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The theory of resonance energies and widths of electron quasi-stationary states and electronic conductivity
in open cylindrical two-barrier symmetric resonance tunnel structure is developed. The complete Schrodinger
equation is solved within the model of effective masses for rectangular potential wells and barriers. Interaction
between electrons and electromagnetic field was taken into account using the approximation of the small
signal. The calculations of spectral parameters are performed for In0.53Ga0.47As/In0.52Al0.48As resonance tunnel
structure. The dependences of conductivity on the energy of mono-energy electrons beam falling at the system
and electromagnetic field energy absorbed or emitted by the system are obtained and analyzed. The relation
between experimentally measured parameters of conductivity and resonance widths of electron quasi-stationary
states in open resonance tunnel structure is established.

PACS numbers: 73.21.Hb, 73.21.La, 73.40.Gk

1. Introduction

The rapid development of nano-technologies brings to
the creation of new devices with unique physical char-
acteristics. Their elements are different nanostructures:
quantum dots, wires and wells, in general and resonance
tunnel structures (RTS), in particular. Growing interest
to the latter is caused by the fact that after creation of
the first quantum cascade (QC) lasers by J. Faist and
F. Capasso [1, 2], evident success is achieved in the de-
sign of active nano-structures [3, 4], minimizing guided
currents and reaching the maximal strength of electro-
magnetic radiation in the demanded range of frequencies
(especially, in actual Terahertz ones).

The well known problem of modern QC lasers is the
non coherent regime of their action (respectively the elec-
trons), at which the interaction of electrons and RTS
dissipative subsystems, such as phonons or impurities,
strongly changes the phase of electronic current propa-
gating through the system. Consequently, the effective-
ness of QC laser emission becomes small. One of the way
of improving it, is to use the open RTS, where the life
time of electron quasi-stationary states (QSS) is smaller
than the duration of dissipative processes in the system.
Such open RTS (mainly quasi-two-dimensional) are in-
vestigated for more than ten years using different theo-
retical models [5–9]. However, the consistent theory of
their response is still far from the completion.

The other problem is that for the calculation of elec-
tronic current in open RTS (or dynamic conductivity)
it is necessary to solve the complete Schrodinger equa-
tion with Hamiltonian, taking into account the interac-

tion between electrons and electromagnetic field. The
mathematical complication is that in the majority of the-
oretical papers [10–17] simplified models of nano-systems
(mainly the plane ones) are used. These models are based
at the δ-barrier approximation of RTS rectangular po-
tential barriers. The evident disadvantage of δ-barrier
model is the total neglect of the different electron ef-
fective masses in nano-system wells and barriers. It is
shown in [18], that it essentially influence at the spectral
parameters (resonance energies and particularly widths)
of electron QSS and through the electronic current con-
ductivity — at the strength of electromagnetic radiation
and its frequency.

It is well known that the main parameters of nano-
-devices, as a rule, can be improved decreasing the spa-
tial dimension of their elements. Thus, during the last
years the widening of experimental interest is observed
for the research of quantum wires, dots and combined
nano-systems [19, 20]. As far as we know, there are not
a lot of papers concerning the theory of quasi-particles
spectra (electrons, holes, excitons, etc) and furthermore,
the theory of electronic conductivity in open RTS is pro-
duced using quantum wires and dots, while the closed
RTS are intensively studied [21].

In this paper the theory of spectral parameters is de-
veloped (resonance energies (RE) and resonance widths
(RW) of electron QSS). We used rather realistic model
that consider different electron effective masses in dif-
ferent parts of open cylindrical quantum wire with one
quantum well and two rectangular potential barriers.
The dynamic conductivity of RTS is calculated within
the approximation of small field.
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Besides, it is proven that the conductivity calculated
in the framework of the model, as function of injected
electrons energy and electromagnetic field energy allows
studying not only the field characteristics (radiation or
absorption power, frequency, range of maximal emission,
etc) but to solve the opposite problem — obtain the RE
and RW of electron QSS using the experimentally mea-
sured parameters of conductivity.

