and m > 0, respectively. The coupling factors c

(c)
m,n, c

(s)
m,n can be obtained by solving of the equation of motion.

In the case when the acoustic attenuation is neglected the normalized constants c
(c)
m,n, c

(s)
m,n can be expressed in the

form of the following coupling matrix{
c
(c)
m,n

c
(s)
m,n

}
=

1
ω2ρh(k−4

D k4
m,n − 1)

{
f

(c)
m,n

f
(s)
m,n

}
, (B.4)

where{
f

(c)
m,n

f
(s)
m,n

}
=

1
S

∫

S

{
W

(c)
m,n(r)

signmW
(s)
m,n(r)

}
f(r)dS (B.5)

are the excitation factors, ω is the excitation frequency, f(r) is the excitation, k−4
D = D/ρhω2.

Equation (B.2) represents the exact value. However, in practical applications only its approximation can be obtained
on the basis of Eqs. (B.2) and (B.4). Limiting the infinite sum to the finite number of terms results in the following
asymptotic formulae

θ = θ1 + ∆θ1, χ = χ1 + ∆χ1, (B.6)
where

θ1 =
M−1∑
m=0

N−1∑
n=1

N−1∑

n′=1

{
c̃(c)
m,nc̃(c)∗

m,n + signmc̃(s)
m,nc̃(s)∗

m,n

}
θm;n,n′ , (B.7a)

χ1 =
M−1∑
m=0

N−1∑
n=1

N−1∑

n′=1

{
c̃(c)
m,nc̃(c)∗

m,n + signmc̃(s)
m,nc̃(s)∗

m,n

}
χm;n,n′ . (B.7b)

Further, it is convenient to introduce its relative approximation error as follows

δθ ≤ |∆θ1|+ |∆θ2|
θ

, δχ ≤ |∆χ1|+ |∆χ2|
χ

, (B.8)

where |∆θ1| and |∆χ1| are the absolute approximation errors of the quantities given in Eq. (B.2) caused by limiting
the infinite series to the finite number of terms used, and |∆θ2| and |∆χ2| are the absolute approximate errors of
the same quantities caused by the approximation of the corresponding modal quantities. The former approximation
errors can be estimated as follows

∆θ1 ≤
M∑

m=0

N∑
n=1

{
c̄(c)
m,nc̄

(c)∗
m,N + signmc̄(s)

m,nc̄
(s)∗
m,N

}
θm;n,N +

M∑
m=0

N∑

n′=1

{
c̄
(c)
m,N c̄

(c)∗
m,n′ + signmc̄

(s)
m,N c̄

(s)∗
m,n′

}
θm;N,n′

+
N−1∑

n,n′=1

{
c̄
(c)
M,nc̄

(c)∗
M,n′ + signMc̄

(s)
M,nc̄

(s)∗
M,n′

}
θM;n,n′ , (B.9a)

∆χ1 ≤
M∑

m=0

N∑
n=1

{
c̄(c)
m,nc̄

(c)∗
m,N + signmc̄(s)

m,nc̄
(s)∗
m,N

}
χm;n,N +

M∑
m=0

N∑

n′=1

{
c̄
(c)
m,N c̄

(c)∗
m,n′ + signmc̄

(s)
m,N c̄

(s)∗
m,n′

}
χm;N,n′

+
N−1∑

n,n′=1

{
c̄
(c)
M,nc̄

(c)∗
M,n′ + signMc̄

(s)
M,nc̄

(s)∗
M,n′

}
χM;n,n′ , (B.9b)

and the later as

∆θ2 =
M−1∑
m=0

N−1∑
n=1

N−1∑

n′=1

{
c̃(c)
m,nc̃(c)∗

m,n + signmc̃(s)
m,nc̃(s)∗

m,n

}
∆θm;n,n′ , (B.10a)
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∆χ2 =
M−1∑
m=0

N−1∑
n=1

N−1∑

n′=1

{
c̃(c)
m,nc̃(c)∗

m,n + signmc̃(s)
m,nc̃(s)∗

m,n

}
∆χm;n,n′ , (B.10b)

where ∆θm;n,n′ and ∆χm;n,n′ are the corrections to the true values of the modal resistance and the modal reactance.
The corrections have been defined in Eq. (68) and this paper focuses on them.
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