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Reflection of Magnetoelastic Waves
on the Boundary of Two Ferromagnetic Media

with Different Strength of Coupling in the Interface
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The theoretical research of reflection of bulk magnetoelastic waves in the ferromagnet with isotropic elastic
properties has been investigated. It shows calculation of intensities of reflection and transmission of magnetoelastic
waves at falling on the boundary of two semi-infinite uniform ferromagnets with different values of parameters
of exchange interaction, uniaxial magnetic anisotropy and saturation magnetization; taking into consideration
the coupling in the interface, which qualitatively changes the nature of frequency dependences of reflected
magnetoelastic waves intensity and dependences on the external uniform permanent magnetic field.
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1. Introduction

Ferromagnetic materials are unique objects for both
experimental and theoretical research and have a range
of important features including interaction of spin and
elastic waves. This interaction in magnetically ordered
medium results in magnetoelastic waves. The problem
of magnetoelastic interaction is interesting both from the
side of studying of the magnetism nature and from the
side of applying of this effect in engineering.

The work [1] presents a brief review of investigations of
the behaviour of magnetoelastic waves in ferromagnetic
plates and films. Transmission of surface magnetoelas-
tic waves in semi-infinite ferromagnets is analyzed in the
works [2, 3]. Reflection of bulk magnetoelastic waves
from the surface of the semi-infinite ferromagnet with
the magnetization parallel to the surface is theoretically
explored in the work [4].

We should note that properties of magnetoelastic
waves of a certain frequency propagating in magnetic
artificial two-layer ferromagnetic structure qualitatively
differ from those observed at waves propagating in uni-
form ferromagnets, so the work [5] considers the be-
haviour of magnetoelastic waves in the two- and three-
-layer structures with the type of the magnetic–non-
-magnetic substrate. The work [6] describes propagation
of magnetoelastic waves in the system consisting of the
non-magnetic substrate covered with the metallic ferro-
magnetic film and solve a boundary-value problem for
the indicated structure.

The works [7–10] consider the problems of reflection
and transmission of magnetoelastic waves on the bound-
ary of two magnetics and on the boundary of the mag-
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netic and non-magnetic matter. The work [11] presents
results of experimental data concerning reflection fea-
tures of magnetoelastic waves in the amorphous wire
FeSiB.

In this work we explore theoretically the behaviour
of magnetoelastic waves falling on the boundary of two
uniform uniaxial ferromagnets with different values of
parameters of exchange interaction, uniaxial magnetic
anisotropy and saturation magnetization. We consider
magnetoelastic waves within the framework of geometri-
cal optics as rays (it is possible at the certain character-
istic size of the medium inhomogeneities).

2. Basic equations

Let us consider two semi-infinite ferromagnets, the
magnetizations of which are correspondingly M01 and
M02, the parameters of exchange interaction are α1

and α2, and the parameters of uniaxial magnetic
anisotropy are β1, β2. Let us choose the coordinate sys-
tem so that the contact plane of ferromagnets is paral-
lel to the plane xy and the external uniform permanent
magnetic field H0 is directed along the easy axis of fer-
romagnet magnetization and the axis z of the selected
coordinate system.

In accordance with [12], the linearized equations de-
scribing the transmission of magnetoelastic waves of
small amplitudes in the exchange mode are the follow-
ing:

∂µ

∂t
= gµ0 (ez ×He) , ρ0

∂2u

∂t2
= F ,

∂ρ

∂t
+ ρ0 divv = 0, (1)

where µ is a small deviation of the magnetic moment
from the equilibrium value µ0, g is a gyromagnetic ratio,

(211)
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He is the effective magnetic field, ρ is a small deviation
from the equilibrium value of density ρ0, u is a vector of
elastic displacement, F is density of elastic force, v is a
velocity of a ferromagnet element, ez is a unit vector di-
rected along the easy axis of ferromagnet magnetization.

The components of the effective magnetic field are de-
termined according to the following formulae:

Hej = ρ0

(
α∆− β − H0

M0

)
µj

− ρ0µ0

[
(f + β)

∂uz

∂xj
+ f

∂uj

∂z

]
,

j = x, y. (2)
f is a constant that is usually: f ≈ 3−10.