2. Conductivity of mono-energy electron beam
of cylindrical two-barrier RTS

Open cylindrical two-barrier RTS with geometrical pa-
rameters is shown in Fig. 1a. We assume that the current
of uncoupling electrons with concentration n falls at the
RTS from the left side propagating in the direction par-
allel to the axial axis. The electron effective masses and
potential energies in different RTS parts in cylindrical
coordinate system (ρ, ϕ, z) are the following:

µ(z) =

{
µ0

µ1
, V (z) =

{
0, media ”0”, ”2”, ”4”
V0, media ”1”, ”3”

,

υ(ρ) =

{
0, ρ < ρ0

∞, ρ > ρ0
. (1)

Fig. 1. (a) Geometrical and potential energy schemes
of open cylindrical two-barrier RTS, (b) dependences
of resonance energy Enz and (c) resonance width
(Γnz /Γ0)

1/2 on quantum dot height, (d) dependence of
resonance energy En2 on h0 and conductivity contour
Cif .

The electronic conductivity in RTS is fixed by the den-
sity of electronic current j flowing through the nano-
-system, in its turn, defined by the wave function of

electron interacting with varying in time electromagnetic
field: ε(t) = ε(e iωt + e− iωt), with frequency ω and am-
plitude of electric field strength ε. The wave function
Ψ(r, t) satisfies the complete Schrodinger equation:

i~
∂Ψ (r, t)

∂t
=

( a
H (r)+

a
H (z, t)

)
Ψ (r, t) , (2)

where the basic Hamiltonian of electron (in the station-
ary case) is given by:

a
H (ρ, ϕ, z) = −~

2

2

[
∂

∂z

1
µ(z)

∂

∂z

+
1

µ(z)ρ

(
∂

∂ρ
ρ

∂

∂ρ
+

1
ρ

∂2

∂ϕ2

) ]
+ V (z) + υ(ρ). (3)

It contains the first term — kinetic energy operator, the
second one — potential energy of electron in axial direc-
tion, and the third term — infinite potential confining
the electron exit from quantum wire in radial direction.

a
H (z, t) = U(z)

(
e iωt + e− iωt

)

= −eε
[
z
(
Θ(z)−Θ(z − z2)

)
+ z2Θ(z − z2)

]

× (
e iωt + e− iωt

)
(4)

is the Hamiltonian of interaction between the electron
and varying in time electromagnetic field.

In order to solve the complete Schrodinger equation, it
is necessary to solve the stationary one:

a
H (r)Ψ(r) = EΨ(r), (5)

written for the electron with effective mass µ(z), that
moves in cylindrical quantum wire as in closed system in
radial direction, and as in open system — in axial one.
The wave function Ψ(r) is given by:

Ψ(ρ, ϕ, z) = Ψnρm(ρ, ϕ)F (z), (6)
and, therefore, the variables in Eq. (5) are separated.
The energy spectrum

Enρm =
~2x2

nρm

2 µ0ρ2
0

, (7)

and normalized wave functions [21]:

Ψnρm(ρ, ϕ) =
(
πρ2

0|Jm−1(xnρm)Jm+1(xnρm)|
)−1/2

×Jm

(
Xnρmρ−1

0 ρ
)
e imϕ (8)

describe the confined movement of electron (with mass
µ0) in the plane perpendicular to the axial axis. Here
Jm is the Bessel function of the first order, Xnρm are
the roots of Bessel function, m = 0;±1;±2 . . . is mag-
netic quantum number, nρ = 1, 2, 3 . . . — radial quantum
number fixing the number of Bessel function at certain m.

