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We study the evolution of entanglement between two excitons in a dou-

ble quantum dot system coupled to a super-Ohmic reservoir. As expected

entanglement is more fragile than local coherence, but, surprisingly, for a

set of pure states disentanglement can be complete in a finite time under

conditions that lead to the usual partial pure-dephasing.

PACS numbers: 03.67.Lx, 03.65.Yz, 63.20.Kr

1. Introduction

Decoherence processes attract much attention as a part of the study of open
quantum systems and for more application-oriented reasons (e.g., the implemen-
tation of quantum information technology). Quantum dots, for instance, are sus-
ceptible to a pure dephasing effect that has been experimentally observed [1] and
theoretically explained by the phonon response to an ultra-fast change of the
confined charge distribution [2, 3]. In semiconductor quantum dot systems, the
lattice response leads to a partial pure dephasing on the time scales of a few pi-
coseconds [1], followed by an exponential decay of coherence on much longer time
scales.

Sustaining coherence in multi-component systems is vital for maintaining
entanglement, a key component of all quantum computing schemes [4, 5]. An en-
tangled state is a non-classical superposition state of two subsystems that, in prin-
ciple, may be separated by an arbitrary distance, and thus its particular fragility
under decoherence is expected. Indeed, even partial dephasing may lead to a
complete disentanglement as has been shown for two classes of systems [6, 7].

2. The system

We study a system consisting of two excitons in one or two self-assembled
semiconductor quantum dots (if we are dealing with one dot, the distance between
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the dots d is equal to zero). A subsystem state |0〉 denotes an empty dot, while
the state |1〉 means that an exciton is present. The charge carriers interact with
acoustic phonons by deformation potential coupling [8]. The Hamiltonian of this
system is

H = ε1(|1〉〈1| ⊗ I) + ε2(I ⊗ |1〉〈1|) + ∆ε(|1〉〈1| ⊗ |1〉〈1|)

+(|1〉〈1| ⊗ I)
∑

k

f
(1)
k (b†k + b−k) + (I ⊗ |1〉〈1|)

∑

k

f
(2)
k (b†k + b−k) +

∑

k

ωkb†kbk. (1)

The first two terms describe the single excitons, with their energies denoted by
ε1,2 (I is the unit operator), and the third accounts for their interaction (∆ε is
the biexciton energy shift). The next two terms in the Hamiltonian describe the
exciton–phonon coupling, where f

(1,2)
k are system-reservoir coupling constants,

and bk, b†k are bosonic operators of the reservoir modes. The last term is the
reservoir Hamiltonian; ωk is the energy (we put h̄ = 1) of mode k. The explicit
tensor notation refers to the two subsystems but is suppressed for the reservoir
components.

The time evolution of the system is calculated exactly using the Weyl op-
erator method [8, 9] up to a local unitary rotation (conserving the amount of
entanglement). The transformed density matrix may be written in the operator
sum representation (see [10] for details)

ρ(t) =
∑

µ

UKµρ(0)K†
µU†, (2)

with the (non-local) unitary operator

U = |0〉〈0|+ exp

(
i
∑

k

|gk|2 sin ωkt

)
(|1〉〈1|+ |2〉〈2|)

+ exp

(
4i

∑

k

|gk|2 cos2
kzd

2
sinωkt−i∆Et

)
|3〉〈3|,

with |0〉 ≡ |0〉|0〉, |1〉 ≡ |0〉|1〉, etc., and the set of Kraus operators

K0 = diag[a(t), b(t), b(t), a(t)],

K1 = diag[(a2(t)− 1)
√

a2(t) + 1, 0, 0, 0],

K2 =
√

1− a2(t)diag[−a2(t), 0, 0, 1],

K3 = diag[0, 0, (b2(t)− 1)
√

b2(t) + 1, 0],

K4 =
√

1− b2(t)diag[0, 1,−b2(t), 0],

where
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a(t) = exp

(∑

k

|gk|2 cos2
kzd

2
(cos ωkt− 1)(2nk + 1)

)
, (3a)

b(t) = exp

(∑

k

|gk|2 sin2 kzd

2
(cos ωkt− 1)(2nk + 1)

)
, (3b)

and gk = fk/ωk. The set of operators Kµ corresponds to a kind of two-qubit phase
damping channel. This channel is generated by the same physical pure dephasing
process that would lead to the usual phase-damping channel for a single qubit [11].
The operators K1,2 may be interpreted as an effect of a “charge detector” which is
sensitive only to the total number of excitons in the system. On the other hand,
K3,4 reflect the action of a “discriminator” which detects in which of the two
dots the exciton is present. Since the two subsystems are identical they may be
distinguished by the reservoir only because of their different position. Therefore,
the latter contribution to dephasing is inefficient for d = 0. For a system of two
excitons confined in a single dot (d = 0) the present result reduces to that found
in Ref. [12].

