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We calculate the linear optical response from a single quantum dot
molecule and the nonlinear, four-wave-mixing response from an inhomogeneously broadened ensemble of such molecules. We show that both optical
signals are affected by the coupling-dependent superradiance effect and by
optical interference between the two polarizations. As a result, the linear
and nonlinear responses are not identical.
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1. Introduction
Optical experiments are an efficient tool for the investigation of semiconductor nanostructures. In particular, the structure of energy levels and decoherence
properties of quantum dots (QDs) can be determined from the linear and nonlinear optical response of these systems. While experimental methods based on
the linear response are limited to single dots, nonlinear techniques, based on the
photon echo effect, can be used to overcome the inhomogeneous broadening in QD
ensembles and to extract useful information on the properties of individual dots.
In this paper, we study theoretically the linear and nonlinear four-wave mixing (FWM) optical response from a sample containing a non-homogeneously broadened ensemble of vertically stacked pairs of quantum dots (quantum dot molecules,
QDMs) interacting with the quantized radiation field (vacuum). QDMs attract
much interest since they show many interesting physical properties that are not
present in single dots, like excitation transfer [1, 2] or superradiant luminescence
[3, 4]. We calculate the linear coherent polarization of a single QDM and the
third-order polarization of a QDM ensemble, described by a statistical distribution of (possibly correlated) fundamental transition energies of the two dots in each
QDM, as well as by a strength of the inter-dot coupling within a QDM (of dipole
or tunneling origin). We show that signatures of superradiance can be observed
in both kinds of experiments, even if the dots are not identical, provided that
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coupling between the dots is strong enough. Additional features, related to the
dephasing of optical beats, appear at short time scales in the FWM response of
coupled QDMs.
2. The model
The model under consideration is similar to that used in our previous
work [5], except that coupling to the electromagnetic modes, leading to radiative decay, is now included. Each QDM is composed of two QDs with energies
E1,2 = E ± ∆ and is modeled as a four-level system with the basis states |00i, |01i,
|10i, |11i, corresponding to the ground state (empty dots), an exciton in the second
and first QD, and excitons in both QDs, respectively. We describe its evolution in
a frame rotating with the frequency E/~. We write the Hamiltonian for the single
QDM in the rotating wave approximation as H = HX + HL + Hrad + Hphot .
The first component describes the excitons
HX = ∆ (|1ih1| ⊗ I − I ⊗ |1ih1|) + V (|01ih10| + |10ih01|) ,
(1)
where |0i, |1i denote the states without and with an exciton in a dot, two-digit
kets |10i, |01i represent configurations with a single exciton in the first and second
dot in the double-dot system, respectively, the tensor product refers to the two
QDs making up the molecule, V is the coupling between the dots, and I is the
unit operator. Biexciton shift is neglected.
The second term in the Hamiltonian accounts for the interaction with the
laser field, which is treated classically,
h
i
1X
HL =
fi (t) e−i(φi +Eti ) (|0ih1| ⊗ I + I ⊗ |0ih1|) + h.c. ,
(2)
2 i
where fi and φi are the amplitude envelopes and phases of the laser pulses, respectively.
The third term accounts for the interaction with the electromagnetic (EM)
field in the dipole approximation,
X
Hrad = (|0ih1| ⊗ I + I ⊗ |0ih1|)
gkλ ei(ωk −E )t b†k,λ + h.c.,
(3)
p

