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A quantum critical point represents an essential singularity in the phase

diagram of the electron-correlated compounds. In the CeRhSb1−xSnx system

we have observed a quantum criticality at the boundary Kondo insulator–

non-Fermi liquid state. In this series of compounds, CeRhSb has a Kondo

insulating ground state, whereas CeRhSn exhibits a non-Landau Fermi liquid

behavior. In view of different types of behavior of CeRhSb and CeRhSn, we

review the results of the solution in CeRhSb1−xSnx and discuss the effect of

a quasi-continuous change of the number of conduction electrons on the gap

formation in the Kondo-insulating regime, as well as on the critical behavior

appearance near the quantum critical point.

PACS numbers: 71.27.+a, 72.15.Qm, 71.30.+h

1. Introduction

In the last four decades of research on the strongly correlated electron systems,
the studies evolved from the dilute Kondo systems [1, 2], and fluctuating valence
systems [3], heavy fermion (HF) systems [4], and HF superconductors [5] to the
Kondo insulators (KI) [6] and non-Fermi liquid (NFL) systems [7]. In the last
decade, the interest grew in the strongly correlated compounds, which display the
critical quantum behavior [8]. In particular, attention focused on the Ce or U
compounds which at T = 0 undergo a quantum phase transition as a function of
tuning parameter x such as concentration of defects or impurities [9–12], external
pressure [13, 14], and magnetic/electric field [15].

A quantum critical point (QCP) is a singular point on the phase diagram,
e.g., on the concentration (x)–temperature (T ) plane at a critical concentration
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x = xc and T = 0, where the characteristic energy scale kBT (x) of quantum exci-
tations approaches zero (it is, e.g., a new state of matter, where the wave function
becomes an entangled mixture of the ordered and disordered states, see e.g. [16]).
The presence of a singular quantum critical point at absolute zero induces an
unusual metallic behavior over an extended range of temperature, in which real
experiments are carried out, so the question is what are the consequences of the
transition at T = 0 for physical properties at T > 0. In the low-T range, as the
QCP is approached, the electronic specific-heat coefficient γ ≡ C(T )/T has a sin-
gular behavior, indicating a divergence in the effective mass m∗ with T → 0. The
indefinite C(T )/T value (e.g., C/T ∝ − ln T or C/T ∝ T−n), and other deviations
from the Landau–Fermi-liquid behavior for the magnetic susceptibility χ behav-
ior as T → 0 and the electrical resistivity ρ are clearly seen (for an overview, see
Refs. [7, 17]). In particular, the electrical resistivity changes as ∆ρ ∝ T ε with expo-
nents 1 ≤ ε < 2 and the magnetic susceptibility varies as T−n or χ ∝ − ln T . There
exist NFL materials, for which ρ, C/T , and χ do not all conform the expected
NFL behavior, i.e., logarithmic or power-law divergent behavior which extends
over several decades on T scale. For example, in Y1−xUxPd3, the first f -electron
system in which NFL behavior was identified [18], and in YbRh2Si2 [19], C(T )/T

exhibits an upward departure from –lnT dependence at lower temperatures, while
ρ(T ) remains linear in T throughout the whole range.

There is a growing number of HF materials that can be placed as those in
the vicinity of a quantum critical point and can be tuned to QCP by alloying,
e.g. CeCu6−xAux [10], through the direct application of pressure [13] (the case of
CeIn3), or via the application of the magnetic field [15], as in the case of YbRh2Si2.
Most published results concerning the QCP in the Kondo-lattice systems were ob-
tained with disordered systems, as discussed below for the series Ce1−xLaxRhSn
of compounds [20, 21]. Very recently, we have reported novel quantum criticality
at the border of Kondo insulator–non-Fermi liquid in the correlated-electron sys-
tem CeRhSb1−xSnx, detected as a function of number of valence electrons in the
system [22].

The aim of this brief review is to present and discuss this new type of quan-
tum critical behavior for CeRhSb1−xSnx.

2. Stabilization of the collective Kondo semiconducting state
by Sb doping in CeRhSb1−xSnx

CeRhSn displays a NFL metallic character of the low-temperature physical
properties [23], which were interpreted in terms of the Griffiths phases [24]. This
model predicts a power-law behavior of C(T )/T and χ(T ) with the similar val-
ues of the exponents. The values of the power-law exponent 1/2 obtained from
the C(T )/T and χ(T ) experimental data [23] are in reasonable agreement with
experiment, suggesting that the NFL behavior can be described by the Griffiths
model, which means that the static disorder plays an important role. In Fig. 1
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Fig. 1. STM image from a small part ≈ 20 × 20 nm2 of surface. The image topology

contains clusters, dislocations, and point defects.

we present the scanning tunneling microscopy (STM) image of the small part of
CeRhSn surface with an atomic resolution (for details see Ref. [25]), which indeed
shows the presence of atomic clusters and atomic defects.