Now, taking into account (5), (6), (8), the wave func-
tions Fnρm(z) evidently satisfy the equation:[

−~
2

2
∂

∂z

1
µ(z)

∂

∂z
+ V (z) + Enρm

]
Fnρm(z)

= EFnρm(z), (9)
with open fitting conditions. This equation is equally
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solved for any |nρm > states. Further, we are going to
study in details the conductivity of RTS of rather small
radius, where the only state (nρ = 1, m = 0) is realized
in the actual sub-barrier region. We put F10(z) = F0(z),
E0 = ~2x2

10
2 µ0ρ2

0
and obtain from Eq. (2) the equation for

F (z, t) function:

i~
∂F (z, t)

∂t
=

[
− E0 − ~

2

2
∂

∂z

1
µ(z)

∂

∂z
+ V (z)

+
a
H (z, t)

]
F (z, t). (10)

This equation can be solved within the approximation of
small signal [5–10], assuming that the amplitude of the
electric field ε is small. Thus, its general solution is writ-
ten as:

F (z, t) = F0(z)e− iω0t + F1(z, t), (11)
where ω0 = ~−1E, F0(z) function is the solution of sta-
tionary Schrodinger equation (9) and the correction of
the first order in one-mode approximation is found as:

F1(z, t) = F+1(z)e− i (ω0+ω)t + F−1(z)e− i (ω0−ω)t. (12)

Preserving the magnitudes of the first smallness or-
der and taking into account formulae (10), and (11), the
equation for the both parts of F1(z, t) functions is ob-
tained:[

−~
2

2
∂

∂z

1
µ(z)

∂

∂z
+ V (z) + E0 − ~(ω0 ± ω)

]
F±1(z)

= U(z)F0(z). (13)

The stationary case (9) with open boundaries is solved
exactly and F0(z) wave function is:

F0(z) = F
(0)
0 (z)Θ(−z) + F

(4)
0 Θ (z − z2)

+
2∑

p=0

F
(p+1)
0 [Θ(z − zp−1)−Θ(z − zp)]

= (A0 e ik0z + B0 e− ik0z)Θ(−z)

+A4 e ik0(z−z2)Θ (z − z2)

+
2∑

p=0

(Ap+1 e ikp+1z + Bp+1 e− ikp+1z)

× [Θ(z − zp−1)−Θ(z − zp)] , (14)

where z−1 = 0, k0(E) = k2(E) =

√
2 µ0
~2 E − X2

nρm

ρ2
0

,

k1(E) = k3(E) =

√
2 µ1
~2 (E − U0)−

X2
nρm

ρ2
0

.

All unknown coefficients (Ap and Bp (p = 0, 1, 2, 3, 4))
are fixed by the conditions for wave function and its den-
sity of current continuity at all nano-system interfaces:

F
(p)
0 (zp−1) = F

(p+1)
0 (zp−1),

1
µp

dF
(p)
0

dz

∣∣∣
z=zp−1

=
dF

(p+1)
0

µp+1 dz

∣∣∣
z=zp−1

,

p = 0, 1, 2, 3. (15)
The solutions of inhomogeneous Eqs. (13) are the su-

perpositions of functions:
F±1(z) = F±(z) + Φ±(z), (16)

where F±(z) are the solutions of homogeneous Eqs. (13).

F±(z) = F
(0)
± (z)Θ(−z) + F

(4)
± (z)Θ(z − z2)

+
2∑

p=0

F
(p+1)
±

[
Θ(z − zp−1)−Θ(z − zp)

]

= B±
0 e− ik±0 zΘ(−z) + A±4 e ik±0 (z−z2)Θ(z − z2)

+
2∑

p=0

(
A±p+1 e ik±p+1 + B±

p+1 e− ik±p+1
)

×[
Θ(z − zp−1)−Θ(z − zp)

]
, (17)

where
k±0 (E) = k±2 (E) = k0(E ± ~ω),

k±1 (E) = k±3 (E) = k1(E ± ~ω),

and functions

Φ±(z) =
2∑

p=0

(
eε

µpω2

dF
(p+1)
0

dz
∓ eεz

~ω
F

(p+1)
0 (z)

