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M. Pasternak∗

Institute of Radioelectronics, Military University of Technology, S. Kaliskiego 2, 00-490 Warsaw, Poland

The Rayleigh wave propagation problem in the elastic substrate–viscoelastic layer interface was analysed in
the paper. The fundamental solution of the problem has been found in the Fourier–Laplace space using Biot
viscoelastic solid model with Maxwell relaxation time. The space-time form of the solution was obtained using
Cagniard–deHoop method. The solution presented in the paper seems to be applicable to surface acoustic waves
gas sensors with polymeric (viscoelastic) layer.
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1. Introduction

The problem of the Rayleigh wave propagation on sub-
strates with nonconductive viscoelastic (polymeric) lay-
ers is very important if the surface acoustic wave (SAW)
sensors technology development is considered. Such lay-
ers are often used for complex organic vapours detection.
As they have viscoelastic properties, the behaviour of
whole SAW gas detector is determined by elastic sub-
strate and viscoelastic layer as well as their interface pa-
rameters.

Although some approximate solutions of the problem
had already been found (e.g. [1–7]), yet the general so-
lution remained unknown. The fundamental solution
is interesting because it contains important information
about the parameters of SAW sensor with viscoelastic
(polymeric) chemisensitive layer. The properties of elas-
tic substrate and viscoelastic layer (geometrical and ma-
terial) as well as optimal value of the sensor operational
frequency are of primordial importance.

2. Solution of the problem

The equation system formulated in [3] fulfils the fol-
lowing boundary conditions that assume vanishing of the
stresses at the top of the layer (σ©113 = 0, σ©133 = 0 for
x3 = 0) and equality of respective displacements and
stresses at the interface (u©11 = u©21 , u©13 = u©23 , σ©113 = σ©213,
σ©133 = σ©233 for x3 = h). In the Fourier–Laplace transforms
space it has the form as follows:

ˆ̄σ©113 = 2iαγ̄©11 µ̄©1
(
−Ā©1 + B̄©1 e−2γ̄©11 h

)
− µ̄©1

×
{[

α2 − (γ̄©12 )2
] (

C̄©1
2 + D̄©1

2 e−2γ̄©12 h
)}

= 0, (1a)
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ˆ̄σ©133 = −λ̄©1 α2
(
Ā©1 + B̄©1 e−2γ̄©11 h

)

+
(
λ̄©1 + 2µ̄©1

)
(γ̄©11 )2

(
Ā©1 + B̄©1 e−hγ̄©11 h

)

+2iαγ̄©12 µ̄©1
(
−C̄©1

2 + D©1
2 e−2γ̄©12 h

)
= 0, (1b)

iα
(
Ā©1 e−γ̄©11 h + B̄©1 e−γ̄©11 h

)
+ γ̄©12 C̄©1

2 e−γ̄©12 h − γ̄©12

×D̄©1
2 e−γ̄©12 h = iαA©2 e−γ©21 h + γ̄©22 C©2

2 e−γ©22 h, (1c)

−γ̄©11 Ā©1 e−γ̄©11 h + γ̄©11 B̄©1 e−γ̄©11 h + iα
(
C̄©1

2 e−γ̄©12 h

+D̄©1
2 e−γ̄©12 h

)
= −γ̄©21 A©2 e−γ©21 h + iαC©2

2 e−γ©22 h,(1d)

2iαγ̄©11 µ̄©1
(
−Ā©1 e−γ̄©11 h + B̄©1 e−γ̄©11 h

)

−µ̄©1
{[

α2 − (γ̄©12 )2
] (

C̄©1
2 e−γ̄©12 h + D̄©1

2 e−γ̄©12 h
)}

= −2iαµ©2 γ©21 A©2 e−γ©21 h

−µ©2
[
α2 + (γ©22 )2

]
C©2

2 e−γ©22 h, (1e)

−λ̄©1 α2
(
Ā©1 e−γ©11 h + B̄©1 e−γ̄©11 h

)

+
(
λ̄©1 + 2µ̄©1

)
(γ̄©11 )2

(
Ā©1 e−γ©11 h + B̄©1 e−γ̄©11 h

)

+2iαγ̄©12 µ̄©1
(
−C̄©1

2 e−γ̄©12 h + D©1
2 e−γ̄©12 h

)

