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We first introduce an alternative way to study the insensitive nuclei

enhanced by polarization and distortionless enhancement by polarization

transfer NMR experiments with the product operator descriptions for weakly

coupled IS (I = 1/2, S = 1/2) spin systems as a quantum controlled not

gate and a not gate, respectively. In this framework we apply the density

matrix operators obtained from the analytical descriptions of the mentioned

pulse sequences by using product operator formalism step by step on the

NMR spin product states represented in Dirac’s notation.

PACS numbers: 82.56.Dj, 82.56.Jn

1. Introduction

The starting point for the journey through the fascinating realm of computers
can be based on a mathematical analysis of logic presented by George Boole who
published a classical book An Investigation of the Laws of Thought on Which Are
Founded the Mathematical Theses of Logic and Probabilities in 1854. Traditional
digital computers operate using two values of a bit, 0 and 1, in Boolean algebra.
Later these two values are used as quantum bits (or qubits) in quantum compu-
ters [1]. In 1982 Feynman suggested that quantum mechanical systems have a very
large information processing abilities [2]. Thus a new class of computers which
are based on the NMR properties of some molecules has been of great scientific
interest [3–6]. In this framework Freeman and co-workers first implied the use of
the insensitive nuclei enhanced by polarization transfer (INEPT) pulse sequence
as a logic gate in NMR quantum computing [7]. Later the conventional INEPT
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NMR pulse sequence was studied as a controlled-not (briefly CNOT or CN) gate
for the spin-1/2 nuclei by using the similarities between the unitary operators of
CNOT gate and INEPT pulse sequence [8]. On the other hand, the INEPT NMR
experiment is a well-known pulse sequence and is usually described by the product
operator theory as a simple quantum mechanical method [9–13]. In a similar way
the distortionless enhancement by polarization transfer (DEPT) pulse sequence
and its analytical descriptions by using product operator formalism for weakly
coupled IS (I = 1/2, S = 1/2; 3/2) spin system has been widely investigated
[14–17].

The main problem in the NMR quantum computing computers is to create
the pure states (or pseudopure states) from the mixed states of the system under
studied as the inputs of the quantum gates. However some methods were suggested
for the creation of pseudopure states in the I ≥ 1/2 systems [18, 19].

This work presents an alternative way in order to perform the conventional
INEPT and DEPT pulse sequences described by using product operator theory
for weakly coupled IS (I = 1/2, S = 1/2) spin systems as a CN gate and a
NOT gate, respectively. For this purpose the density matrix operators obtained
from the analytical descriptions of the mentioned pulse sequences by using product
operator formalism for weakly coupled IS (I = 1/2, S = 1/2) spin systems have
been applied step by step on the NMR spin product states represented in Dirac’s
notation.

2. The applications of the density operators for the INEPT
pulse sequences to the pseudopure states
of the IS (I = 1/2, S = 1/2) spin systems

The pulse sequence of the INEPT NMR experiment for weakly coupled
IS (I = 1/2, S = 1/2) spin systems is given in Fig. 1. The eigenfunctions of
a such system can be written in Dirac’s notation as follows:
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Each eigenstate given in Eq. (1) can be regarded as the inputs of a quantum
gate CN with two qubits. On the other hand, the density matrix operators of
INEPT pulse sequence in Fig. 1 for a weakly coupled IS (I = 1/2, S = 1/2) spin
system by using product operator formalism are well known [10]. We consider
the chloroform (1H13CCl3) as a suitable molecule for IS (1H = I = 1/2, 13C =
S = 1/2) spin system. Since the gyromagnetic ratios of the proton and carbon
atoms are γH = 26.75 × 107 T−1 s−1 and γC = 6.73 × 107 T−1 s−1, respectively,
we take α = γC/γH = 0.25 in our calculations. The density matrix operators
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Fig. 1. The pulse sequence of INEPT NMR spectroscopy (τ = 1
4J

).

calculated for IS (I = 1/2, S = 1/2) spin system by using these numerical values
are given in Table I.

TABLE I

For IS (1H = I = 1/2, 13C = S = 1/2) spin system, the calculated

density matrix operators in INEPT pulse sequence.

σ0 = Iz + 0.25Sz, σ1 = −Iy + 0.25Sz,

σ2 = −
√

2
2

Iy +
√

2IxSz + 0.25Sz, σ3 =
√

2
2

Iy −
√

2IxSz − 0.25Sz,

σ4 = −2IxSz − 0.25Sz, σ5 = −2IzSy + 0.25Sy, σ6 = 2SySIS′J
where SI = sin(ΩIt) and S′nJ = sin(nπJτ).

Let us apply the density matrix operators given in Table I to the state
|αα〉 =

∣∣ 1
2 , 1

2

〉
= |+ +〉 = |00〉 sequently. The results obtained are as follows:

σ0|+ +〉 ⇒ 0.63|+ +〉,

σ1(0.63|+ +〉) ⇒ −0.32i| −+〉+ 0.08|+ +〉,

σ2(−0.32i| −+〉+ 0.08|+ +〉) ⇒ (0.122− 0.112i|+ +〉

+(−0.068i + 0.028)| −+〉,

σ3[(0.122− 0.112i)|+ +〉+ (−0.068i− 0.028)| −+〉]

⇒ (0.09i− 0.007)| −+〉+ (−0.048 + 0.028i)|+ +〉,

σ4[(0.09i− 0.007)| −+〉+ (−0.048 + 0.028i)|+ +〉]

