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Taking into account the full Coulomb potential and the excluded volume
interactions, properties of dendrimers with generations g = 5, 6 with charged
terminal groups and counterions in an athermal solvent are examined by lattice Monte Carlo simulations. The study treats counterions explicitly and
focuses on the local structure of the systems inspected by pair correlation
functions gab that provide information on distributions of monomers, terminal groups and ions in space at various temperatures T ∗ . Special emphasis
is placed on counterions and their role they play in causing conformational
changes of the molecules. The simulations show that counterions penetrate
the interior of the dendrimers, and there is a major increase in their concentration there as T ∗ decreases. Some of them condense onto the terminal
groups and a reduction in the mean effective charge hQi of the dendrimers
appears. Within the range of temperatures where the condensation (as a
function of T ∗ ) is sharp the molecules weakly swell up when compared to
their size at the other temperatures. This kind of behaviour is also reflected
by the distributions of monomers and terminal groups.
PACS numbers: 82.20.Wt, 82.35.Lr, 82.35.Rs

1. Introduction
There has been an increasing interest in examining starburst dendrimers
[1, 2] with charged terminal groups. This is mostly because these molecules provide
a rich potential for applications in industry, biomedicine, pharmacy, and materials
engineering. Some examples of their use include lithographic materials, nanoscale
catalysts, drug delivery systems, rheology modifiers, bioadhesives, and magnetic
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resonance imaging (MRI) contrast agents [3]. Though experimental studies [4–9],
theory and simulations [10–14] have already brought about some insight into the
way charged dendrimers react to various conditions, the research on them is far
from being completed. For instance, the number of simulation papers is still very
limited and some predictions reported in them contrast with experimental results.
For instance, it is still rather unclear if the dendrimer size is sensitive to the charge
density or ionic strength of the solvent. On one hand, simulations indicate such a
dependence, whereas small-angle neutron scattering does not [5].
Furthermore, since the Debye–Hückel potential has been applied in most
calculations [12–14], the possibility of ion condensation onto the molecule (a phenomenon of great importance in the case of linear polyelectrolytes [15–34]) has
been excluded a priori. It turns out, however, that this issue must be handled
with great care. The question of the role of counterions treated explicitly has
only recently been taken up by means of molecular dynamics and lattice Monte
Carlo simulations [35, 36]. In spite of different models and computational methods
used, the overall pictures reported correspond well. With increasing strength of
electrostatic interactions counterion condensation occurs and makes a tremendous
impact on the structure of dendrimers that change their size nonmonotonically by
subsequent swelling and shrinking.
In this paper we take an interest not only in shape and size of the dendrimers
but also in local properties of the whole systems inspected by pair correlation
functions (PCF) gab . We report on lattice Monte Carlo simulations carried out
for end-charged dendrimers with higher generations g = 5, 6 accompanied by
neutralizing counterions and for varying strength of the electrostatic interaction
referred to as the reduced temperature T ∗ . This allows us to inspect systematically
distributions of the free ions in the vicinity of the dendrimers in relation to their
conformations.
The remaining part of the paper is organized as follows. First, the simulation method and the quantities of interest are outlined. Then, the results of our
simulations are presented and discussed. Finally, some conclusions and remarks
are given.
2. Model and numerical procedure
The systems contain a single dendrimer and counterions on a face centered
cubic lattice with periodic boundary conditions in all three dimensions. A dendrimer is a tree-like
collection of beads connected by rigid, nonbreakable bonds of
√
length a = u 2 (where u is the length unit) so as to form the macromolecular
skeleton (for a 2D schematic representation see Fig. 1). Before simulation runs,
dendrimers with generations g = 5, 6, spacer length P = 1, and branching functionality m = 3 are formed by a growth process starting from the initiator. Thus,
the molecules have N5 = 254, N6 = 510 monomers and N5t = 128, N6t = 256 terminal groups, respectively. Furthermore, each end-bead carries a positive charge
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Fig. 1.
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Schematic 2D picture of dendrimers (supplied by T. Pakula).