=
[
−λ©2 α2 + (λ©2 + 2µ©2 ) (γ©21 )2

]
A©2 e−γ©21 h

−2iαµ©2
(
γ©22 C©2

2 e−γ©22 h
)

, (1f)

(371)
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where superscripts ©1 and ©2 denote the quantities for the
layer and the substrate, respectively, σ — the stress ten-
sor, h — layer thickness, λ and µ are the Lamé constants
(time dependent for the viscoelastic layer),

γ̄©11 =

√
s2ρ©1

λ©1 (s) + 2µ©1 (s)
+ α2,

γ̄©12 =

√
s2ρ©1

µ©1 (s)
+ α2,

γ̄©21 =

√
s2ρ©2

λ©2 + 2µ©2
+ α2,

γ̄©22 =

√
s2ρ©2

µ©2
+ α2,

ρ is the density, α and s Fourier and Laplace transform
arguments, respectively. The time dependence of the
Lamé constants for the layer was described using the Biot
model with the Maxwell relaxation time τ as follows:

λ©1 (t) = λ©1 δ (t− τ)− λ©1

τ
exp

(
− t

τ

)
,

µ©1 (t) = µ©1 δ (t− τ)− µ©1

τ
exp

(
− t

τ

)
,

where λ©1 and µ©1 are time independent.
In the matrix representation the equation system has

the following form:

[M ] [A©1 A©2 B©1 C©1
2 C©2

2 D©1
2 ]T = 0. (2)

The solution of the characteristic equation det[M ] = 0
was presented in [3]. It describes the Rayleigh wave ve-
locity variation as a function of substrate and the layer
parameters as well as the layer thickness. The numerical
tests have shown that the viscoelastic layer reduce the
Rayleigh wave velocity from a fraction to even hundreds
of m/s and is linear when the layer geometrical and mate-
rial parameters are changing. Such behaviour is verified
experimentally.

The solution does not contain any information about
frequency dependence because the Laplace transform ar-
gument s has been eliminated from the characteristic
equation.

In order to find the frequency dependence the following
nonhomogeneous system with free stimulating stresses Ni

at the substrate–layer interface on the right-hand side
was solved:

[M ] [A©1 A©2 B©1 C©1
2 C©2

2 D©1
2 ]T = [0 0 0 0 0 N5 N6]

T
. (3)

The roots of Eq. (3) were calculated using the Cramer
method. Inserting them into the displacements formulae
(see [3]) one can obtain the displacements at the vis-
coelastic layer and substrate–layer interface. The dis-
placements have complicated algebraic form.

In order to inverse the displacements from the Fourier–
Laplace transform space into space-time the terms de-
pendent on s were separated and remaining terms were
treated as constants modifying amplitudes only. How-

ever, amplitudes contain some functions depending on s
but it can be demonstrated that for time long enough the
functions become constants and equal to√

λ̄©1 + 2µ̄©1 or
√

µ̄©1 .
Using Cagniard–deHoop method [7] the inverse

Laplace transforms can be found according to the for-
mula

ū (x1, x3, t) = L−1
t

{
Res

[
ˆ̄u (x3, α, s)

]∣∣
α=αR

}

= L−1
t

{
2πi lim

α→αR

ˆ̄u (x3, αR, s) (α− αR)
}

, (4)

where αR is the root of characteristic equation [3].
Applying (4) the displacements take the form as fol-

lows:

ū = A

∫ ∞

−∞

Φ (α, s)
W ′ (α, s)

e−γ̄©1 ©21,2 (α)x3e iαx1 dα

= A
Φ (αR, s)
W ′ (αR)

e−γ̄©1 ©21,2 (αR)x3e iαRx1 , (5)

where A denotes the amplitude and Φ are Cramer’s rule
numerators, W ′ is the first derivative of det[M ].