Expressions for components of elastic force density are
the following [12]:

Fj =
[
ρ0

(
s2

` − 2s2
t

)
δjkδmn + ρ0s

2
t (δjmδkn − δjnδkm)

+ (µ0ρ0)2(f + β)δjzδjmδkn − (µ0ρ0)2fδjmδkn

]

× ∂2um

∂xk∂xn
+ µ0ρ

2
0

[
(f + β)δjz

∂µm

∂xm
+ f

∂µj

∂z

]
, (3)

where s` and st are the velocities of longitudinal and
transverse sound.

According to the JWKB method described in [13], a
magnetoelastic wave propagating along the axis z, which
is perpendicular to the media boundary, can be described
by the following expressions:

µ(r, t) = µ exp (ik1ψ(r)− ωt) ,

u(r, t) = u exp (ik1ψ(r)− ωt) ,

ρ(r, t) = ρ exp (ik1ψ(r)− ωt) , (4)
where ω is a velocity of a magnetoelastic wave, k1 is
a module of a wave vector in the medium, where an
incident wave is transmitted, ψ(r) is a wave function
(eikonal).

Consequently, at satisfying the geometrical optics con-
dition λ ¿ d (here λ is a wavelength, d is a characteristic
size of heterogeneities) we obtain for circular components
µ± = µx ± iµy, u± = ux ± iuy from the Eq. (1) taking
into consideration (2)–(4):

aj

(
k±1 ∇ψ±

)4
+ b±j

(
k±1 ∇ψ±

)2
+ c±j = 0,

j = 1, 2, (5)
where

aj = αjgM0s
2
t ,

b±j = gM0s
2
t (βj + H0/M0)

−αjgM0ω
2 ∓ s2

tω − gf2M3
0

/
ρ0,

c±
j

= ±ω3 − ω2gM0 (βj + H0/M0) . (6)
The square of a wave vector has two values in each

medium both for left-polarized wave (µ+,u+) and for

right-polarized wave (µ−, u−):

(k±j )2A =
(
−b±j +

√
(b±j )2 − 4ajc

±
j

) /
2aj ,

(k±j )2B =
(
−b±j −

√
(b±j )2 − 4ajc

±
j

) /
2aj . (7)

Taking into consideration (7), the Eq. (5) can be writ-
ten as[

(∇ψ±)2 − (
n±j

)2

A

] [
(∇ψ±)2 − (

n±j
)2

B

]
= 0,

where(
n±j

)2

A,B
=

(
k±j

)2

A,B

/ (
k±1

)2

A,B
. (8)

The square of the value n±j equals to the relation of
squares of wave vectors, therefore n±j is a refraction index
for j medium in relation to the first medium. It is obvious
that n±1 = 1.

3. Intensities of reflection and transmission

To determine the reflection amplitude or reflection
coefficient of a magnetoelastic wave and the ampli-
tude of transmission through the boundary of two me-
dia, we will write: an incident wave as µ±(r, t) =
exp(ik±1 ψ±(r) − ωt), a reflected wave as µ±R(r, t) =
R± exp(− ik±1 ψ±(r) − ωt), and a transmitted wave as
µ±D(r, t) = D± exp(ik±1 ψ±(r)− ωt).

For the material consisting of two uniform parts that
contact along the plane xy, energy density can be written
as

w =
2∑

j=1

θ
[
(−1)jz

]
wj + Aδ(z)M1M2, (9)

where

wj =
1
8π

H2 +
1
2
ρ0v

2
j +

1
2
λj,lm;l′m′

∂ujl

∂xm

∂ujl′

∂xm′

+
1
2
ρ2
0αj

(
∂µj

∂xk

)2

+
1
2
fρ2

0µ
2
0j(nlnl′δmm′ − nmnm′δll′)

× ∂ujl

∂xm

∂ujl′

∂xm′
+

1
2
βjρ

2
0µ

2
0j

(
∂ujz

∂xm

)2

+ ρ2
0µ0j

[
(f + β)µj

∂ujz

∂xm
+ fµj

∂ujm

∂z

]
+

1
2
ρ2
0βjµ

2
j ,

j = 1, 2.

