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In the paper a phenomenological approach is proposed to polarized electromagnetic wave propagation in
magnetodielectric media, composed of piezoelectric and magnetostrictive anisotropic monolayers. The composite
materials consisting of a system of such bimorph films have recently attracted much interest, because they can
exhibit a much stronger magnetoelectric effect in a wide temperature range than the single phase multiferroic
materials. In the paper dispersion equations given in a common form for both TE and TM modes are derived
for long wave approximation. The equations can be of use in evaluation of directional dependence for particular
polarizations, which is of particular interest in designing substrate for miniaturized polarimetric antenna, especially
useful for modern synthetic aperture radar systems.
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1. Introduction

In recent years, there has been increasing interest in
the development of new materials with characteristics
which may not be found in nature. Examples are meta-
materials, which are structured composite materials with
unique electromagnetic properties mainly due to the in-
teraction of electromagnetic (EM) waves with periodi-
cally modified structure of conventional materials. They
have a broad range of applications including artificial
dielectrics, antenna structures, microwave components
and composite materials. Applications of metamaterials
in antenna design have been considered in recent years
by several authors [1–4]. The electromagnetic analysis
and optimization based on the effective medium approx-
imations of artificial materials is very convenient since
it deals with only a few bulk medium parameters in-
stead of a large number of parameters fully describing
a discrete structure. Effective medium parameters of
composite electromagnetic materials used in such devices
can be obtained through various homogenization meth-
ods. At microwave frequencies where the wavelength is
much greater than at optical frequencies it is possible to
construct a kind of composite superlattices having either
isotropic or anisotropic properties. This paper presents
EM wave propagation in an infinite periodic structure
formed by alternating magnetic and dielectric layers of
thickness a1 and a2 as illustrated in Fig. 1. Each of lay-
ers is characterized by uniaxial dyadics ε̄ and µ̄.

One can discriminate two main kinds of “composite ef-
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Fig. 1. An artificial anisotropic magnetodielectric
medium.

fects” for planar EM waves. First, sometimes called the
“0 + 0 > 0 composite effect” (see e.g. [5]) means that
“new” materials property can be produced in the com-
posites via the interaction between constituent phases.
It is important and very prospective way to design and
explore new materials properties with materials existing
in nature. In the present paper we focus on the study
of the alternative “1 + 1 > 2 composite effect” due to
which, some performance of the composites can also be
enhanced or improved as compared with the monophase
materials.

The properties of the constituent phases are often as-
sumed to be known. The question is then how to deduce
the effective dynamical properties of the medium from
the properties of the constituent phases.
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Before considering propagation in such a structure,
some points of the theory of plane wave propagation in
a homogeneous uniaxial medium will be briefly reviewed
for later comparison.

2. Propagation in a homogeneous
uniaxial medium

Uniaxial medium is a special case of the most general
linear medium, whose constitutive equations are of the
form

D = ε0ε̄ ·E, B = µ0µ̄H.
As a microwave electromagnetic material it can be well

represented by a class of multiferroic (magnetodielectric)
media. Due to axial symmetry of the medium ε̄ and µ̄
are uniaxial dyadics

ε̄ = εtx̂x̂ + εtŷŷ + εzẑẑ, µ̄ = µtx̂x̂ + µtŷŷ + µzẑẑ.
The fields are assumed to have a harmonic time depen-

dence exp(jωt). Since the medium is isotropic in the xy
plane, to study plane-wave propagation, without loss of
generality we consider 2D problem with ∂/∂y = 0. With
the mentioned constitutive relations and Maxwell equa-
tions

∇×E = jωB, ∇×H = − jωD,

it is readily concluded that electromagnetic fields can be
separated into TE (Ey, Hx, Hz) and TM (Hy, Ex, Ez)
polarizations. For TE-polarization, we have

∂2Ey

∂z2
+

µt

µz

∂2Ey

∂x2
+

ω2

c2
µtεtEy = 0, (1)

Hx = j
1

ωµ0µt

∂Ey

∂z
, Hz = − j

1
ωµ0µz

∂Ey

∂x
(2)

and for TM-polarization
∂2Hy

∂z2
+

εt

εz

∂2Hy

∂x2
+

ω2

c2
µtεtHy = 0, (3)