In consequence, the ac susceptibility χac shows a well-defined peak at
≈ 10 K [26] characteristic of spin-glass formation and the power-law behavior
at T < 10 K, which suggest that CeRhSn can be regarded as the system close to
QCP. In order to characterize further the NFL behavior close to QCP, we have
investigated the magnetic properties of Ce1−xLaxRhSn series [21]. It was found
that the substitution of La for Ce suppresses the spin-glass ordering at xc ≈ 0.5
(see Fig. 2).

Additionally, as shown in Fig. 2, ∆χ ∼ T−n and ∆C/T ∼ − ln T (resistivity
ρ(T ) ∼ T , Ref. [21]) around the critical concentration. However, the nature of the
NFL behavior at both sides of the critical concentration xc is different. Namely,
for x > xc (i.e., on the La-rich side) the magnetic properties of Ce1−xLaxRhSn
are dominated by the existence of spin fluctuations, whereas on the Ce-rich side
spin clusters can be formed and are analogous to Griffiths phases (see Fig. 3).

We now turn to the CeRhSb1−xSnx system. CeRhSb represents a rare ex-
ample of cerium-containing HF Kondo insulator with a narrow energy gap [27, 28]
of ≈ 7 K. As we have reported [22], the system CeRhSb1−xSnx with growing x

exhibits a quantum transition from the Kondo-insulator to the non-Fermi (non-
-Landau) metallic state of correlated electrons. The QPC is located at xc ≈ 0.12,
i.e., on the Sb-rich side. In the Sb-rich regime, we observed for the samples
x ≤ 0.12: (i) the activated behavior of the conductivity (ρ ∼ exp(∆/kBT )) and
χac → 0 with T → 0, and (ii) a novel type of scaling ρχ = const (see Fig. 4).

The observed scaling law ρ ∼ χ−1 at low T can be understood in an elemen-
tary manner by recalling the Drude formula ρ = m∗/(nce

2τ), as well as χ ∼ nc
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Fig. 2. Temperature variation of the zero-field cooling (ZFC) magnetic susceptibility

∆χ on a double-logarithmic plot for Ce1−xLaxRhSn compounds (a). In (b) ∆C/T vs.

ln T for Ce0.55La0.45RhSn, Ce0.5La0.5RhSn, and Ce0.45La0.55RhSn.

Fig. 3. FC and ZFC susceptibility M/H vs. T in a magnetic field of 0.5 T for

Ce1−xLaxRhSn near the critical concentration xc ≈ 1/2.

for the carrier concentration nc for x ≤ xc created by their thermal excitation
across the Kondo gap 2∆. Also, we have found that the collective Kondo-singlet
is destroyed for doping when x > xc or at T > Tm, where Tm is the temperature
of the maximum in χ(T ) experimentally obtained for the components x ≤ 0.12
(Tm ≈ 19 K for CeRhSb and it is decreasing while increasing x in the concen-
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Fig. 4. Linear scaling law between the resistivity ρ and the susceptibility χ for the

nonvanishing Kondo gap. The values of χ and ρ for different x are shifted to the zero

values at the minimal positions (details in Ref. [22]).

tration region x ≤ 0.12). The resistivity ρ(T ) data show a maximum at Tmax

resulting from a competition between quantum coherence (itineracy of 4f elec-
trons setting in upon cooling) and the thermal disorder acting as a decoherence
factor leading to the localization of the 4f states above Tmax (details in Ref. [22]).
In the concentration region x ≤ 0.12 the ρ(T ) and χ(T ) data indicate that the
f electrons are itinerant between Tm and Tmax, whereas for T < Tm the collec-
tive spin-singlet state formation results in reentrant 4f -electron localization upon
cooling the system.

On the Sn-rich side we observe both the singular quantum fluctuations as-
sociated with the 4f electrons (on the low-energy scale) and the Rh 4d spin fluc-
tuations at higher temperatures. The specific heat data (Fig. 5) in the range
6 < T < 25 K are well fitted by expression C/T = γ∗ + δT 2 ln(T/Tsf) characteris-
tic of the spin fluctuations; γ∗ is the linear specific heat coefficient containing the
mass enhancement, and Tsf is the spin-fluctuation temperature.

We also note that in Fig. 5 the same parameters obtained for LaRhSn fit
well the C/T data for CeRhSn and CeRhSb1−xSnx, where x ≥ 0.78, which sug-
gests the high temperature spin-fluctuation contribution from the presence of Rh
atoms. Let us note also that the electronic structure of CeRhSn and LaRhSn, that
generally decides about the thermodynamical and electric transport properties of
solids, is quite different. In Fig. 6 we compare the density of states (DOS) for both
compounds, obtained from the linear muffin-tin orbital (LMTO) calculations [23].
The total DOSs are compared in the figure with the respective valence band
X-ray photoelectron spectra (XPS). In our opinion, a very similar Rh DOS either in
CeRhSn or LaRhSn support the observation about the role of the spin-fluctuation
contribution from the Rh atoms in the specific heat.



