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Analytical solution of the Boltzmann transport equation for phonon

transport in Bi0.95Sb0.05 nanowire is obtained. Thermal conductivity was

calculated from the analytical solution of the Boltzmann transport equation.

We calculate the lattice thermal conductivity of Bi0.95Sb0.05 nanowire as a

function of temperature for different wire thicknesses. The results show that

thermal conductivity of nanowire can be significantly smaller than the bulk

thermal conductivity. We show that low thermal conductivity Bi0.95Sb0.05

nanowire for thermoelectric applications would have a small diameter.

PACS numbers: 63.22.+m, 87.15.Aa

1. Introduction

Modern technology has enabled the fabrication of materials with character-
istic dimensions of a few nanometers. Examples are superlattices [1–4], nanowires
[5–8], and quantum dots [9–12]. Thermal transport in these low-dimensional nano-
structures is important for next-generation microelectronic cooling techniques,
novel solid-state energy conversion devices, and micro-nanoscale sensors. Ther-
mal transport caused by lattice vibrations or phonons in nanostructures is very
complicated due to the comparable phonon mean-free path, phonon wavelength,
and characteristic size of nanostructures. The comparable length scales lead to
novel transport phenomena that do not exist in bulk materials.

The possible enhancement of the thermoelectric figure of merit, ZT =
TS2σ/ke + kp, where S is the Seebeck coefficient, σ is the electrical conductiv-
ity, T is the temperature, and k is the thermal conductivity for electrons (e) and
phonons (p). Large values of ZT require high S, high σ, and low k. Since an
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increase in S normally implies a decrease in σ because of carrier density consider-
ations, and since an increase in S implies an increase in the electronic contribution
to k as given by the Wiedemann–Franz law, it is very difficult to increase ZT in
typical thermoelectric materials. The best commercial 3D thermoelectric mate-
rial is in the Bi2(1−2x)Sb2xTe3(1−2y)Se3y family with room temperature ZT ≈ 1
for Bi0.5Sb1.5Te3.3. Reduced dimensionality offers one strategy for increasing ZT

relative to bulk values. The use of low-dimensional systems for thermoelectric
applications is of interest because low dimensionality provides: (1) a method for
enhancing the density of states near EF, leading to an enhancement of the Seebeck
coefficient, (2) opportunities to take advantage of the anisotropic Fermi surfaces
in multi-valley cubic semiconductors, (3) opportunities to increase the boundary
scattering of phonons at the barrier–well interfaces, without as large an increase
in electron scattering at the interface, (4) opportunities for increased carrier mo-
bilities at a given carrier concentration when quantum confinement conditions are
satisfied, so that modulation doping and δ-doping can be utilized. A significant
progress has been made both theoretically and experimentally in understanding
the thermal transport in nanostructures during last decade.

Several theoretical models have been established to calculate the thermal
conductivity of nanowires. Molecular dynamics simulation [13], concept of net-
-radiation method of (phonon) radiative heat transfer to dispersive phonons [14]
and equation of phonon radiative transport is rewritten to include anisotropic
scattering by a particulate media by including an acoustic phase function and
scattering term [15].

This paper intends to develop a theoretical modeling approach to investigate
the size effect on in-plane thermoelectric transport of Bi1−xSbx nanowire using the
phonon Boltzmann equation.

2. Theory

2.1. Phonon dispersion and group velocities
We calculate the acoustic phonon dispersion in free-standing cylindrical

nanowires and thin films by solving the elasticity equation with given geometry
and boundary conditions. We consider only the in-plane transport in the wire and
the well and assume that the main contribution to the in-plane heat transfer comes
from the longitudinal acoustic phonon modes. Since our main goal is comparison of
the lattice thermal conductivity in thin films and nanowires, this assumption does
not severely restrict the analysis. The dispersion relation for confined phonons in
a nanowire of diameter D is given by [16]:

(q2 − q2
t )2

(qdD/2)J0(qdD/2)
J1(qdD/2)

− 2q2
d(q2 + q2

t )

+4q2q2
d

(qtD/2)J0(qtD/2)
J1(qdD/2)

= 0, (1)

where q is the in-plane component of the phonon wave vector, J0 and J1 are the
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ordinary Bessel functions, and qd and qt are two parameters given by

q2
d,t = ω2/v2

d,t − q2. (2)
Here vd and vt are the longitudinal and transverse sound velocities in the bulk ma-
terial, respectively, and ω is the phonon frequency. Confined phonon dispersion is
obtained by solving the above equations numerically, and phonon group velocity
is calculated for each branch via numerical differentiation.