Formula (5) allows to calculate the displacements in
the form as follows:

ū©11 =
1

As2
e ixRx1

[
a1e−sf1x3

√
v2
11+x2

R

+a2e−sf1(2h−x3)
√

v2
11+x2

R

+a3e
−sf1

[
h
β

√
v2
21+x2

R+(h−x3)
√

v2
11+x2

R

]

+a4e−sf2x3

√
v2
21+x2

R

+a5e
−sf2

[
(h−x3)

√
v2
21+x2

R+βh
√

v2
11+x2

R

]

+ a6e−sf2(2h−x3)
√

v2
21+x2

R

]
, (6a)

ū©13 =
1

Bs2
e ixRx1

[
b1e−sf1x3

√
v2
11+x2

R

+b2e−sf1(2h−x3)
√

v2
11+x2

R

+b3e
−sf1

[
h
β

√
v2
21+x2

R+(h−x3)
√

v2
11+x2

R

]

+b4e−sf2x3

√
v2
21+x2

R

+b5e
−sf2

[
(h−x3)

√
v2
21+x2

R+βh
√

v2
11+x2

R

]

+b6e−sf1(2h−x3)
√

v2
21+x2

R

]
, (6b)
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ū©21 =
1

Cs2
e ixRx1

[
c1e

−s
[
(x3−h)

√
v2
12+x2

R+f1h
√

v2
11+x2

R

]

+c2e
−s

[
(x3−h)

√
v2
12+x2

R+f2h
√

v2
21+x2

R

]

+c3e
−s

[
(x3−h)

√
v2
22+x2

R+f1h
√

v2
11+x2

R

]

+c4e
−s

[
(x3−h)

√
v2
22+x2

R+f2h
√

v2
21+x2

R

]]
, (6c)

ū©23 =
1

Ds2
e ixRx1

[
d1e

−s
[
(x3−h)

√
v2
12+x2+f1h

√
v2
11+x2

R

]

+d2e
−s

[
(x3−h)

√
v2
12+x2

R+f2h
√

v2
21+x2

R

]

+d3e
−s

[
(x3−h)

√
v2
22+x2

R+f1h
√

v2
11+x2

R

]

+d4e
−s

[
(x3−h)

√
v2
22+x2

R+f2h
√

v2
21+x2

R

]]
, (6d)

where

f1 =

√
s + 1

τ

µ̄©10 s
, f2 =

√
s + 1

τ(
λ̄©10 + 2µ̄©10

)
s

β = f1/f2, A, B, C, D and ai, bi, ci, di are constant
coefficients depending on material parameters of the sub-
strate and the layer as well as layer thickness.

Applying αR = sxR the formula for ũ©11 takes the fol-
lowing form:

ũ©11 =
1
A

∫ t

0

(t− η)H(t− η)a1Ω


x3

√
v2
11 + x2

R

λ©1 + 2µ©1




+a2Ω


(2h− x3)

√
v2
11 + x2

R

λ©1 + 2µ©1




+a3Ω


h

β

√
v2
21 + x2

R

λ©1 + 2µ©1
+ (h− x3)

√
v2
11 + x2

R

λ©1 + 2µ©1




+a4Ω


x3

√
v2
21 + x2

R

µ©2




+a5Ω


(h− x3)

√
v2
21 + x2

R

µ©2
+ βh

√
v2
11 + x2

R

µ©2




+a6Ω


(2h− x3)

√
v2
21 + x2

R

µ©2


 dη, (7)

where λ©1 and µ©1 denote instantaneous parts of λ̄©1 and
µ̄©1 , respectively, v11, v21, v12, v22 are inverses of veloc-
ities of longitudinal and transversal waves in the layer
and longitudinal and transversal waves in the substrate,
respectively, xR is interpreted as reverse of the Rayleigh

wave at the interface,
Ω(κ) ≡ e−

t
2τ

×
[
δ (t− κ) +

τ2
(
2t2 − κ2

)

πt (2τ2 − κ2)
e

1
2τ

(
t−κ2

2t

)
H (t− κ)

]
,

where Bessel function asymptotic form was used. As-
suming harmonic forces Ni = Uie ikx1e−χx3e iωt, where χ
is the attenuation coefficient, the displacement u©11 in the
space-time obtains the form of convolution

u©11 = ũ©11 (.; t) ∗Ni0e iωt

= Ni0

∫ t

0

e iω(t−η)ũ©11 (.; η)dη. (8)

The integral (8) is the consequence of s2 existing in the
denominator of (6a) but the integration result changes
amplitude only.

