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Nonclassical Properties of Para-Bose Superposition States
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We investigate the nonclassical properties of para-Bose superposition states which involve the vacuum and
one- or two-photon state of paraboson. It is found that these para-Bose superposition states exhibit stronger
squeezing and antibunching. The amplitude-squared squeezing for these states is also examined.
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1. Introduction

It is well known that the nonclassical states of the light
field play an important role in quantum optics. In the
last decade, the nonclassical states which arise as the co-
herent superposition of two quantum states has attracted
much attention [1–3]. In Ref. [1] Wódkiewicz et al. in-
troduce a new kind of superposition states which exhibit
squeezing fluctuations and open new possibilities of gen-
erating squeezed states.

In recent years, simulated by recent experimental ob-
servation of fractional quantum Hall effect [4, 5] in
two-dimensional electron gas, much attention has been
focused on various nontraditional statistics: fractional
statistics [6–8] and parastatistics [9–11]. Parastatistics
was first introduced by Green [9] as a generalization of the
Bose and Fermi statistics. This generalization introduced
trilinear relations in place of the bilinear relations that
describe the Bose and Fermi systems. Recently, Green-
berg and Mishra [11] have shown that the parastatistics
can be quantized by using path integrals.

In this letter, we present two kinds of generalized para-
-Bose superposition states and investigate its nonclassical
properties. It is shown that these para-Bose superposi-
tion states exhibit stronger squeezing and antibunching.
The amplitude-squared squeezing for these states is also
examined.

2. Theory

We first briefly outline the para-Bose oscillator [12].
The basic commutation relation is

[â, Ĥ] = â, (1)
where

Ĥ =
1
2
(â†â + ââ†). (2)

The para-Bose number operator is defined as

N̂ = Ĥ − h0 =
1
2
(â†â + ââ†)− h0, (3)

which leads to
[N̂ , â] = −â, [N̂ , â†] = â†. (4)

It is noted that h0 is the lowest eigenvalue of Ĥ and â
and â† are para-Bose annihilation and creation operators,
respectively. For the special case h0 = 1

2 , the para-Bose
oscillator reduces to the ordinary harmonic oscillator.

The para-Bose number states are the eigenstates of N̂
and satisfy the following relations:

N̂ |n〉h0 = n|n〉h0 ,

â|2n〉h0 =
√

2n|2n− 1〉h0 ,

â|2n + 1〉h0 =
√

2(n + h0)|2n〉h0 ,

â†|2n〉h0 =
√

2(n + h0)|2n + 1〉h0 ,

â†|2n + 1〉h0 =
√

2(n + 1)|2n + 2〉h0 . (5)

We then consider the superposition state of vacuum
and one-photon state of paraboson

|Ψ1〉 = α|0〉h0 + β|1〉h0 , (6)
where α = |α|eiθ and β = |β|ei(θ+∆ϕ) are the probability
amplitudes for zero- and one-photon excitation of para-
boson, and |α|2 + |β|2 = 1. Now we study the squeezing
properties of the para-Bose superposition state |Ψ1〉. As
usual, a pair of quadrature operators X̂1 and X̂2 in terms
of the para-Bose creation operator â† and annihilation
operator â can be defined as:

X̂1 =
1
2
(â + â†), X̂2 =

1
2i

(â− â†). (7)

The variances 〈(∆X̂i)2〉 ≡ 〈X̂2
i 〉 − (〈X̂i〉)2, i = 1, 2:

〈(∆X̂1)2〉〈(∆X̂2)2〉 ≥ 1
4
|〈[X̂1, X̂2]〉|2. (8)

A state of the field is said to be squeezed when one of
the quadrature components X̂1 and X̂2 satisfies the con-

(613)
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dition 〈(∆X̂i)2〉 < 1
2 |〈[X̂1, X̂2]〉|. The squeezing can be

measured by the squeezing parameters Qi, i = 1, 2, de-
fined by:

Qi =
|〈[X̂1, X̂2]〉| − 2〈(∆X̂i)2〉

|〈[X̂1, X̂2]〉|
, (9)

where 0 < Qi ≤ 1 for squeezing. For the operator X̂1 we
find that the variance in the state is