2.2. Phonon Boltzmann equation

A phonon of energy h̄ωs(q) and velocity Vs(q) in the direction of q gives the
contribution of h̄ωs(q)Vs(q) to the heat current. The net phonon heat current with
a small temperature gradient T is given by

JQ =
∑
q,s

Nq,sh̄ωs(q)Vs(q), (3)

where subscript s refers to a particular phonon polarization type, q is the phonon
wave vector, ωs is the phonon frequency, Vs(q) is the phonon group velocity,
Nq,s ≡ N0

q,s − Nq,s is the deviation of the phonon distribution, Nq,s, from its
equilibrium value, N0

q,s. The equilibrium phonon, N0
q,s, is given by the Bose–

Einstein distribution

N0
q,s =

1
exp(h̄ωs(q)/kBT )− 1

. (4)

By definition

JQ = kl∇T. (5)
Thus, the problem of determining the lattice thermal conductivity is essentially
that of obtaining Nq,s. In order to do this we need to solve the Boltzmann equa-
tion for Nq,s. In steady state, the phonon Boltzmann equation can be written as(

∂Nq,s

∂t

)

drift

+
(

∂Nq,s

∂t

)

scat

= 0. (6)

In Eq. (6), (∂Nq,s/∂t)drift represents the change of the phonon distribution in the
presence of a temperature gradient, and it is given by(

∂Nq,s

∂t

)

drift

= Vs(q)∇Nq,s = −(Vs(q)∇T )
∂Nq,s

∂t
. (7)

In the relaxation-time approximation (∂Nq,s/∂t)scat can be written as
(

∂Nq,s

∂t

)

scat

=
N0

q,s −Nq,s

τC(q)
, (8)

where τC(q) is the combined phonon relaxation time in resistive processes. The
combined phonon relaxation time is obtained from the Matthiessen rule [17]:

1
τC

=
1
τu

+
1

τM
+

1
τB

+
1

τph−e
. (9)

Here τu is the relaxation time due to the anharmonic nature of the crystal po-
tential energy (three-phonon Umklapp scattering); τM is the relaxation time due
to mass-difference scattering of phonons; τB and τph−e are relaxation times due
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to boundary and carrier scattering, respectively. The formulae for calculating τu,
τM, τB, and τph−e have been given in Ref. [18]. Substituting Eqs. (7) and (8) in
Eq. (6) the phonon Boltzmann equation takes the form

Vx
∂Nq,s

∂x
+ Vy

∂Nq,s

∂y
+

Nq,s

τC(q)
= Vz

∂T

∂z

∂N0
q,s

∂T
, (10)

where Vx, Vy, and Vz are the components of phonon group velocity along the x,
y, and z axis, respectively.

2.3. Calculation of the lattice thermal conductivity

The solution of Eq. (10) can be written as

Nq,s =
∂N0

∂T

∂T

∂z
VzτC. (11)

Substituting Eqs. (4) and (11) in Eq. (3) and comparing the result with Eq. (5),
we obtain the formula for the lattice thermal conductivity

kl =
(

kB

h̄

)3
kB

2π2V
T 3

∫ θD/T

0

τCx4ex

(ex − 1)2
dx. (12)

3. Results of computations and discussion

Figure 1 shows the dispersion relations of the lowest confined acoustic phonon
branches in a Bi0.95Sb0.05 cylindrical nanowire with a diameter of 15 nm. We can
see that the branch has a linear dispersion relation for very small values of q. The
group velocity for the branch almost coincides with the bulk velocity [19] for very
small values of the phonon energy.

Fig. 1. Acoustic phonon dispersion relation for confined branches in a cylindrical

nanowire with a diameter of 15 nm.

After the group velocity is found, we calculate the lattice thermal conduc-
tivity. Figure 2 is a plot of the thermal conductivity of Bi0.95Sb0.05 cylindrical
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nanowire versus temperature. At low temperatures the phonon wavelength is long
and if the phonon wavelength is larger than the size of defects, there will be a
little scattering from defects. Additionally, long wavelengths correspond to small

Fig. 2. Lattice thermal conductivity as a function of temperature for a Bi0.95Sb0.05

nanowire of diameter D = 10 nm and D = 15 nm.

wave vectors so the Umklapp scattering is unlikely to happen. Therefore, at low
temperature the dominant scattering mechanism is boundary scattering, and the
measured thermal conductivity may depend on the size of the sample. However,
since the mean free path is determined by the boundary scattering as a fixed
value, the thermal conductivity is proportional to the specific heat and shows T 3

temperature dependence at very low temperature. As the temperature increases,
the phonon wavelength decreases and becomes close to the size of the defects and
defect scattering starts to dominate the phonon transport. For even a higher tem-
perature, the phonon wavelength continues to decreases and eventually the wave
vectors get large enough and the Umklapp scattering becomes the dominant scat-
tering mechanism. For alloys or materials with a large number of defects, defect
scattering may dominate over most of the temperature range. When diameter is
smaller (D = 8 nm) the effective thermal conductivity is reduced significantly.

4. Conclusions

In this paper, we presented a theoretical model for calculating the lattice
thermal conductivity in Bi0.95Sb0.05 nanowire. Phonon Boltzmann equation is
employed to establish a lattice thermal conductivity. The results show that ther-
mal conductivity of Bi0.95Sb0.05 nanowire can be significantly smaller than the
bulk thermal conductivity. We show that low thermal conductivity nanowire for
thermoelectric applications would have a small diameter.
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