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Parallel susceptibility of the quantum Blume–Capel model for ferromag-

netic films is calculated within the Green function theory. The Hamiltonian

includes a Heisenberg term with the different surface exchange coupling with

respect to bulk, an external magnetic field, a second-order uniaxial single-ion

anisotropy, and the exchange anisotropy. The importance of collective ex-

citations is demonstrated by comparing with result calculated within mean

field approximation.
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1. Model and method

Among the different experimental methods the measurement of the suscep-
tibility χ(T ) is a very powerful method for the analysis of thin film systems [1, 2].
The maximum of the susceptibility corresponds to the occurrence of a nonvan-
ishing magnetization for the temperatures below the Curie temperature TC. It
is known from general considerations [3] that the mentioned maximum of χ(T )
is only observed if the susceptibility is measured along the easy axis, which we
denote by “parallel” susceptibility. With the help of a Heisenberg model solved
within the Green function theory (GFT) it is possible to perform a quantitative
comparison with experiment. Jensen et al. [4] measured the influence of the mag-
netic anisotropy on the parallel susceptibility of ultrathin Co films grown on Cu
substrate. By comparison with a theoretical analysis of the parallel susceptibility
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in the framework of GFT they determined the parameters of the isotropic ex-
change interaction and magnetic anisotropy. Using achieved parameters quantita-
tive agreement between theory and experiment was obtained. In recently appeared
work [5] there have been studied phase diagrams of the quantum Blume–Capel
model. In the present paper we modify this work on the calculation within GFT
and mean field approximation (MFA) the parallel susceptibility χzz with respect
to the easy z-axis.

We consider the ferromagnetic films with the Hamiltonian consisting of an
isotropic Heisenberg exchange interaction with strength Jij > 0 between nearest
neighbour lattice sites, an exchange anisotropy with strength D > 0, a second-
order single-ion anisotropy with strength K2 > 0 and the magnetic field with
strength hz in convention units
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Here the notation S±k = Sx
k ± iSy

k (k = i, j) is introduced, where i and j are lattice
sites indices and 〈ij〉 indicates summation over nearest neighbours only, K2 takes
the different values: K2(1) on the odd layers and K2(2) on the even ones and the
exchange parameter takes the value JS at the surfaces and J inside of the film.

In order to treat the problem for general spin S, we need the following Green
functions (GFs) Gl

ij(ω) = 〈〈S+
i ; (Sz

j )lS−j 〉〉ω, where l ≥ 0 is integer, necessary for
dealing with higher spin values S. These GFs are solved in the usual way by
the equation of motion [6]. The higher-order GFs appearing within this proce-
dure are approximated by the Tyablikov-decoupling. For the terms stemming
from the single-ion anisotropy we have chosen the Anderson–Callen decoupling
procedure [7]. Using the eigenvector method (EVM) described, for example in [8],
after Fourier transform to two-dimensional momentum space q (a wave vector in
the planes parallel to the film surface), L coupled equations of motion for GFs
G

(l)
νµ(q, ω) of layer labeled by µ can be written in the matrix form as
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where 1 is the L × L unit matrix, P L is the matrix of the set of L equa-
tions of motion, G(l)

µ (q, ω) is the Green function vector with components
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µµ)lS−µµ]〉〉. By using the spectral theorem, for the spontaneous

magnetization per site in each atomic layer of the film with spin S we obtain
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columns are the right eigenvectors of matrix P L, its inverse L = R−1 contains the
left eigenvectors as rows, Eνκδνκ = (eβων − 1)−1 are matrix elements of a diagonal
matrix L× L, β = 1/kBT and ων are the eigevalues of matrix P L. From (3) the
susceptibilty χzz along the easy axis, will be determined numerically as differential
quotients χzz = 〈Sz(hz)〉−〈Sz(0)〉

hz .

2. Results

Now we would like to demonstrate the behavior of the inverse easy axis
susceptibility χ−1

zz in a large temperature range above reduced Curie temperature
kBT f

C/J of the thin film within GFT and MFA. In Fig. 1A there is plotted χ−1
zz as a

Fig. 1. Function χ−1
zz (T ) calculated within GFT for the thin film with the parameters

listed in the text: (A) for different values of ∆S , and (B) for different values of the

parameter K2(2)/J .

function of the reduction temperature kBT/J calculated within GFT for thin film
with spin S = 1 and with thickness L = 3 for different values of ∆S = JS/J when
the reduced magnetic strength hz/J = 0.01, the reduced exchange anisotropy in
z-direction D/J = 0.01 and the reduced anisotropic parameters K2(1)/J = 0.005,
K2(2)/J = 0.01. In Fig. 1B the function χ−1

zz (T ) is shown for different values of
the anisotropy parameter K2(2)/J when ∆S = 1 and K2(1)/J = 0.005. χ−1

zz (T )
vanishes at T = T f

C . The function χ−1
zz (T ) in both cases calculated within GFT

are curved owing to the presence of spin waves, whereas the corresponding MFA
calculation shows linear in the temperature behavior for T > TC (see Fig. 2).
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Fig. 2. Function χ−1
zz (T ) calculated within MFA for the thin film with the same pa-

rameters as in Fig. 1 for different values of ∆S (Fig. 2A) and as in Fig. 1B for different

values of K2(2)/J (Fig. 2B).
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