of valence z = 1, whereas Ngt (g = 5, 6) free beads (counterions) negative charges
z = −1. The solvent is implicitly included by its permittivity ε.
The electrostatic interaction between the charges is the total Coulomb energy
Ec = δE =

1
δ
2

2Ngt

X

i,j=1, i6=j

zi zj
,
rij

(1)

where rij is the distance between the i-th and j-th ions with valences zi , zj , and
δ = e2 /εu is the energy unit with e denoting the electric charge. The long-range
nature of the Coulomb interactions is treated by the Ewald summation method
with the minimum image convention for the real-space term, κ = 5/L, kmax = 5
for the sum in the reciprocal space and for a conducting external medium [37]. In
the paper, we calculate thermodynamic averages at the reduced temperature T ∗
defined as T ∗ = k B T /δ, where T is the absolute temperature and kB is the Boltzmann constant. Furthermore, the excluded volume condition is taken into account
by preventing a lattice site from being occupied by more than one element. Thus,
the dendrimers are in an athermal solvent.
In the Monte Carlo scheme configurations are tossed using the generalized
version of the cooperative motion algorithm (CMA) [35]. The tossing scheme
used can be outlined in the following way. (1) A bead (monomer, counterion)
and one of its neighbouring lattice sites are selected at random. (2) If the latter
is empty an elementary CMA move is performed. In case the selected bead is
a counterion it is translated to the empty site. This way another empty site
(the abandoned one) is generated which is the end of the trial reconfiguration for
single, free beads. In case the selected bead is a monomer, it is moved to the
empty site as well. Furthermore, depending on the local situation encountered, in
order that no bonds are broken and that the sequence of beads on the dendrimer
is preserved, a number of monomers that follow the selected one are also shifted
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collectively one after another by subsequent translating by one lattice site until an
empty site is finally generated. This is the end of the trial reconfiguration for the
monomers. (3) If the lattice site selected in (1) is occupied, the whole of step (1)
is repeated. A new configuration is accepted or rejected according to a probability
of the Metropolis type [38]
·
µ
¶¸
∆E
p = min 1, exp − ∗
,
(2)
T
with ∆E = Enew − Eold (Enew and Eold are energies after and before a random
reconfiguration, E = Ec /δ). In the simulations, we have computed the mean-square radius of gyration
*
+
1 X
2
2
hRg i =
(ri − rc.m. ) ,
(3)
N i=1
the mean internal energy hEi = hEc i/δ, and the mean effective charge per end-bead
hN c i
hQi = 1 −
.
(4)
Ngt
In (3), ri and rc.m. are the position vectors of the i-th monomer and of the centre
of mass (c.m.) of the dendrimer, respectively. In (4), hNc i is the mean number
of condensed counterions (a counterion is considered condensed when it occupies
a nearest-neighbour site of at least one end-bead), and the bracket h i stands for
thermodynamic averaging. The PCF gab are defined as
hNαβ (r + u)i
,
(5)
gαβ (r) =
Nα Nβid (r + u)
where the numerator denotes the mean number of pairs of elements of type α
and β at the distance from each other between r and r + u, Nα is the total number
of elements α, and Nβid (r + u) is the mean number of elements β in an ideal gas in
the same interval. In the paper the PCFs include the c.m.–monomer PCF gc.m. m ,
c.m.–end-bead PCF gc.m. e+ , monomer–monomer PCF gm m , end-bead–counterion
PCF ge+c− , and the counterion–counterion PCF gc−c− , respectively.
The simulations have been performed on a 3D fcc lattice of the size L3 =
80 × 80 × 80 u3 for systems of single dendrimers in a wide range of temperatures T ∗ . Mostly, configurations obtained for some T ∗ were initial ones for further
calculations at lower T ∗ .
3. Results
We shall start by reporting on the phenomenon of counterion condensation onto the terminal groups and the configuration changes it causes for the
dendrimers. In Fig. 2a, we plot the mean effective charge per end-bead hQi versus T ∗ for both generations g = 5, 6. The monotonic decrease in hQi with T ∗
clearly indicates that the effect of condensation does occur, indeed. Roughly,
for 0.1 < T ∗ < 10 (the dotted line), the reduction in hQi becomes sharper and
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0 < hQi < 1, whereas at the other temperatures hQi is practically one and zero.
Obviously, hQi = 0 corresponds to the high-temperature limit without condensed
ions, whereas hQi = 1 to perfect condensation at lower temperatures. The tendency of counterions to form a ”cloud” around the dendrimer and to settle on it
is also well seen in Fig. 3. At given temperature some of them are still distributed
in space, whereas others are already condensed on the molecule. Furthermore, according to Fig. 2b, the ion condensation is accompanied by a monotonic decrease
in hEi. The states with perfect condensation are ones with the lowest energies.
Below, we argue that this kind of observation is likely to offer an explanation for
the low-temperature configurational changes of the dendrimers.

