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An analytical direct matching procedure within the Kronig–Penney
model was applied to analyze the dispersion behavior of the localized surface
states supported at the surface of a semi-infinite one-dimensional photonic
crystals truncated with air or a cap layer. The photonic crystals contain
alternating layers of positive and negative media. The present study demonstrates that by choosing some proper value for the photonic crystal parameters, zero and negative dispersion of surface modes emerge in a large range
of parallel wave vector. New forward and backward surface waves are introduced. Due to the different nature of the band structure the surface modes
are more localized compared to those appearing in the conventional photonic
crystals.
PACS numbers: 42.70.Qs, 73.20.At, 63.20.Pw, 68.65.Cd

1. Introduction
Apart from their intrinsic interest, surface electromagnetic waves have recently been proposed as a way to efficiently inject light into a photonic crystal
(PC) waveguide, or to extract a focused beam from a channel [1–4]. It is well
known that when an ideal infinite PC is truncated, localized surface waves can
appear on the truncation surface of semi-infinite PC. These modes are electromagnetic fields that decay exponentially along the normal direction away from
the surface into both the bulk crystals and the homogeneous background [5–8].
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Surface modes have become a familiar physical concept in the optics and physics
community thanks to the long history of investigation on surface plasmons, a kind
of localized surface wave that is typically excited in metal films. Surface plasmons
have already found use in a wide variety of areas such as nonlinear optics, optical
modulators, and sensors [9, 10]. In the case of the conventional materials the surface modes shift into higher frequencies as the incident light changes from normal
to oblique incidence. For this reason, the phenomenon of photonic band gap has
been used only under a narrow range of frequencies of light incident at a particular
angle or in a particular angular range.
In this paper, we have theoretically investigated localized surface states supported at the surface of a semi-infinite 1D PC containing alternating layers of
left handed and right handed materials (referred to as L–R PC throughout this
paper). To the best of our knowledge, there is no report regards to the surface
modes in L–R PC. Left handed materials in which the dielectric permittivity ε
and magnetic permeability µ are simultaneously negative, have received a great
deal of attention during the last few years [11]. In our calculations, the dielectric
permittivity and magnetic permeability are, in general, assumed to take constant
values. Although these parameters in left handed materials are in general frequency dependent, our results can be used to design specific metamaterials that
would lead to a typical behavior around a given frequency. We have demonstrated
that choosing an appropriate truncation and cap layer parameters in L–R PC leads
to a type of surface modes which possesses such properties as independence of the
incident angles. This kind of dispersion has been reported in the conventional 1D
PC containing a defect layer with a negative refraction index [12]. The zero and
negative dispersion phenomena may be useful in the design of large incident angle
filters and narrow frequency and sharp angular filters, respectively [12].
2. The basic equations
In order to obtain the surface states in 1D PCs, the direct matching procedure within the Kronig–Penney model have been used [13]. Let us suppose each
unit cell is composed of two layers, which are stacked along the z-axis direction
where di and εi are the thickness and the dielectric constant of the i-th layer,
respectively. Due to translational invariance in the XOY plane, the parallel wave
vector kk is a conservative quantity in all domains of the crystal. We assume that
the z-axis is along the normal to the layers and kk is along the x-axis. Now we
consider configuration which is displayed in Fig. 1.
The dispersion relation of the PC has the well-known form
µ
¶
F2
1 F1
+
sinh(k1z d1 ) sinh(k2z d2 )
cos(kd) = cosh(k1z d1 ) cos(k2z d2 ) +
2 F2
F1
= B(ω),
(1)
where the perpendicular wave vector component in each medium is given by
kiz = [kk2 − εi µi (ω/c)2 ]1/2 , Fi = kiz /µi (i = 1, 2), kk2 = kx2 + ky2 , ω is the an-
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Fig. 1. Schematic representation of configuration. The blue arrow shows the position
of surface plane.

gular frequency, d = d1 + d2 is the lattice constant, and c is the light speed in
vacuum [11]. It is well known that when any periodic system is limited, k should
be complex
nπ
k = iη +
, η > 0, n = 0, ±1, ±2, . . .
(2)
d
It is straightforward to write the electromagnetic field of TE polarization under
the form

s
iks z i(kk x−ωt)

,
−∞ < z ≤ −dc ,

 Ey = As e e
i(kk x−ωt)
c
(3)
, −dc ≤ z ≤ 0,
Ey = (Ac sinh kc z + Bc cosh kc z)e


 E PC = C (sinh k z + γ cosh k z)ei(kk x−ωt) , 0 ≤ z ≤ d ,
y

1

1

1

1

F 1 ikd
where γ = [sinh(k1z d1 ) + F
sinh(k2z d2 )]/[eikd
2e
2
2 1/2
2
ks = [kk − εs µs (ω/c) ] , kc = [kk − εc µc (ω/c)2 ]1/2 .