k,λ

where gkλ = id · êλ (k) ωk /2²0 ²r v, k is a photon wave vector, ωk is the corresponding frequency, λ denotes polarizations, bk,λ , b†k,λ are photon annihilation and
creation operators, d is the interband dipole moment (for simplicity equal for all
QDs), êλ (k) is a unit polarization vector, ²0 is the vacuum permeability, ²r is the
dielectric constant of the semiconductor, and v is the normalization volume for
the EM modes.
P
†
Finally, Hphot =
k,λ ~ωk bk,λ bk,λ is the Hamiltonian of the radiation
reservoir.
To describe the ensemble of QDMs, we assume a Gaussian distribution
g(E1 , E2 ) for the energies E1 , E2 of the two dots, with mean values of the two energies Ē2 , Ē2 , identical energy variances σ for both QDs, and a correlation coefficient
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ρ between the energies E1 and E2 [5]. This corresponds to an uncorrelated Gaussian distribution
p of the parameters E =p(E1 +E2 )/2 and ∆ = (E1 −E2 )/2 with variances σE = σ (1 + ρ)/2 and σ∆ = σ (1 − ρ)/2, respectively.
√ In all our calculations we set σ = 8 meV. In the single-QDM model we fix Ω = V 2 + ∆2 = 11 meV
(that is, ∆ is√adjusted for each value of V ). Similarly, in the QDM ensemble model,
¯ 2 = 11 meV.
we fix Ω̄ = V 2 + ∆
We take the value of the spontaneous radiative decay rate for an individual
QD to be Γ = 1 ns−1 .
3. The system evolution and optical response
Optical experiments are modelled by exciting a QDM or an ensemble of
QDMs with one or two ultrashort laser pulses, arriving at times ti . In a linear
experiment, there is only one pulse arriving at t1 = 0. In the FWM experiments,
two pulses are used, at times t1 = −τ and t2 = 0. We assume that the pulses are
spectrally very broad to assure resonance with all the QDs in the ensemble. If the
durations of the pulses are much shorter than both ~/∆ and ~/V , the action of
each of them corresponds to the instantaneous, independent rotation of the state
of each QD, that is, to the unitary transformation Ui = Ui ⊗ Ui , where
Ui = cos(αi /2)I − i sin(αi /2)[e−i(φi +Eti ) |0ih1| + h.c.]
(4)
R∞
and αi = −∞ dtfi (t) is the pulse area.
Between the laser pulses, the evolution of the reduced density matrix of the
charge subsystem is described by the Lindblad equation in the form [3]:
ρ̇ = −i[HX , ρ] + L[ρ],
(5)
with L[ρ] = Γ [Σ− ρΣ+ −(1/2){Σ+ Σ− , ρ}+ ], where Σ− = Σ+† = |0ih1|⊗I+I⊗|0ih1|.
To find the state ρ(t) for an arbitrary time t, we solve Eq. (5) as a usual vectorial
differential equation in the Liouville space of 4 × 4 density matrices [6]. It turns
out that the solution can be found analytically. Since Γ ¿ Ω̄ , we simplify the
formulae by expanding the eigenvalues of the Liouville operator to the first and
its eigenvectors to the second order in Γ .
The optical polarization of a single QDM under consideration is proportional
to P (t) = h11|ρ(t)(|01i + |10i) + (h01| + h10|)ρ(t)|00i + c.c.
First, we study the coherent optical response from a single QDM upon excitation by a single pulse. The coherent radiation is proportional to the optical
(interband) polarization Plin (t) of the QDM taken to the linear order in the pulse
area. The latter is
¸
·
¡ H
¢ ¡ H
¢
α −Γ t
−H
−H V
2
Plin (t) = i e
,
(6)
− e +e
+ e −e
2
Ω
where H = V Γ /(2Ω )t + iΩ t.
The signal from a single QDM is dominated by optical beats on picosecond
timescale due to the energy mismatch between the dots. In Fig. 1 we plot the
value of |Plin (t)|2 averaged over these beats for three values of V . The inset
shows the beats on a fine timescale. On long timescales (tens of picoseconds to
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nanoseconds) one observes an exponential decay for decoupled QDs (solid line)
and an exponential decay with a twice larger rate for coupled identical dots (that
is, for ∆ = 0; dotted line). In the intermediate range of V , the decay is not
exponential (dashed). A similar behavior was observed for the exciton occupation
in a single QDM prepared in a superradiant state [3]. In both these cases, the decay
is described by a combination of two contributions, one decaying with an increased
(superradiant) rate Γ (1 + V /Ω ) and the other with a decreased (subradiant) rate
Γ (1 − V /Ω ). This effect is a fingerprint of superradiant coupling of the two QDs
forming the molecule to the radiation field.

Fig. 1.

Linear response as a function of time for the values of V as shown.