Ex = − j
1

ωε0εt

∂Hy

∂z
, Ez = j

1
ωε0εz

∂Hy

∂x
. (4)

In the short notation, the propagation of EM wave can
be expressed by the scalar wave equation(

α
∂2

∂x2
+

∂2

∂z2
+ k2

t

)
ψ(x, z) = 0,

ψ =

{
Ey for TE mode,
Hy for TM mode,

(5)

where

α =

{
α− = µt/µz for TE mode,
α+ = εt/εz for TM mode,

and k2
t = (ω2/c2)µtεt. When plane wave solution ψ =

ψ0 exp(jqn̂ · r) with direction of propagation defined by
n̂ = x̂ sin θ + ẑ cos θ is substituted to (5), one obtains

q2
± =

k2
t

α± sin2 θ + cos2 θ
. (6)

For a nonmagnetic medium (µz = µt = 1), the solu-
tion q− = kt corresponds to the ordinary wave and the

solution q+ corresponds to an extraordinary wave. The
wave corresponding to q− may be called transverse elec-
tric (TE), because the wave sees only the transverse com-
ponent of the ε̄ dyadic. For similar reasons, the other so-
lution corresponding to q+ can be called transverse mag-
netic (TM).

>From Eq. (6) it is readily seen that the axis of the
medium corresponding to θ = 0 is the optical axis,
because in this case the two solutions coincide

q2
± = k2

t = (ω2/c2)µtεt.

Obviously, the fields E and H are polarized transverse
to the axis ẑ, thus the waves see the medium as isotropic
with the transverse parameters εt, µt.

In the transverse propagation θ = π/2, we can write

q2
+ = k2

t

εz

εt
=

ω2

c2
µtεz, q2

− = k2
t

µz

µt
=

ω2

c2
εtµz.

3. Propagation in a stacked uniaxial
magnetodielectric sheet medium

Structures consisting of a periodic array of magne-
todielectric composite materials provide important ad-
vantages, when used as substrates for planar antennas.
These substrates are used to miniaturize antennas while
maintaining a relatively high band width and efficiency.

The magnetodielectric slabs of the structure analyzed
in this paper are uniaxial with parallel axes, infinite and
isotropic in the xz plane medium. Each unit cell contains
two regions as illustrated in Fig. 1a.

Each slab of thickness a1 and material parameters
given by dyadics ε̄1 and µ̄1 is separated by a slab of
thickness a2 and dyadics ε̄2 and µ̄2.

The EM waves for the electric and magnetic polariza-
tions considered locally in one unit cell (consisting of area
1 and 2) must satisfy the scalar wave equation(

αn
∂2

∂x2
+

∂2

∂z2
+ k2

nt

)
ψn(x, z) = 0, (7)

where the subscript n denotes 1 for −a1 ≤ z ≤ 0 and 2
for 0 ≤ z ≤ a2 (a1 + a2 = a).

Solution to (7) is found to be
ψn(x, z) = ψn(z) exp(jsx),

where
ψn(z) = An exp(jknz) + Bn exp(− jknz) and

k2
n + αns2 = k2

nt. (8)
It is worth to note that after introducing to the de-
scription the incidence angle θ1 and refraction angle θ2

(Fig. 1b) a generalized form of Snell’s law takes the form
s = q1 sin θ1 = q2 sin θ2, where q2

n = k2
nt/(αn sin2 θn +

cos2 θn) (see Eq. (6)).
Using the Floquet–Bloch theorem the solutions ψn(z)

are of the general form ψn(z) = u(z) exp(jkzz) where
u(z) is a periodic function with a period a: u(z − a) =
u(z). The Bloch wave number kz can be treated as a free
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parameter in the range −π/a ≤ kz ≤ π/a. If ψ3(z) =
u(z) exp(jkzz) then

ψ1(z − a) = u(z − a) exp(jkz(z − a))

= u(z) exp(jkzz) exp(− jkza) = ψ3(z) exp(− jkza)

and using (8)
ψ3(z) = exp(jkzl)ψ1(z − a)