3. Disentanglement

To calculate the evolution of entanglement one needs an entanglement mea-
sure that can be calculated from the state of the system. For pure states the von
Neumann entropy of one subsystem [13] is the unique entanglement measure but
for mixed states there is a choice of measures [14–16]. One of them is the entan-
glement of formation (EOF), defined as the ensemble average of the von Neumann
entropy minimized over all ensemble preparations of the state [16]. An explicit
formula for calculating it exists only for a pair of two level systems [17, 18],

E[ρ(t)] = −x+ log2 x+ − x− log2 x−,

where

x± =
1±

√
1− C2[ρ̃(t)]

2
and C[ρ̃(t)] is the concurrence, given by

C[ρ̃(t)] = max(0, λ0 − λ1 − λ2 − λ3), (4)
where λi are the square roots of eigenvalues of the matrix ρ̃(t)(σy⊗σy)ρ̃∗(t)(σy⊗σy)
in decreasing order (σy are Pauli matrices).

The calculations were performed for two initial, maximally entangled pure
states∣∣∣ψ(1)

0

〉
=
|01〉 − |10〉√

2
, (5a)

∣∣∣ψ(2)
0

〉
=
|00〉+ |01〉+ |10〉 − |11〉

2
; (5b)

the first has only one coherence between single electron states, which is indis-
tinguishable by phonons at d = 0, while the second has all coherences present.
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The evolution of entanglement for these two states is shown for different temper-
atures, at a fixed distance between the dots (d = 6 nm) and no biexcitonic shift
in Figs. 1a and d. As expected, in both cases building up of correlations with
the phonon reservoir destroys the entanglement between the subsystems. For the
initial state (5a) the disentanglement resembles the dephasing process and is only
partial. For the other initial state, if the temperature is high enough, entanglement
may vanish completely at a finite time. The dashed line in Fig. 1d corresponds to
a non-zero biexcitonic shift (∆E = 6 ps−1) at T = 40 K. Remarkably, extended
periods of time when entanglement remains zero may be noted in this case.

Fig. 1. The evolution of entanglement of two selected initial states for various tem-

peratures and separations between subsystems (left panels: d = 6 nm; middle panels:

T = 100 K) and the asymptotic, long time value of entanglement as a function of separa-

tion for a range of temperatures (right panels). The inset in (e) shows the temperature

at which complete disentanglement appears as a function of separation.

Figures 1b and e show the evolution of entanglement for different distances
between the dots at a fixed temperature of 100 K. Again, the destruction of en-
tanglement in the evolution of the initial state (5a) is always only partial but the
appearance of complete disentanglement for the initial state (5b) is dependent
on the separation of the subsystems (large separations promote disentanglement).
The inset in Fig. 1e shows the lowest temperature at which the decay becomes
complete for a given temperature. The effect of separation is more clearly seen in
Figs. 1c and f which show the dependence of the asymptotic value of entanglement
on the distance d for a set of temperatures. The state (5a) shows robust entangle-
ment when both excitons are located in one quantum dot (QD) (d = 0), because
the components of the superposition cannot be distinguished by the phonon reser-
voir, so no dephasing effect is possible. For non-zero distances the entanglement is
fragile. The initial state (5b) is fragile independently from the distance between the
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dots, but for d = 0 complete disentanglement is not possible (this is because some
components of the superposition are not distinguishable by the phonon reservoir).
These different behaviors, apparent for both initial states, reflect the crossover be-
tween the common-reservoir regime and the regime of independent reservoirs [19].

The appearance of complete disentanglement for some initial states under
sufficiently strong partial pure dephasing may be understood with the help of
Eq. (4). If the completely dephased state (with a diagonal density matrix) has
λ0 − λ1 − λ2 − λ3 < 0 then, by continuity, it will be surrounded by states with
vanishing concurrence, thus separable. In this case entanglement vanishes for
sufficiently strongly dephased states, before the complete dephasing is reached.
For a diagonal density matrix one finds λ0−λ1−λ2−λ3 = −2min(ρ00ρ33, ρ11ρ22),
so that the above condition may only be satisfied if all four diagonal elements are
nonzero. For instance, the totally mixed state (with a density matrix proportional
to unity) is surrounded by a ball of separable states [20]. Out of the initial states
considered here, the first one (Eq. (5a)) satisfies the above condition (it decays
towards the totally mixed state) but the second one (Eq. (5b)) does not. In
general, the structure of entangled and separable states around the final state may
be quite complicated.

4. Conclusion

We have studied the evolution of entanglement between two excitons confined
in one or two QDs coupled to a phonon reservoir. The correlations between the
system and the reservoir that lead to pure dephasing destroy the entanglement,
and the effect depends on the initial state, temperature, and the distance between
the subsystems. For a class of initial states, the disentanglement may even be
complete at a finite time, even though the dephasing is always only partial. It
should be stressed that the appearance of complete disentanglement at increased
temperatures is related to a stronger dephasing, and, in principle, a state may
become separable already at 0 K if the coupling would be sufficiently strong. The
dependence on the distance between the quantum dots, however, reflects a more
fundamental crossover from the common-reservoir regime to that of independent
reservoirs.
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