〈X̂1〉 =
√

2h0|β|(1− |β|2) 1
2 cos∆ϕ,

〈X̂2
1 〉 =

1
2
(h0 + |β|2),

〈(∆X̂1)2〉 =
1
2
(h0 + |β|2)− 2h0|β|2

×(1− |β|2) cos2 ∆ϕ. (10)
It then follows that:

Q
(1)
1 =

4h0|β|2(1− |β|2) cos2 ∆ϕ− 2h0|β|2
h0 + (1− 2h0)|β|2 . (11)

Here ∆ϕ is the relative phase between α and β. In order
to obtain stronger squeezing, we can take cos2 ∆ϕ = 1 in
Eq. (11). Then Eq. (11) becomes

Q
(1)
1 =

2h0|β|2 − 4h0|β|4
h0 + (1− 2h0)|β|2 . (12)

It is not difficult to find the maximum squeezing Q
(1)
1max =

2h0
(1+

√
2h0)2

when |β|2 =
√

h0√
2+2

√
h0

. For the special case

h0 = 1
2 , the above results are in agreement with those

obtained in Ref. [3].

3. Results and discussion

In Fig. 1 we plot Q
(1)
1 as a function of |β| and h0 for

cos2 ∆ϕ = 1. From Fig. 1 we see that the squeezing
in para-Bose superposition state |Ψ1〉 increases with the
parameter h0. The numerical result for three different
values of h0: h0 = 0.2, 0.5 and 0.8 are shown in Fig. 2 for
the squeezing parameter Q

(1)
1 . It is quite clear from these

figures that the squeezing in |Ψ1〉 firstly increases with
the parameter |β|, then decreases with |β| after achieving
a maximal value for a fixed h0. We can observe that the
field quadrature X̂1 exhibits a stronger squeezing over a
wide range of parameters.

Fig. 1. The squeezing parameter Q
(1)
1 as a function of

|β| and h0 for cos2 ∆ϕ = 1.

Fig. 2. The squeezing parameter Q
(1)
1 as a function of

|β| for three different values of h0 = 0.2 (dotted line),
0.5 (solid line) and 0.8 (dashed-dotted line) with
cos2 ∆ϕ = 1.

Next, we study two-photon para-Bose superposition
state

|Ψ2〉 = α|0〉h0 + β|2〉h0 . (13)
By the same procedure used above, the squeezing
parameter Q

(2)
1 can also be derived as follows:

Q
(2)
1 = − 2

h0
[|β|2 +

√
h0|β|(1− |β|2) 1

2 cos∆ϕ]. (14)

In order to obtain strong squeezing, we can take
cos∆ϕ = −1 and then Eq. (14) reduces to

Q
(2)
1 =

2
h0

[
√

h0|β|(1− |β|2) 1
2 − |β|2]. (15)

When h0 = 1
2 , Eq. (15) reduces to the result of

Ref. [1]. It can be shown that the maximum squeezing
is Q

(2)
1max = 1

h0
(
√

1 + h0 − 1) when |β|2 = 1
2 (1− 1√

1+h0
).

We plot the squeezing parameter Q
(2)
1 as a function of

|β| and h0 in Fig. 3. It is shown in Fig. 4 that the squeez-
ing parameter Q

(2)
1 as a function of |β| for three different

values of h0: h0 = 0.2, 0.5 and 0.8. From these figures,
we can see clearly that the squeezing in para-Bose super-
position state |Ψ2〉 also increases with the parameter |β|,
then decreases after achieving a maximum value. How-
ever, the squeezing in para-Bose superposition state |Ψ2〉
decreases with the parameter h0 that is different from
the situation in |Ψ1〉.

Fig. 3. The squeezing parameter Q
(2)
1 as a function of

|β| and h0 for cos ∆ϕ = −1.
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Fig. 4. The squeezing parameter Q
(2)
1 as a function of

|β| for three different values of h0 = 0.2 (dotted line),
0.5 (solid line) and 0.8 (dashed-dotted line) with
cos∆ϕ = −1.