P
The third order FWM response is given by PFWM (t) = (i/4)α1 α22 j Pj (t) +
c.c., where Pj (t) are interband polarizations induced by two pulses, summed over
the ensemble with the distribution function g(E1 , E2 ),
Z
¡
¢
1 Γ
P1 (t) = e− 2 (τ +t) dE1 dE2 g(E1 , E2 )e−iE(t−τ ) eH1 + e−H1
2
2
V + Ω2
×
,
(7a)
Ω2
Z
¡
¢V
Γ
P2 (t) = e− 2 (τ +t) dE1 dE2 g(E1 , E2 )e−iE(t−τ ) −eH1 + e−H1
,
(7b)
Ω
Z
1 Γ
P3 (t) = − e− 2 (τ +t) dE1 dE2 g(E1 , E2 )e−iE(t−τ )
2
·
¸
¢
¡ H2
¢ V 2 ¡ H2
−H2 V
× e + e−H2
+
e
−
e
,
(7c)
Ω2
Ω
Z
¡
¢V
− Γ2 (τ +3t)
P4 (t) = e
dE1 dE2 g(E1 , E2 )e−iE(t−τ ) eH3 − e−H3
,
(7d)
Ω
√
where Ω = V 2 + ∆2 and
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p
VΓ
H1 = √
(τ + t) − i ∆2 + V 2 (τ − t) ,
(8)
2
2
2 ∆ +V
p
VΓ
H2 = √
(τ − t) − i ∆2 + V 2 (τ + t) ,
(9)
2 ∆2 + V 2
p
VΓ
H3 = √
(τ + t) − i ∆2 + V 2 (τ + t) .
(10)
2 ∆2 + V 2
In our model, we include the heterodyne detection scheme with a reference pulse
with the duration of 100 fs full width at half maximum [5].
The FWM response, integrated over the real time t is plotted in Fig. 2
as a function of the delay time between the pulses τ . For V 6= 0 one observes
beats at very short delay times (see the inset to Fig. 2a) which are due to optical
interference of the coherent radiation emitted by the two QDs forming the QDM.
These beats originate from the contribution from the terms P3 (t) and P4 (t), as
discussed in our previous work [5]. These oscillations are damped on a timescale
of τ ∼ 1/σ∆ because of the phase averaging due to inhomogeneous distribution
of energy differences ∆. They result in a considerable (a few percent) drop of the
coherent polarization over a few picosecond time.

Fig. 2. Time-integrated FWM signal as a function of the delay for the values of V as
shown, for ρ = 0 (a) and ρ = 0.875 (b). The parameter values given in (b) are valid for
both figures.

At longer delays, the time-integrated nonlinear response is dominated by
¯
radiative dephasing of the exciton states. Since the average energy mismatch 2∆
is much larger than ~Γ , one cannot expect any collective effects for uncoupled dots
(V = 0). This is confirmed by the results of our calculations (solid line in Fig. 2):
indeed, the time-integrated FWM signal in this case decays exponentially with the
¯ = 0, the optical response decay
rate Γ . In the opposite limit, V = 11 meV, ∆
is affected by the initial coherence drop, as discussed above, and the decay rate
increases to 2Γ (dotted line in Fig. 2). This shows that the collective (superradiant)
coupling of the two dots in a QDM to the radiation field survives in spite of the
inhomogeneity of the energy differences ∆.
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The transition between these two regimes is driven by the interplay of the
energy mismatch between the QDs forming the molecule and the coupling between
them. In the intermediate range, the decay rate is roughly intermediate between
these two limiting values but the process is in fact non-exponential. Moreover,
it cannot be approximated by a sum of two exponentially decaying contributions,
unlike in the case of the linear response from a single QDM. The evolution for these
intermediate ratios of V /Ω depends on the statistical distribution of the QDM
parameters. By comparing Figs. 2a and b one can see that the decay becomes
faster for weakly correlated energies, that is, the smaller ρ, hence the larger σ∆ .
4. Conclusions
We have analyzed the linear and time-integrated FWM response from a single
QD and an ensemble of QDs, respectively. Two features can be observed. One is an
increase in the decay rate when the coupling strength dominates over the transition
energy mismatch, which is a signature of collective (superradiant) emission of
radiation. We observe a transition from the usual decay rate (uncoupled, different
dots) to the superradiant, double rate (strongly coupled dots).
The other effect is a strong oscillation at very short (picosecond) delay times
which nearly instantaneously reduces the amplitude of the FWM response by a
few per cent whenever the dots are coupled. This effect results from damping of
the optical coherence between the QDs due to a spread of energy mismatch across
the ensemble. In a real system, this signal drop will add to the phonon-induced
pure dephasing effect, which may explain the increased initial dephasing observed
in the experiment [1].
Although qualitatively the linear and nonlinear responses are similar, there
is no strict relation between them. In particular, the optical beats in the single-QDM signal are replaced by strongly damped oscillations and coherence drop in
the ensemble case. Moreover, the decay of coherence for intermediate couplings
is determined by the coupling strength in the single-QD case, while it strongly
depends on the ensemble distribution of the energy mismatch in the FWM case.
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