)

×
[
Θ(z − zp−1)−Θ(z − zp)

]

∓eεz2

~ω
F

(4)
0 Θ(z − z2) (18)

are the exact partial solutions of Eqs. (13). Their general
solutions can be written as

F±1(z) = F
(0)
±1 (z)Θ(−z) + F

(4)
±1 Θ(z − z2)

+
2∑

p=0

F
(p+1)
±1 (z)

[
Θ(z − zp−1)−Θ(z − zp)

]
. (19)

The conditions for these wave functions and respec-
tive currents continuity at all nano-systems interfaces are
analogous to Eqs. (15). They are equivalent to the system
of eight linear inhomogeneous equations, determining all
eight unknown coefficients (A±p , B±

p (p = 0, 1, 2, 3, 4)),
F±1(z) and F (z, t) wave functions. According to the
quantum mechanics, the density of current in point z
at moment of time t of uncoupling electrons with con-
centration n is given by the formula:

j(z, t) =
e~n

2 µ(z)

×
(

F (z, t)
∂

∂z
F ∗(z, t)− F ∗(z, t)

∂

∂z
F (z, t)

)
. (20)

In the framework of quasi-static approximation, taking
into account that the lengths of electromagnetic waves in-
teracting with electron are much bigger than the sizes
of RTS one can calculate the energy W received (or
given) by electron from the field during the period of time
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T = 2π/ω:

W =
∫ T

0

dt

∫ z2

0

j(z, t)ε(z, t)dz = 2Tdσgε
2, (21)

where σg = <σ and σ are complex conductivities of nano-
-system.

The same energy can be obtained as a sum of energies
of electromagnetic waves coming out of the both sides of
quantum wire:

W =
~ωT

e

{[
j(E + ~ω, z = z2)− j(E − ~ω, z = z2)

]

−[
j(E + ~ω, z = 0)− j(E − ~ω, z = 0)

]}
. (22)

Combining the Eqs. (19) and (20) and calculating the
densities of currents, the analytical expression for the
real part of conductivity is obtained:

σg (E, ω) =
~2ωn

2z2 µ0ε2

[
k+
0

(∣∣B+
0

∣∣2 +
∣∣A+

4

∣∣2
)

−k−0
(∣∣B−

0

∣∣2 +
∣∣A−4

∣∣2
) ]

, (23)

which has the clear physical meaning. The first two terms
describe the contributions into nano-system conductiv-
ity of electron wave currents from RTS left side B+

0 and
right side A+

4 with radiation, the rest two terms describe
the contributions of currents from left side B−

0 and from
right side A−4 with absorbing of electromagnetic waves
with frequency ω. It is to be mentioned that, in the pro-
posed approach, coefficients B±

0 and A±4 are proportional
to ε2, therefore σg magnitude is independent of the fields
strength.

The further calculation and analysis of spectral param-
eters (RE and RW) of electron QSS and its conductivity
σg is performed for In0.53Ga0.47As/In0.52Al0.48As RTS,
often researched experimentally [3, 4].

3. Discussion of results

The main properties of electronic conductivity σg, as
function of electrons energy E and electromagnetic field
frequency ω emitted or absorbed are completely deter-
mined by RE and RW of electron QSS, that in turn,
depend on geometric size and energy parameters of nano-
-system. The calculation of σg magnitude is performed
for In0.53Ga0.47As/In0.52Al0.48As cylindrical open sym-
metric two-barrier RTS with material parameters: elec-
tron effective masses µ0 = 0.046m0, µ1 = 0.089m0 (m0 is
pure electron mass); lattice constants a0 ≈ a1 = 5.87 Ao,
height of the potential barrier V0 = 516 meV.