492 A. Ślebarski, J. SpaÃlek

Fig. 5. The specific heat C/T data fitted to the spin-fluctuation formula C/T =

γ∗ + δT 2 ln(T/Tsf) in the higher temperature (6.5 < T < 23 K) region. For

Ce-compounds the fitting parameters are very similar: γ∗ is about 90 mJ/(mol K2)

and Tsf is ≈ 0.9 K. At low temperatures, C/T ∼ T−s (the straight lines are the fits

plotted in the log-log scale). The fitted curve for LaRhSn is also included for compar-

ison (γ∗ = 13.3, Tsf = 0.43 K). For LaRhSn the parameters were obtained from the

fit in the range of 1.9 ÷ 25 K. The straight lines for T < 6 K represent the power-

law dependences, whereas the flat parts below them are the extrapolation tails of the

spin-fluctuation formula (details in Ref. [22]).

Fig. 6. Comparison of the total DOS calculated for CeRhSn, convolved by Lorentzians

of half-width 0.4 eV, taking into account proper cross-sections for bands with different l

symmetry (thick curve), and the measured XPS valence bands for CeRhSn and LaRhSn,

respectively, corrected by the background. The partial DOS curves are plotted below.
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Fig. 7. Phase diagram for CeRhSb1−xSnx system. Solid points on the left mark the

values of the Kondo gap. At the Sb-rich side the full square marks the deviation point

from the T 2 dependence of resistivity for the sample x = 0.13, whereas the open squares

mark the disappearance points of a very weak hysteresis of the magnetization curves

appearing at low T (see Ref. [22]). The part for x > 0.78 displays spin-fluctuation

temperature Tsf which characterizes 4d electron fluctuations, obtained from the specific

heat. TRKKY for the Sn-rich side of this diagram is taken from the ac susceptibility data

as the temperature of weak maximum in the χ(T ) plot [29]. Open triangles mark T

at which magnetization M(H) deviates from linearity (details in Ref. [29]). SG+NFL

denotes a coexistence of an itinerant 4f electron spin-glass state with NFL behavior.

In the low-T regime T < 6 K, C/T has the power-law dependence T−s. The
energy scale of the two processes: the spin-fluctuation contribution due to the 4d

electrons and the singular quantum fluctuation coming from the Ce 4f electrons are
well separated and this allows us to differentiate between them. Those fluctuations
coexist with a weak magnetic order among itinerant electrons, probably of mainly
4f character [29]. On the basis of our experimental results we present in Fig. 7
a schematic phase diagram for CeRhSb1−xSnx on the T−x plane.

3. Concluding remarks

In conclusion, the most spectacular in our studies [22, 29] was the observa-
tion of quantum criticality at the border of Kondo insulator–non-Fermi liquid as a
function of a number of valence electrons in the correlated electron CeRhSb1−xSnx

system. In Fig. 7 the diagram displays for 0.12 < x < 0.2 at the Sb-rich side the
crossover region from either KI or Fermi liquid states to the non-Landau NFL
metallic phase. Doradziński and SpaÃlek (DS) discussed the possible magnetic
phases in the periodic Anderson model and determined the conditions under which
there appears a heavy-fermion and the Kondo insulating liquid states [30]. The
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Fig. 8. DS phase diagram (details in Ref. [30]). FM, WFM, and SFM are ferro-

magnetic, weakly ferromagnetic, or strongly ferromagnetic metallic phases, respectively.

AFM are different antiferromagnetic metallic phases, and PKI or AKI are paramagnetic

or antiferromagnetic Kondo insulators, respectively. The points represent the exper-

imental data for the Kondo lattices CeRhSn and CeRhSb, which are experimentally

obtained from the 3d Ce XPS spectra [31].

stability of paramagnetic vs. magnetic ground state in the Kondo-lattice limit is
strongly dependent on the hybridization energy V , the bare f -level position, the
number of electrons ne = nf + nc, and on the intrasite f−f Coulomb interac-
tion U . In the DS phase diagram (see Fig. 8), CeRhSn is obtained as a weak
antiferromagnetic metal [31], which evolves into a paramagnetic Kondo insulator
(the case of CeRhSb) with increasing V . Both CeRhSn and CeRhSb have the
total number of relevant valence electrons ne ≈ 2 (for CeRhSb we have estimated
that ne > 1.8, whereas for CeRhSn ne it is about 1.7). On the V−ne line the
DS diagram suggests the critical behavior for V ≈ 0.35 eV, which was confirmed
experimentally from the 3d Ce XPS spectra.
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