cosh(k2z d2 ) − cosh(k1z d1 )],
Here, s and c indices represent the homogeneous semi-infinite media and cap layer, respectively. Using the
boundary conditions at the z = 0 and z = −dc , one easily obtains the equation
giving the surface modes dispersion relation
F1
F1 Fs
cosh kc dc − Fs cosh kc dc − Fc sinh kc dc +
kc dc = 0,
(4)
γ
Fc γ
where Fs = ks /µs and Fc = kc /µc . In the absent of the cap layer (dc = 0), this
equation reduces to Fγ1 − Fs = 0, see Ref. [14].
The surface modes decay exponentially along the normal direction away
from the surface into both the bulk crystals and the homogeneous background.
By eliminating η between (1) and (4) and using of Eq. (2), we get the following
relation:
S(ω) = B(ω) ∓ [B 2 (ω) − 1]1/2 , S(ω) = (−1)e−ηd ,
(5)
where – and + correspond to even and odd n, respectively [15]. By applying this
procedure, some spurious solutions are introduced. This can be identified and
should be rejected by applying existence condition, i. e., e−ηd < 1 [16].
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3. Results and discussion

The surface waves are forward or backward when the total energy flux is
positive or negative, respectively [17]. The total energy flux in the RH and LH
media is an integral of the Poynting vector over the corresponding spatial regions.
The energy flow is described by the Poynting vector, which defines the energy
density flux averaged over the period T = 2π/ω, and can be written in the form
Z
∂U
c
−
= ∇ · SdV, S =
Re[E × H ∗ ],
(6)
∂t
8π
where E, H are the electric and magnetic field of the surface wave, respectively,
U is the total energy and the asterisk stands for the complex conjugation.

Fig. 2. Calculated bulk and surface modes for TE polarization in a semi-infinite 1D
L–R PC. The physical parameters used are in (a) ε1 = 4, (b) ε1 = 7, (c) ε1 = 8, and
in (d) are d1 = d/3, ε1 = 5, µ1 = 1; d2 = 2d/3, ε2 = −1.25, and µ2 = −2. In all cases
dc = 0. The gray and white regions are pass and forbidden bands, respectively. The
bold and thin curves in the gaps show the backward and forward modes, respectively.
The straight bold line shows the light line of homogeneous medium with εs = µs = 1.
The inset in part (a) shows the magnified region of surface modes.

Firstly, we studied the behavior of the surface states of photonic crystal
without a cap layer (dc = 0) and the first layer of photonic crystal is right handed
material. We choose the following parameters for the structure: d1 = d/3, µ1 = 1;
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d2 = 2d/3, ε2 = −1.25 and µ2 = −1. Band structures and dispersion of surface
modes are displayed in Fig. 2 for (a) ε1 = 4, (b) ε1 = 7, (c) ε1 = 8, and physical
parameters of Fig. 2d are d1 = d/3, ε1 = 5, µ1 = 1; d2 = 2d/3, ε2 = −1.25, and
µ2 = −2. We can see from these figures that the dispersion of surface states is
positive, except near the band edges, that is interpreted later, which is similar to
the surface modes in conventional PC, but, in contrary to the conventional PC,
these states are far away from band edges and consequently the surface modes
become more localized. Near the band edges and in narrow range of kk there is
a new unusual effect, i.e. zero and negative slope of dispersion curve. It must
be noted that the slope of dispersion curve for the conventional PC are always
positive, while it may be negative for L–R PC due to the presence of left-handed
material (LHM). There are modes with negative and positive group velocities
which are termed as backward and forward, respectively. In the forward wave, the
direction of the Poynting vector of the forward wave coincides with the propagation
direction, while in the backward wave the Poynting vector is backward with respect
to the wave vector. Thus, there is a flexible control of the dispersion properties
of surface modes and band structures by varying the physical and the structural
parameters of the L–R PC.
In the next structure we choose the following parameters: d1 = 2d/3,
ε1 = −1.25, µ1 = −1; d2 = d/3, ε2 = 5, µ2 = 1; dc = 0.3d, εc = 3, µc = 1,
indeed we interchanged the positions of two layers of PC, so that the first layer is
a LHM. We can see from Fig. 3 that the backward modes also exist in this case.
It must be noted that in the absence of cap layer and for these choices of physical
parameters, these modes are absent and we can produce them by suitable choice
of physical parameters of cap layer.

Fig. 3. The same as in Fig. 2 and the parameters are d1 = 2d/3, ε1 = −1.25, µ1 = −1;
d2 = d/3, ε2 = 5, µ2 = 1; dc = 0.3d, εc = 3, µc = 1. By these choices the average index
of refraction in the PC, hni = (n1 d1 + n2 d2 )/d, is zero and we have discrete bands in
kk = 0.

In many applications involving the surface modes, we almost need the states
strengthly localized within the band gap. It is well known that the strengthest
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localization corresponds to a surface mode located at the midgap. Thus, by choosing an appropriate value for physical parameters of L–R PC and cap layer, it will
be possible to obtain a surface mode with a desired localization strength.
4. Conclusion
The direct matching procedure was applied to obtain the localized surface
optical modes in a semi-infinite 1D PC containing alternating layers of positive
and negative media. We demonstrated that stacking alternating layers of positive
and negative with a cap layer leads to a type of surface modes which possess
zero and negative dispersion. Moreover, we have shown that in the presence of
the left-handed metamaterial in photonic crystal, the surface modes can be either
forward or backward while for conventional structures the surface modes are always
forward.
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