The RE Enz and RW Γnz of nz-th QSS are defined by
the location of the maximum of the peak of penetration
coefficient D(E) of electron through the RTS in energy
scale and its width in the same scale at the half of the
heights, respectively. The typical dependencies of Enz

and Γnz on the height h0 of cylindrical quantum dot, at
ρ0 = 10a0, ∆ = 2a1, are shown in Figs. 1b and c.

From the figures one can see that at the increasing
of quantum well size h0 the REs are decreasing approx-
imately quadratically and RWs — more rapidly. It is
clear because the increasing of quantum dot height h0

makes its volume bigger, since all REs become smaller
and the “effective height" of potential barrier becomes
bigger, thus the RWs are sharply decreasing.

Fig. 2. Dependencies of (a) conductivity σg and (b) its
contours Cif on electron beams energy E and electro-
magnetic field energy ~ω and quantum dot height h0 at
ρ0 = 10a0, ∆ = 2a1. Quantum dots height h0 is varied
for conductivity contours plots.

Figure 2a it is presents the conductivity σg as function
of energy E of mono-energetic beam of uncoupled elec-
trons with concentration n and electromagnetic field en-
ergy ~ω, herein emitted (σg < 0) or absorbed (σg > 0) at
ρ0 = 10a0, ∆ = 2a1, h0 = 50a0. The RTS conductivity
is formed as a result of quantum transitions of electrons
between initial (i) and final (f) states. The transitions
from lower to upper QSS (i < f) produce the positive
conductivity (σg > 0) and occur with absorption of elec-
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tromagnetic field energy ~ω. The transitions from upper
into lower QSS (i > f) produce the negative conductivity
(σg < 0) and occur with emission of electromagnetic field
energy.

It is visible from the Fig. 2a, that function σg(E, ~ω)
has extremum σif caused by electron transitions from
i-th into f -th state (i → f), in the points at the plane
(E, ~ω), with coordinates over the electron energy Ẽif

and field energy ~ω̃if located in the vicinity of RE Ei

and modulus of the REs difference (~ωif = |Ei − Ef |),
respectively. The magnitudes Ẽif and Ei, ~ω̃if and ~ωif

are a little bit different, thus the concept of electron en-
ergy shift ∆Eif = Ẽif−Eif and field energy shift ∆Ωif =
~(ω̃if − ωif ) is introduced. In the figure one can see the
main properties of conductivity, depending in the vicinity
of which RE Ei the electron energy E is located. It is ob-
vious that when E is in the vicinity of E1 RE (the ground
QSS), the conductivity is positive in the whole E and ~ω
range (σg(E, ω) > 0). Conductivity maximum σ1f is ap-
proached at Ẽ1f , ~ω̃1f , herein σ12 À σ13 À σ14. The
maximal magnitude of σ12 is orders bigger than all other
σ1f 6=1, consequently, the quantum transition (1 → 2) is
“allowed” and all other (i → f = 2, 3 . . .) are “forbid-
den". When the electron energy E is in the vicinity of
RE Eif≥2, then the extremum magnitudes σif<i < 0 and
σif>i > 0 are approached in the points Ẽif , ~ω̃if , herein
|σif=i+1| À |σif=i+2| À |σif=i+3| À . . . Thus, the maxi-
mum of σg(E, ~ω) are formed by electron quantum tran-
sitions between neighbours QSSs σii±1. The transitions
into all other states are formed by the smaller σif 6=i±1,
the bigger is |f − i| difference. Therefore, the transitions
(i → i±1) are “allowed" and all the other are “forbidden".

From physical considerations, it is clear that the prop-
erties of conductivity of two-barrier RTS are tightly
bound with the properties of REs Ei, Ef and RWs Γi,Γf

of the respective electron QSSs, transitions between
which form the magnitudes of σg in the vicinity of the
corresponding energies E and frequencies ω. In order
to analyze this important relation, it is convenient to
introduce the concept of middle contour Cif of conduc-
tivity σif , meaning the line of the intersection between
σg(E, ~ω) function and the plane parallel to the plane
(E, ~ω) being at the half of the height σif/2, see Fig. 1d.