= exp(jkza)[A1 exp(jk1(z − a))

+B1 exp(− jk1(z − a))]. (9)
The TE-polarization boundary conditions are continuity
of Ey and Hx, then at z = 0 and z = a2 we have (see
Eq. (2)):

ψ1(0) = ψ2(0),
ψ′1(0)
µ1t

=
ψ′2(0)
µ2t

, ψ2(a2) = ψ3(a2),

ψ′2(a2)
µ1t

=
ψ′3(a2)

µ2t
. (10)

Next we substitute ψ3 from Eq. (9) and ψ1, ψ2 from
Eq. (8) into Eq. (10). It yields four relations

A1 + B1 = A2 + B2,

k1(A1 −B1)µ−1
1t = k2(A2 −B2)µ−1

2t ,

A2 exp(jk2a2) + B2 exp(− jk2a2)

= exp(jkza)[A1 exp(jk1(a2 − a))

+B1 exp(− jk1(a2 − a))],

k2[A2 exp(jk2a2)−B2 exp(− jk2a2)]µ−1
2t

= exp(jkza)k1[A1 exp(jk1(a2 − a))

−B1 exp(− jk1(a2 − a))]µ−1
1t .

This set of four linear homogeneous equations in A1, B1,
A2, and B2 coefficients can be solved only if its determi-
nant is zero

∆ =

∣∣∣∣∣∣∣∣∣

1 1 −1 −1
k1µ2t −k1µ2t −k2µ1t k2µ1t

e j (kza−k1a1) e j (kza+k1a1) −e jk2a2 −e− jk2a2

k1µ2t e j (kza−k1a1) −k1µ2t e j (kza+k1a1) −k2zµ1t e jk2a2 k2zµ1t e− jk2a2

∣∣∣∣∣∣∣∣∣
= 0. (11)

Equation (11) is equivalent to

cos(k1a1) cos(k2a2)− 1
2

(
µ1tk2

µ2tk1
+

µ2tk1

µ1tk2

)

× sin(k1a1) sin(k2a2) = cos(kza). (12)
The application of duality to (11) determines the fol-

lowing transcendental equation for the TM-polarization
case:

cos(k1a1) cos(k2a2)− 1
2

(
ε1tk2

ε2tk1
+

ε2tk1

ε1tk2

)

× sin(k1a1) sin(k2a2) = cos(kza). (13)
Formulae similar to Eq. (13) were derived in [6], however,
only for the case of nonmagnetic and isotropic layers.

4. Asymptotic solutions

To obtain the dispersion relations we expand Eq. (12)
and Eq. (13) in the Taylor series as a function of small pa-
rameters k1a1, k2a2 and kza. Using Eq. (6) and Eq. (8)
after some manipulations in Mathematica we have for
both TE and TM modes

k2
z =

ω2

c2
(f1α1β + f2α2)

×µ1tε1tf1α2 + µ2tε2tf2α1β
[
1 + (α1 − α2) tan2 θ1

]

βα1α2

(
1 + α1 tan2 θ1

) ,

(14)
where f1 = a1/a and f2 = a2/a denote the volume frac-

tions of the materials, θ1 is an angle of propagation in
medium 1 and

β =

{
µ1z/µ2z for TE mode,
ε1z/ε2z for TM mode.

Let us note that the resulting dispersion equation
Eq. (14) has the same form for both modes in consid-
eration. As before, the z-axis is the optical axis because
the Bloch wave number kz:

k2
z = (ω2/c2)(f1ε1t + f2ε2t)(f1µ1t + f2µ2t)

is the same for both TE and TM modes. It can be readily
seen by putting θ1 in Eq. (14).

5. Conclusions

The dispersion equation for plane wave propagation
is evaluated for a uniaxial medium composed of stacked
magnetodielectric anisotropic layers. In this kind of
medium there are two wave numbers (kz), which depend
on the parameters of the particular layers and also on the
propagation direction.

The two solutions coincide when the wave is propa-
gating in the z direction, which is the optical axis. The
waves then see the medium as isotropic with four trans-
verse medium parameters. In the slanting propagation
the two solutions depend on all eight medium parameters.
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