Fig. 2. The effective mean charge per end-bead hQi (a), the mean electrostatic energy
hEi (b), and the mean-square radius of gyration hRg2 i (in units of u2 ) (c) versus T ∗ .
(a)–(c) are for g = 5, 6, the dotted lines correspond to temperatures at which the
dendrimer is swollen.

Next, we take a look at the size of the molecules as a function of T ∗ . This is
shown in Fig. 2c by the mean-square radius of gyration hRg2 i. For 0.1 < T ∗ < 10,
hRg2 i approaches a broad maximum for both generations. Thus, the molecules
weakly swell up (the change in size is smaller than 10%) for the same temperatures
where the condensation is sharp as a function of T ∗ and partial (0 < hQi < 1).
Therefore, it seems reasonable to conjecture that in this temperature regime the
electrostatic repulsion between like-charged end-beads is dominant and the largest
separations between them, i.e., extended branches, are statistically favoured. In
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Fig. 3. The configuration snapshot for g = 6 and for T ∗ = 1. The black, grey, and
white spheres represent counterions, end-beads, and neutral monomers, respectively.

the limit of high T ∗ , the interactions are effectively weak, and all the beads behave
like neutral, self-avoiding particles. Due to perfect condensation at the lowest temperatures, almost all counterions settle on the molecule. Since such states have the
lowest energies, grouping of similar charges in space is statistically unfavourable.
Instead, charges with mixed valences (positive and negative) are more likely to
gather close to each other which, in turn, promotes local attraction between various parts of the molecule and reduction in its size. Thus, at least with respect
to higher strength of the electrostatic interaction, counterions cannot be omitted
from being taken into consideration.
In what follows we turn to distributions of monomers and ions as seen by the
PCFs. The distribution of the former as a function of the distance r from the c.m.
of the dendrimer for g = 5, 6 and T ∗ ranging from high to low are shown in Fig. 4a.
For all of the inspected temperatures, there is a high concentration of monomers
close to the origin which corresponds to the dense core of the molecules. Then,
for increasing r, gc.m. m drops down sharply to a local minimum and subsequently
increases to a broad, local maximum [12, 14, 36, 39–44] that is flatter for the higher
generation g = 6. The dotted lines in the figure show that due to swelling, the
concentration of monomers tends to shift down inside the dendrimer, whereas for
temperatures at which the molecules are more shrunken the monomers are packed
in a denser way. Finally, on the periphery of the molecules gc.m. m decreases to
zero. The concentrations of terminal groups relative to the c.m. of the dendrimers
are shown in Fig. 4b. The plots clearly show that to some extent the terminal
groups enter the interior of the dendrimers. Actually, gc.m. e+ grows from finite
value at the core to a broad maximum in the interior and falls down to zero for
larger r. Moreover, due to the effect of swelling for 0.1 < T ∗ < 10 (the dotted
lines), gc.m. e+ is smaller inside the molecules and larger on the periphery than in
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Fig. 4. The c.m.–monomer PCF gc.m. m (a), the c.m.–end-bead PCF gc.m. e (b), and
the monomer–monomer PCF gm m (c) at various T ∗ . (a)–(c) are for g = 5, 6, the dotted
lines correspond to temperatures at which the dendrimer is swollen.