θ(z) is a Heaviside function, A is a parameter char-
acterizing the coupling in the interface between uniform
parts and measured in units of length. The case of A = 0
corresponds to the absence of the coupling in the inter-
face, and A → ∞ corresponds to an ideal (in exchange
sense) boundary. Change of the parameter value can be
interpreted as a change of effective distance between ad-
jacent layers, due to which the layer-to-layer exchange
either increases (A → ∞) or decreases (A → 0). The
estimations show that the parameter A has the order of
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Fig. 1. Dependence of reflection intensity, for each
component of reflected wave, on the magnetoelastic
wave frequency at: f = 5, α2/α1 = 5.5, β2/β1 = 3.73,
γ = M02/M01 = 0.95 (T = 300 K), H0 = 103 Oe,
st = 3× 105 cm/s, ρ0 = 10 g/cm3, A = 10−4 cm.

Fig. 2. Dependence of reflection intensity, for each
component of reflected wave, on the magnetoelastic
wave frequency at A = 10−6 cm. All other parameters
are the same as in Fig. 1.

Fig. 3. Dependence of reflection intensity, for each
component of reflected wave, on the magnetoelastic
wave frequency at A = 5 × 10−7 cm. All other pa-
rameters are the same as in Fig. 1.

Fig. 4. Dependence of intensity of reflected wave on
the value of the external uniform permanent magnetic
field at ω = 0.369 THz. All other parameters are the
same as in Fig. 3.

A ∼ α/d, where d is the interface effective thickness. The
smaller is the value of the parameter A, the weaker is the
coupling in the interface and, accordingly, the greater is
the reflection amplitude.

To determine the reflection and transmission ampli-
tudes (for magnetic subsystem), we will use boundary
conditions that can be obtained by integrating the equa-
tion of the magnetic moment dynamics on the boundary
z = 0 taking into consideration the expression (9):[

A
(
µ±2 − γµ±1

)
+ α1

(
µ±1

)′]
z=0

= 0,

[
A

(
γµ±1 − µ±2

)− α2γ
(
µ±2

)′]
z=0

= 0,

where γ = M02/M01.
Thus, the reflection and transmission amplitudes can

be written as follows:

(
R±

)
A,B

=
γα1α2

(
k±2

)
A,B

− iA
(
α1 − γ2α2

(
n±2

)
A,B

)

γα1α2

(
k±2

)
A,B

− iA
(
α1 + γ2α2

(
n±2

)
A,B

) ,

(
D±)

A,B
=

−2A iα1

γα1α2

(
k±2

)
A,B

− iA
(
α1 + γ2α2

(
n±2

)
A,B

) .

The intensities of reflected and transmitted waves are
determined as the relations of flux densities of reflected
or transmitted wave to the flux density of an incident
wave [15]. So, they are

I(RA,B)± = |(R±)A,B |2,

I(DA,B)± =
α2

α1
Re(n±2 )A,B |(D±)A,B |2. (10)

Figures 1–3 represent the dependences of intensities
of different components of reflected wave I(R) on the
frequency ω with values of material parameters that
are ordinary for garnet ferrites, such as Y3Fe5O12 and
Sm3Fe5O12 [16], at three different values of A. The com-
ponent, for which (k−1 )2B < 0, does not propagate due to
quick damping in the first medium. There are such val-



214 Yu.I. Gorobets, S.A. Reshetnyak, T.A. Khomenko

ues of frequencies, at which intensities of different compo-
nents greatly differ from each other. This fact allows to
control the intensities of waves of different branches. It is
important to note that the range of frequencies in Fig. 1,
at which the value of reflection intensity changes from 1
to about 0, is narrow and it is possible to substantially
change the reflectivity of this structure in case of chang-
ing the frequency value to the amount of ≈ 1 GHz, that
can be used to create sensors of magnetoelastic waves.

The value of the magnetic field can substantially
change the reflection nature of magnetoelastic waves,
which is shown in Fig. 4. The specific dependence of
intensity of a reflected wave on the value of the exter-
nal magnetic field makes possible to control the reflec-
tion process of magnetoelastic waves in a wide range by
changing only the value of the external magnetic field, at
constant parameters of the material.

It is necessary to note that as shown in Figs. 1–4, the
reflection intensity substantially depends on the value of
the parameter A characterizing the coupling in the inter-
face, and it is especially important at small values of this
parameter.

4. Summary

We have found that the intensity of reflection of mag-
netoelastic waves from the boundary of two uniform fer-
romagnets is different for each branch of magnetoelastic
waves. The position of the resonance region (near the
point of total transmission for either branch) depends
sensitively upon the wave frequency and the value of ex-
ternal magnetic field. Besides, the intensity of reflection
depends essentially on the parameter characterizing the
coupling in the interface between uniform ferromagnetic
parts.
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