We then proceed to study the amplitude-squared
squeezing for the vacuum and the one- or two-photon
para-Bose superposition state. Hillery [12] introduced
the concept of the amplitude-squared squeezing of the
light field and noted that this kind of squeezing is also a
nonclassical effect. The amplitude-squared squeezing is
defined in terms of the following two operators:

Ŷ1 =
1
2
(â2 + â†2), Ŷ2 =

1
2i

(â2 − â†2). (16)

It is easy to prove that Ŷ1 and Ŷ2 satisfy the commuta-
tion relation

[Ŷ1, Ŷ2] =
i
2
[â2, â†2], (17)

and the uncertainty relation

〈(∆Ŷ1)2〉〈(∆Ŷ2)2〉 ≥ 1
16
|〈[â2, â†2]〉|2. (18)

Amplitude-squared squeezing is said to exist if

〈(∆Ŷ1)2〉 <
1
4
|〈[â2, â†2]〉|, (19)

and can be measured by the parameters Qia (i = 1, 2),

Qia =
|〈[Ŷ1, Ŷ2]〉| − 2〈(∆Ŷi)2〉

|〈[Ŷ1, Ŷ2]〉|
, (20)

where 0 < Qia ≤ 1 for amplitude-squared squeezing.
It is easy to show that there does not exist the

amplitude-squared squeezing for the vacuum and one-
-photon para-Bose superposition state. However, for the
vacuum and two-photon para-Bose superposition state,
we can find the variance of the operator Ŷ1 as follows:

〈(∆Ŷ1)2〉 = h0 + 2(1 + h0)|β|2 − 4h0|β|2(1− |β|2)
× cos2 ∆ϕ. (21)

It then follows that:

Q
(2)
1a =

4h0|β|2(1− |β|2) cos2 ∆ϕ− 2h0|β|2
h0 + 2|β|2 . (22)

If we take cos2 ∆ϕ = 1, Eq. (22) reduces to

Q
(2)
1a =

2h0|β|2 − 4h0|β|4
h0 + 2|β|2 . (23)

It is not difficult to find that the maximum amplitude-
-squared squeezing for the para-Bose superposition state

|Ψ2〉, Q
(2)
1amax = (

√
h2

0 + h0 − h0)2 when |β|2 =
1
2 (

√
h2

0 + h0 − h0).
In Fig. 5 we show the parameter Q

(2)
1a as a function of

|β| and h0. The numerical result for three different values
of h0: h0 = 0.2, 0.5 and 0.8 is also displayed in Fig. 6
for the parameter Q

(2)
1a . It is noted that the amplitude-

-squeezing in |Ψ2〉 is similar as the general squeezing in
|Ψ1〉, but it is smaller than the general squeezing in |Ψ1〉.

Fig. 5. The squeezing parameter Q
(2)
1a as a function of

|β| and h0 for cos2 ∆ϕ = 1.

Fig. 6. The squeezing parameter Q
(2)
1a as a function of

|β| for three different values of h0 = 0.2 (dotted line),
0.5 (solid line) and 0.8 (dashed-dotted line) with
cos2 ∆ϕ = 1.

Finally, we discuss the antibunching effect for the para-
-Bose superposition states |Ψ1〉 and |Ψ2〉. It is easy to
prove that the para-Bose superposition state |Ψ1〉 has
zero degree of second-order coherence

g2(0) ≡ 〈â†â†ââ〉
〈â†â〉2 = 0. (24)

Therefore, we conclude that the state exhibits the anti-
bunching effect for all values of β.

For the para-Bose superposition state |Ψ2〉 has a
nonzero degree of second-order coherence

g2(0) =
h0

|β|2 . (25)

The state |Ψ2〉 exhibits the antibunching effect for |β|2 >
h0, in dependence of the relative phase ∆ϕ.

We plot the degree of second-order coherence g2(0) as
a function of |β| and h0 in Fig. 7, and as a function of
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|β| for three different values of h0: h0 = 0.3, 0.5 and
0.7 in Fig. 8. From these figures, we observe that the
antibunching effect for the para-Bose superposition state
|Ψ2〉 increases with the |β| and decreases with the h0.

Fig. 7. The second-order coherence g2(0) as a function
of |β| and h0.

Fig. 8. The second-order coherence g2(0) as a function
of |β| for three different values of h0 = 0.3 (dotted line),
0.5 (solid line) and 0.7 (dashed-dotted line).

4. Conclusion

In summary, we study the nonclassical properties of
two kinds of para-Bose superposition states. It is found

that these states exhibit squeezing, amplitude-squared
squeezing and antibunching effect in some situation.
These nonclassical properties are strongly dependent on
the para-Bose parameter h0.
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