the shrunken states. Finally, Fig. 4c shows the monomer–monomer PCFs gm m
(in this case r denotes the distance between pairs of monomers). In the first
shell they have sharp peaks that decrease for given r due to looser packing of the
monomers in the swelling range. Thus, gc.m. e+ , gc.m. m and gm m correspond well
with the size and shape changes of the dendrimer.
On the basis of Fig. 5a presenting the c.m.–counterion PCF gc.m. c− for
g = 5, we conclude that counterions not only condense onto the terminal groups
but also penetrate the whole interior of the molecule. Actually, there is a major
increase in their concentration inside the dendrimer as T ∗ decreases, whereas close
to the c.m. and on the periphery gc.m. c− decreases sharply. It is also interesting to
see that near the c.m. gc.m. c− is still finite, which means that a number of counterions are permanently present there. Furthermore, in accordance with the earlier
studies [36], Fig. 5b shows that, due to strong condensation of counterions onto
the end-beads at the lowest T ∗ , gc.m. c− and gc.m. e+ practically overlap. Then, as
T ∗ increases, condensation becomes partial and the plots distinguishable. At this
point it is also worth stressing that some experimental techniques such as electron
paramagnetic resonance (EPR), transmission electron microscopy (TEM), small-
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Fig. 5. The c.m.–counterion PCF gc.m. c− at various T ∗ for g = 5 (a), the c.m.–end-bead PCF gc.m. e+ and the c.m.–counterion PCF gc.m. c− for g = 5, 6 and for T ∗ =
0.1, 1 (b).

Fig. 6. The end-bead–counterion PCF ge+ c− (a), and the counterion–counterion PCF
gc− c− (b), at various T ∗ . (a), (b) are for g = 5, the dotted lines correspond to temperatures at which the dendrimer is swollen.
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-angle neutron scattering (SANS), and small-angle X-ray scattering (SAXS) have
already enabled an inspection of the above described phenomena. In particular,
similar migration of ions to the molecule’s interior has already been detected for
poly(amidoamine) (PAMAM) dendrimers and metal ions (Cu, Pd, Au) [45–49].
Finally, the distributions of counterions in the vicinity of the end-beads and
around each other are shown in Figs. 6a,b, respectively. The end-bead–counterion
PCF ge+ c− clearly confirms that counterions tend to gather near the terminal
groups as T ∗ is lowered. Actually, the curves possess sharp maxima for very small
interparticle distances that are higher for decreasing T ∗ . Similar behaviour reveals
the counterion–counterion PCF ge− c− as well. Due to condensation the particles
are brought close to each other and peaks in the PCF occur.
4. Summary
In this paper, we have carried out Monte Carlo simulations of single dendrimers with charged, monovalent terminal groups, and counterions for varying
strength of the electrostatic interaction. Among others, the calculations have
provided information on the distributions of counterions, monomers, and terminal groups in space. Counterions penetrate the interior of the molecule, and as
the temperature decreases, their concentration there becomes considerably greater
than in the bulk. Furthermore, they condense onto the end-beads reducing the effective charge of the dendrimer and causing its conformational changes of swelling
and shrinking. As already emphasized, all our observations are in agreement with
the very recent studies based on off-lattice simulations. This suggests that the
importance of counterions and their role in the described phenomena seem fundamental and independent of the models used.
The effects discussed in this paper are due to wide variations in strength of
the electrostatic interaction T ∗ itself. However, this kind of approach might be
difficult to be realized experimentally, especially in the limit of low T ∗ . Therefore,
it seems reasonable to inspect other possibilities of causing conformational changes
of dendrimers. In particular, we expect to observe important results for systems
with explicit counterions and added salt ions. For example, of special interest here
is the effect of salt concentration and salt valence on the properties of end-charged
dendrimers. These issues will be addressed in another paper.
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