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In this paper we present a method of calculating third-order elastic con-

stants Cijk and its application to zinc-blende nitrides AlN, GaN, and InN.

Our approach is based on accurate ab initio calculations of both energy and

stress as a function of applied strain. Ab initio computations are performed

within density functional theory framework. To assess the reliability of the

presented method, we compare our theoretical findings for GaAs with ex-

perimental results for Cijk available for this material.

PACS numbers: 62.20.Dc, 43.25.+y, 62.50.+p

1. Motivation

The increased interest in semiconducting nanostructures observed in recent
years, brought significant attention to nonlinear effects in elastic [1, 2], and piezo-
electric properties [3, 4] of semiconductors. Going beyond a linear description
in such systems is very often necessary for their reliable quantitative modelling
and the correct theoretical explanation of the experimental data [2, 4–8]. Below
we present ab initio studies of the unknown third-order elastic constants in cubic
nitrides. The nitrides constitute a group of materials important from the techno-
logical point of view, moreover, the nonlinear effects are of particular importance
in these semiconductors [1, 2, 9, 10].

2. Nonlinear elasticity

Below we provide a very brief overview of nonlinear theory of elasticity (see
e.g. [11–13]). Let us consider the point x which, after applying strain to a crystal,
moves to the position x′. After introducing the Jacobian matrix J :

Jij =
∂x′i
∂xj

= 1 + ε, (1)

(443)
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we may define the Lagrangian strain

η =
1
2
(JTJ − 1) = ε +

1
2
ε2, (2)

where we assumed that deformation is rotation free and introduced a linear strain
tensor ε. The energy per unit mass E(η) corresponding to the applied strain may
be developed in power series with respect to η. This leads to the expression∗

ρ0E(η) =
1
2!

∑

i,j=1,6

cijηiηj +
1
3!

∑

i,j,k=1,6

Cijkηiηjηk + . . . , (3)

where ρ0 is a density of unstrained crystal. The cij and Cijk denote here second-
and third-order elastic constants, respectively. Another fundamental quantity in
the theory of finite deformations is Lagrangian stress

tij = ρ0
∂E

∂ηij
, (4)

which can be expressed in terms of linear stress tensor σ using the following
formula:

t = det(J)J−1σ
(
JT

)−1

. (5)

3. Computational approach

For the determination of the third-order elastic constants on the basis of
density functional theory (DFT) calculations we used two methods. First we
made use of strain-energy formula (Eq. (3)), second we employed strain-stress
relations (Eqs. (4) and (5)). The computational procedure was as follows (see
also [14]). We considered six sets of deformations parameterized by η: ηA =
(η, 0, 0, 0, 0, 0), ηB = (η, η, 0, 0, 0, 0), ηC = (η, 0, 0, η, 0, 0), ηD = (η, 0, 0, 0, η, 0),
ηE = (η, η, η, 0, 0, 0), ηF = (0, 0, 0, η, η, η). For every type of deformation we
performed DFT calculations using the following values of parameter η:

η = −0.080,−0.072, . . . , 0.080.

In each calculation the positions of atoms were optimized and both energy and
stress tensors were calculated by means of DFT approach. On the other hand,
the energy and stress tensors as a function of η were obtained from nonlinear
theory of elasticity. After substituting the ηA, ηB , . . . , ηF to Eq. (3) and Eq. (4),
one obtains a polynomial dependence of energy E and Lagrangian stress t on the
parameter η, for each deformation family. By fitting the suitable polynomials to
the results obtained from DFT and comparing the fits with prediction of nonlinear
elasticity, it is straightforward to determine the values of second- and third-order
elastic constants.

∗In the formula for the energy we employed the so-called Voigt convention to shorten
the notation, i.e. the components of the symmetric tensor ηij were denoted with a single
subscript according to η11 → η1, η22 → η2, η33 → η3, η23 = η32 → η4/2, η13 = η31 →
η5/2, η12 = η21 → η6/2.
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The DFT calculations have been performed with the VASP code using the
PAW method [15]. Generalized gradient approximation (GGA) was used according
to method of Perdew et al. (PBE) [16].

4. Benchmark results — GaAs

To benchmark our approach we performed the test calculations for GaAs.
We compared our results with previous calculations for this material performed
within DFT–local density approximation (DFT-LDA) framework [17] and avail-
able experimental data [18–20]. The results of comparison are given in Table I.
The agreement between the theoretical and the experimental results is reasonable,
particularly for the elastic constants of larger magnitude — C111, C112, and C155.
For the C144, C123, C456 the differences are larger, however, these quantities are
also harder to measure (see the deviations between experimental findings of dif-
ferent groups). These results are illustrated in the form of bar graph in Fig. 1.
In our opinion, the main sources of discrepancies between theory and experiment

Fig. 1. Comparison of our results for GaAs with previous calculations [17] and exper-

iment [18–20].
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TABLE I

Experimental and theoretical results for GaAs (GPa).

Present calculations Previous Experiment

energy stress calculations

C111 –561 –561 –600a – 675b – 622c –620d

C112 –337 –318 –401a –402b – 387c – 392d

C144 –14 –16 10a –70b 2c 8d

C155 –244 –242 –305a –320b –269c –274d

C123 –83 –70 –94a –4b –57c –62d

C456 –22 –22 –43a –69b –39c –43d

aRef. [17] (LDA).
bRef. [18] (T = 298 K).
cRef. [19] (T = 298 K).
dRef. [20] (T = 298 K).

are temperature effects not included in our DFT calculations, the shortcomings of
used GGA approximation and measurement uncertainties.

5. Results for cubic nitrides

The results for zinc-blende nitrides are displayed in Table II. In addition, our
calculations show that nonlinear effects cannot be neglected, when strains larger
than approximately 2.5% are involved. It is also worth noting that for all studied
semiconductors and examined range of deformations (i.e., with Lagrangian strains
up to 8%) including the terms up to third order in energy expansion (Eq. (3))
sufficed to obtain good agreement with DFT results.

TABLE II

Third-order elastic constants for zinc-blende ni-

trides.

Energy Stress

AlN GaN InN AlN GaN InN

C111 –1070 –1209 –752 – 1073 –1213 –756

C112 –1010 –905 –661 –965 –867 –636

C144 63 –45 16 57 –46 13

C155 –751 –603 –268 –757 –606 – 271

C123 –78 –294 –357 –61 –253 –310

C456 –11 –48 14 –9 –49 15
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6. Summary

We have presented the detailed ab initio study of the third-order elastic
constants Cijk for GaAs and zinc-blende nitrides AlN, GaN, InN. Even though
third-order effects are very subtle, we showed that it is possible to estimate them
by means of density functional theory on the GGA level. The Cijk constitute
a useful group of mechanical parameters, their knowledge enables the estimation
of other important quantities such as pressure derivatives of second-order elastic
constants c′ij or mode Grüneisen constants γ(q, j) (see [14] and references therein).
We believe that DFT estimates of third-order elastic moduli can be a useful tool
in modelling semiconducting nanostructures, where nonlinear effects often play an
important role.
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