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The simulation of the Raman spectra of nanostructured materials, where the effects of frequency shift
and asymmetric broadening of the Raman modes play an important role, can be very useful in systematic
characterization of these materials. Use of phonon confinement model for calculating Raman spectra of different
nanomaterials is considered both from the viewpoint of different confinement function and the confinement
strength, as well as the dimensionality of the confinement model. The phonon dispersion relations and the choice
of their approximation are also studied. The influence of particle size distribution on the shape of the calculated
spectra is discussed and contributions of Gaussian and asymmetric Gaussian distribution are compared. The
effects of average and inhomogeneous strain on the behavior of simulated Raman spectra are also discussed. The
results of the phonon confinement model are compared to the experimental spectra of CeO2 and anatase TiO2

nanopowders.
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1. Introduction

Phenomenological phonon confinement model (PCM)
is widely used method in modeling Raman spectra of
nanomaterials. For spherical particle of diameter L and
Gaussian confinement function, the resulting Raman in-
tensity I(ω) can be presented as [1, 2]:

I(ω) ∝
m∑

i=1

∫ ∞

0

ρ(L)dL

∫

BZ

exp
(
−q2L2

8β

)
d3q

[ω − ωi(q)]
2 + (Γ/2)2

,(1)

where ρ(L) is the particle size distribution (PSD), q is
wave vector in units of π/a (a — unit cell parameter),
and Γ is the intrinsic mode line width. The sum is carried
over m dispersion curves ωi(q, T ), depending on mode de-
generation m.

2. Results and discussion

The confinement factor β in literature often varies from
β = 1 in the Richter confinement model [1] to β = 2π2

in the Campbell model [2], depending on confinement
boundary conditions in different nanomaterials. Higher
confinement factor leads to greater shift and broaden-
ing of the Raman spectrum, comparing to bulk (when
β → 0).

The confinement dimension is also important factor
in calculating Raman intensity, offering a lot of possi-
bilities in modeling different types of nanomaterials [3].
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The three-dimensional (3D) PCM is appropriate for 0D
objects such as powders, quantum dots, etc. where the
infinitesimal volume element in Eq. (1) can be written
as d3q ∝ q2dq. For 2D confinement (1D objects such as
quantum wires, etc.) it is d3q ∝ qdq and for 1D con-
finement (2D objects — quantum wells, nanolayers etc.)
d3q ∝ dq. With 3D confinement the broadening of Ra-
man spectrum is the most pronounced [4].

To calculate the contributions of the optical phonons
over a whole Brillouin zone (BZ) to the Raman spectra of
nanoparticles, the phonon dispersion relations ωi(q) are
included in PCM. However, dispersion relations some-
times cannot be explicitly determined. In this way, the
phonon dispersions for Eg mode of anatase TiO2 used
by different authors [5–8] presented in Fig. 1a, show ob-
vious discrepancy, especially away from center of BZ.
Also, the choice of approximations for dispersion rela-
tions has great influence on the shape of the Raman
spectrum. Two phonon dispersions of anatase Eg mode
in Γ–X direction, calculated by Mikami et al. [9], fit-
ted by cosine, ω(q) = A+B(1− cos qa), and polynomial,
ω(q) = A+B1q+B2q

2+. . .+B5q
5 functions, are shown in

Fig. 1b. Corresponding Raman intensities are calculated
along upper branch only (Fig. 1c) and both branches to-
gether (Fig. 1d). Although polynomial functions fit cal-
culated phonon dispersions more precisely, the behaviour
of both the linewidth and shape of corresponding Raman
spectrum (Fig. 1(d)) suggests cosine dispersion as more
proper for simulating Raman spectra of anatase TiO2 [8].

The Raman mode asymmetry is the result not only of
phonon confinement in whole BZ, but also the PSD. In
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Fig. 1. The comparison of phonon dispersion functions
for anatase Eg Raman mode in Γ–X direction (a) pub-
lished by different authors and (b) fitted by cosine
(dashed line) and polynomial function (full line). Eg

Raman mode intensity calculated by PCM using cosine
(dashed line) and polynomial (full line) fit for disper-
sion functions: (c) upper dispersion branch only and
(d) both branches in Γ–X direction of BZ. Parameters
of TiO2: L0 = 12 nm, Γ0 = 8 cm−1, ω0 = 144 cm−1,
β = 2π2.

Eq. (1) PSD is included by distribution function ρ(L).
Gaussian PSD ρ(L) = (1/σ

√
2π) exp(−(L− L0)2/2σ2)

is the most used distribution for nanoparticles [10], with
L0 as average particle size, and σ as standard deviation
(whereas FWHM is w = 2σ

√
ln 4). In Fig. 2a the anatase

Eg Raman mode calculated by PCM with symmetrical
Gaussian PSD are shown.

If the results of some relevant measurement (scanning
electron microscopy (SEM), transmission electron mi-
croscopy (TEM), atomic force micoscopy (AFM)) point
out to asymmetric particle size distribution, then asym-
metric Gaussian distribution can be used. It is given by

ρ(L) = C/
√

2πσ ·
{

[1− h(L− L0)]

× exp
(
− (L− L0)

2
/2σL

)

+ h(L− L0) exp
(
− (L− L0)

2
/2σD

) }
, (2)

with h(L−L0) — step function, L0 — particle size where
asymmetric Gaussian has maximum, σL and σD — stan-
dard deviations corresponding to left and right side of
the asymmetric curve, and σ = (σL + σD)/2. In Fig. 2b
anatase Eg Raman mode calculated by PCM with asym-
metrical Gaussian PSD are shown. The distribution with
σL > σD increases mode asymmetry and shifts spectrum
towards higher frequencies. Let us note that use of asym-
metrical Gaussian PSD with proper choice of parameters
gives similar results as using PCM with log-normal dis-
tribution [11].