Applying (8) the displacement u©11 takes the following
form:

u©11 = e ixRx1

∫ t

0

e iω(t−η)e−
t
2τ

×
[
δ (η − κ) +

τ2
(
2η2 − κ2

)

πη (2τ2 − κ2)
e

1
2τ

(
η−κ2

2η

)]
dη

= e ixRx1e−
t
2τ

[
e iω(t−$) + e jωt

∫ t

0

τ2
(
2η2 − κ2

)

πη (2τ2 − κ2)

× e
1
2τ

(
η−κ2

2η

)
e− iωη dη

]
= e ixRx1e−

t
2τ

{
e iω(t−$)

+e jωt

[∫ ∞

0

τ2
(
2η2 − κ2

)

πη (2τ2 − κ2)
e

1
2τ

(
η−κ2

2η

)
e− iωη dη+

−
∫ ∞

t

τ2
(
2η2 − κ2

)

πη (2τ2 − κ2)
e

1
2τ

(
η−κ2

2η

)
e− iωη dη

]}
, (9)

where e iω(t−$) =
∑4

m=1 e iω(t−ζm),

ζ1 = x3




√
v2
11 + x2

R

λ©1 + 2µ©1
+

√
v2
21 + x2

R

µ©2


 ,

ζ2 = (2h− x3)




√
v2
11 + x2

R

λ©1 + 2µ©1
+

√
v2
21 + x2

R

µ©2


 ,

ζ3 = (h− x3)




√
v2
11 + x2

R

λ©1 + 2µ©1
+

√
v2
21 + x2

R

µ©2


 ,

ζ4 =
h

β

√
v2
21 + x2

R

λ©1 + 2µ©1
+ βh

√
v2
11 + x2

R

µ©2
.

It can be shown that in such a representation the Heav-
iside functions inside Ω(κ) are equal to 1. The last in-
tegral term in (9) vanishes in the stationary state. The
displacements u©21 u©12 and u©22 can be calculated in the
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same way. Finally, in the stationary state all displace-
ments obtain the similar general form

u©1j = Ψje iΦ(t,x1), (10)
where Ψj are the general amplitudes different for indi-
vidual displacements and Φ — general phase the same
for all displacements. It has the following form:

Φ(; x1, t) = ln

(
exp

(
iωx1xR − t

2τ

)

× exp


2 exp


 iω


t− h

√
ρ1

λ1+2µ1
+ x2

R

λ1 + 2µ1







+exp

(
iω

(
t− h

√
µ1

v2
21 + x2

R

(λ1 + 2µ1)
2

))

+2 exp


 iω


t− h

√
v2
21 + x2

R

µ2







+2 exp


 iω


t− h

√
λ1 + 2µ1

µ1

√
ρ1

λ1+2µ1
+ x2

R

µ2







)
.

(11)
The general form of angular frequency and wave number
can be calculated by the well known formulae

ω̃ =
dΦ
dt

, k̃ =
dΦ
dx1

, (12)

and the general forms of phase and group velocities of
the Rayleigh wave

ṽp =
k̃

ω̃
, ṽg =

dk̃

dω̃
. (13)

Applying (12) and (13) one can obtain the inverse veloc-
ities in the following form:

ṽp =
2ωτxR

i + 2ωτ
=

4ω2τ2xR

4ω2τ2 + 1
− i

2ωτxR

4ω2τ2 + 1
,

ṽg = xR. (14)
The result is similar to the well known relation for vis-
coelastic media but instead of viscoelastic complex mod-
uli uses the root of dispersion relation.

The inversed imaginary part of is ṽp responsible for
wave attenuation and real one describes the velocity
change versus frequency and relaxation time of viscoelas-
tic layer. When ωτ À 0.5 the relation between phase
velocity and frequency vanishes and phase velocity be-
comes equal to group velocity that is equal to the root of
dispersion relation.

3. Conclusion

The approach presented here is flexible enough to cal-
culate the response of the elastic substrate–viscoelastic
layer system for free elastic stimulations at the top of the
system or interface. Actually, to analyse the Rayleigh
wave velocity changes at the system interface for large
ωτ it is enough to calculate the root of dispersion equa-
tion (the way to calculate the root has been described
in [3]). It is dependent on the material parameters of the
substrate and the layer as well as the layer thickness and
is approximately independent of frequency. The results
allow to conclude that increase the SAW sensor oper-
ational frequency for maximise its response is valuable
when the condition ωτ À 0.5 is fulfilled. Practically, it
means that the frequency increase gives positive effect for
the layers with short relaxation times only.
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