From Fig. 1d one can see that the projection ΓE
if of

middle contour Cif at the energy axis E is almost coin-
ciding with RW Γi of the QSS whose RE Ei is nearest to
the electron energy. The projection Γω

if at ~ω axis of the
section created between two cross-points of middle con-
tour Cif and line, parallel to E axis, passing through the
point (Ẽif , ~ω̃if ), almost coincide with RW Γf of QSS at
which the quantum transition happen. The introduced
parameters (σif , Ẽif , ~ω̃if ,ΓE

if ,Γω
if ) consistently charac-

terize σg(E, ~ω) conductivity, independently of the quan-
tum wire sizes and, at the same time, are the good param-
eters allowing to obtain REs Ei and RWs Γi of electron
QSS in open RTS using the experimentally measured σg

magnitudes.

Figure 2b shows the evolution of middle contours Cif

and their parameters at the varying quantum well size h0.
It is clear that increasing h0 for typical transitions does
not essentially change the contours shape (topology).
The bigger is the electrons energy, the bigger are the sizes
of contours Cif , herein at σg > 0 the projection of the
contour at E axis: CE

if
∼= ΓE

if
∼= Γi, projection of contour

at ~ω axis: Cω
if
∼= Γω

if
∼= Γf and at σg < 0: projection

CE
if
∼= ΓE

if
∼= Γi, projection Cω

if
∼= Γω

if
∼= Γi/3.

Fig. 3. Dependencies of (a) maximal conductivity σif ,
(b) relative conductivity shifts ∆σif/σif , (c) relative
electron energy shift ∆Eif/Γi, (d) relative electro-
magnetic field energy shift ∆Ωif/Γf on quantum dots
height h0.

Figure 3 shows the evolution of main parameters of
conductivity at the varying quantum well size h0 and
fixed ρ0 = 10a0, ∆ = 2a1. It is clear that when h0

increases, maximal magnitudes σif are increasing too,
independently of σg > 0 (transitions i →f = i+1) or σg <
0 (transitions i → f = i — 1). At the fixed RTS sizes, the
increasing electrons energy E brings to the decreasing of
maximal conductivity σif and increasing of relative shifts
∆σif = σif −σ(Ei, ~ωif )/σif . The increases of h0 causes
the increases of all σif magnitudes and decreases of all
shifts (∆σif/σif , ∆Eif/Γi, ∆Ωif/Γf ).

Finally, we must note that the relative shift over the
electron energy ∆Eif/Γi is positive for the emission pro-
cesses and negative for the processes of the absorption of
electromagnetic waves. The relative shift over the field
energy ∆Ωif/Γf is negative, independently of the field
energy is emitted or absorbed.

4. Conclusions

Within the model of different electron effective masses
in different parts of cylindrical RTS with rectangular po-
tential barriers, it is developed the theory of spectral pa-
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rameters (REs and RWs) of electron QSSs. Their re-
lation to the respective parameters of conductivity are
established, and calculated as functions of the energy of
electrons beam falling at RTS and the electromagnetic
field energy (emitted or absorbed).

It is shown that the electron quantum transitions from
upper (lower) QSSs into neighbour lower (upper) states
formes the negative (positive) dynamic conductivity of
the system. The emission (absorption) of electromag-
netic waves also occurs, having maximum at the fre-
quency proportional to the difference of QSSs REs be-
tween which the transition happens.

Depending on geometric parameters of cylindrical RTS
and of electrons beam energies, these systems can be ap-
plied as the active elements of the QC laser (at negative
conductivity) or nano-sensor (at positive conductivity) in
the demanded range of frequencies.

It is proven, that the experimentally measured con-
ductivity of RTS, as function of falling electrons beam
energies and electromagnetic field energy, allow defining
the conductivity contour whose respective projections di-
rectly determine the main spectral parameters (RE and
RW) of electron QSS in open RTS.
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