The experimental Raman spectra of anatase TiO2

Fig. 2. Eg Raman mode of anatase calculated by PCM
with (a) symmetric and (b) asymmetric Gaussian PSD;
(c) the experimental spectra of anatase nanopowders
(circle) fitted by PCM (line) with asymmetric Gaussian
PSD. Parameters: Γ = 8.5 cm−1, ωq=0 = 142 cm−1,
phonon dispersion calculated in cosine form, with the
integration in all directions of BZ [8].

nanopowders presented by circles in Fig. 2c show the in-
fluence of particle size decreasing. It reflects through
greater shift and broadening of Raman mode for sam-
ple with smaller nanoparticles, TIS49 (with mean par-
ticle size obtained from X-ray diffraction (XRD) data
〈d〉XRD = 12.5 nm), in comparison to sample TIS42 (with
〈d〉XRD = 17.4 nm). The results of PCM with asymmet-
ric Gauss PSD with wL/wD = 0.25/0.60 for TIS49, and
wL/wD = 0.45/0.55 for TIS42 (lines in Fig. 2c) show
good agreement with experimental spectra.

The change of lattice parameters (lattice volume) with
nanoparticle size L decrease is registered in nanomate-
rials due to effect of microstrain [12, 13]. To include
the influence of strain on the Raman spectra, the dis-
persion function ωi(q) in Eq. (1) must be replaced with
ωi(q) + ∆ωi(q), where ∆ωi(q) is the term related to mi-
crostrain, given as [10, 14]:

∆ωi(q) = −γiωi(q)∆V/V0, (3)
where γ is the Grüneisen parameter and V volume of
unit cell. In Fig. 3a the results of PCM with different
kinds of strain for the Raman F2g mode in CeO2 are
shown. The dependence of lattice parameter a in CeO2

cubic lattice is given by a(L) = a0 + k/L2, where a0 is
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bulk lattice parameter (Fig. 3a, inset), whereas γ = 1.23
for F2g mode in CeO2 [10]. When the PSD is uniform
(L0 = const) PCM with so-called average strain included
(dashed black line, Fig. 3a) gives mode with the same
shape, but redshifted in comparison with mode obtained
without strain (dashed gray line).

However, with nonuniform (Gaussian) PSD, the inho-
mogeneous strain is introduced in PCM, according to
Eq. (3). It results both in frequency shift and pronounced
asymmetric broadening of calculated Raman mode (black
line). For cubic lattice, where V = a3, Eq. (3) can be
written as ∆ωi(q) = −3γiωi(q)∆a/a0. In Fig. 3b the re-
sults of PCM are compared with the experimental Raman
spectrum of CeO2−δ nanopowder. The Raman F2g mode
calculated by PCM with inhomogeneous strain, symmet-
ric Gaussian PSD (L0 = 7 nm, w = 0.52L0) and phonon
confinement β = 4π2 [14] (full line), fits the broadening
of experimental spectrum better than PCM with aver-
age (dots), or inhomogeneous (dashed line) strain with
β = 2π2 [2, 10].

Fig. 3. (a) The comparison of PCM results for Raman
F2g mode in CeO2−δ nanopowder with L0 = 6 nm (in-
set: the lattice parameter vs. particle size [10, 14]);
(b) experimental and PCM results for F2g mode in
CeO2−δ.

Opposite to CeO2, the lattice parameters of tetra-
gonal anatase TiO2 decrease with nanopartical size de-
creasing (Fig. 4b) due to compressive strain [12, 15].
Therefore, the unit cell volume can be approximated
by: V (L) = V0 − k1/Lk2 , with bulk unit cell volume
V0 = a2

0c0, and adjustable parameters k1 and k2 [15].

Fig. 4. (a) Lattice parameters (a, c) and unit cell vol-
ume (V ) vs. particle size from XRD measurements [15].
(b) Experimental spectra of Eg Raman mode (circles)
with PCM results (lines) for anatase TiO2 nanopowders.

The experimental spectra of TiO2 nanopowders (TIS49
and TIS57) with different strain values εXRD, obtained
from XRD analyses, together with the results of PCM
are shown in Fig. 4. Fitted spectrum for TIS49 with
small strain value (εXRD = 0.03%) is obtained by PCM
with no strain included (as in Fig. 2), whereas appropri-
ate blueshift of Eg mode caused by relatively great strain
(εXRD = 0.80%) in TIS57 sample is simulated by PCM
with inhomogeneous strain, calculated by Eq. (3) with
Grüneisen parameter for anatase Eg mode γi = 4.23 [15].

3. Conclusion

The results of phonon confinement model are com-
pared to the experimental spectra of CeO2 and anatase
TiO2 nanopowders. It is shown that proper choice of con-
finement parameters, phonon dispersion relations, parti-
cle size distribution and the strain type (tensile or com-
pressive), in accordance with physical properties of the
nanomaterials allows precise modeling of their Raman
spectra. This confirms use of the phonon confinement
model in simulation of the Raman spectra of nanostruc-
tured materials as favorable method in estimation of their
nanostructural characteristics.
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