⇒ (−0.056− 0.048i)|+ +〉+ (0.0249− 0.0253i)| −+〉,

σ5[(−0.056− 0.048i)|+ +〉+ (0.0249− 0.0253i)| −+〉]

⇒ (0.021i− 0.018)|+−〉+ (0.009i + 0.016)| − −〉,
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σ6[(0.021i− 0.018)|+−〉+ (0.009i + 0.016)| − −〉]

⇒ (0.018i + 0.021)|+ +〉+ (−0.016i + 0.009)| −+〉
∼= 0.021|+ +〉 ∼= 0.021|00〉,

where the terms with the real and biggest coefficient have been taken account as the
result. In the last step we consider the term SI seen in Table I as a certain value.
In a similar way the calculations can be repeated for the remains of eigenstates
given in Eq. (1) and the results obtained can be listed by considering the truth
table of quantum CN gate as seen in Table II.

TABLE II

The behaviour of the INEPT NMR

experiment for a weakly coupled

IS (I = 1/2, S = 1/2) spin system

as a quantum CN logic gate.

Inputs Outputs

INEPT CN UINEPT CN

|+ +〉 |00〉 0.21|+ +〉 |00〉
|+−〉 |01〉 0.015| − −〉 |11〉
| −+〉 |10〉 0.004| −+〉 |10〉
| − −〉 |11〉 0.009|+−〉 |01〉
where UINEPT denotes the results

obtained from the output of INEPT

pulse sequence.

By comparing the outputs of UINEPT and the truth table of quantum logic
gate CN we can express that this pulse sequence can be used as an “S controlling
I” CN quantum gate with two qubits [7]. As seen in Table II after the application
of UINEPT operation to second qubit (the control bit of CN gate), if the first qubit
(the target bit of CN gate) is |+〉 = |0〉 in the input, it keeps its own value in
output but if the control bit is in |−〉 = |1〉 in the input, the target bit in output
subjects to a not operation of its input value. This result is in a good agreement
with Vadersypen and co-workers’s work [8].

3. The applications of the density operators for the DEPT
pulse sequences to the pseudopure states
of the IS (I = 1/2; S = 1/2) spin systems

The pulse sequence of the DEPT NMR experiment is given in Fig. 2 [14]. The
density matrix operators in every single stage of this pulse sequence (denoted with



Quantum Gates Based on Polarization Transfer . . . 987

Fig. 2. The DEPT NMR pulse sequence (τ = 1
2J

).

the numbers in Fig. 2) for a weakly coupled IS (I = 1/2, S = 1/2) spin systems by
using the product operator formalism have been well described [16]. Considering
a suitable molecule containing 13C{1H} nuclei (for instance, the chloroform) and
taking α = γC/γH = 0.25, the density matrix operators calculated in this pulse
sequence for a weakly coupled IS (1H = I = 1/2, 13C = S = 1/2) are given in
Table III.

TABLE III

For I (1H = I = 1/2, 13C = S = 1/2)

spin systems, the calculated density matrix

operators in DEPT pulse sequence.

σ0 = 0.25Sz + Iz, σ4 = −2IxSy,

σ1 = 0.25Sz − Iy, σ4 = σ3,

σ2 = 2IxSz, σ5 = 2IzSy sin θ,

σ3 = −2IxSy, σ6 = 2IzSx sin θ

The applications of the density matrix operators in Table III sequently to
eigenstates denoted in Dirac’s notation in Eq. (1) are performed in a similar way
to those of Sect. 2. For a comparison the results obtained by considering the values
of the terms with only real and biggest coefficients and the truth table of the NOT
logic gate which is used in the conventional and quantum computers are presented
in Table IV. As seen in Table IV, the outputs of DEPT NMR pulse sequence are
corresponding to a not operation of the initial states of the second qubits or the
S spin states. For example if the IS (I = 1/2, S = 1/2) spin system is in the
initial state | − −〉 = |11〉 the output obtained after the operation of DEPT pulse
sequence is in the state | −+〉 = |10〉. That is, the initial state of second qubit (or
the S spins) subjects to a NOT operation in the output while the first qubit (or
the I spins) can keep their states at the beginning.

Therefore it can be said that the DEPT NMR experiments perform a NOT
operation for the second qubit in the systems with two qubits and behave as NOT
logic gates in the quantum computers.
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TABLE IV

The behaviour of DEPT NMR experiment for a weakly

coupled IS (1H = I = 1/2, 13C = S = 1/2) spin system

as a NOT logic gate.

Inputs Outputs

DEPT NOT gate UDEPT NOT gate

|+ +〉 |00〉 (−0.005) sin2 θ|+−〉 |01〉
|+−〉 |01〉 (0.003) sin2 θ|+ +〉 |00〉
| −+〉 |10〉 (0.003) sin2 θ| − −〉 |11〉
| − −〉 |11〉 (0.005) sin2 θ| −+〉 |10〉
where UDEPT shows the results obtained at the output of

DEPT pulse sequence.

Fig. 3. The simulated 13C DEPT NMR spectrum of HCCl3 for θ = 90◦.

On the other hand, it is well known that the angle θ or the length of 1H
pulse at the end of DEPT NMR pulse sequence given in Fig. 2 can be varied from
45◦ to 135◦ and the signal intensity depends on the angle θ. The simulated 13C
DEPT NMR spectrum for the methine (CH) group of 1H13CCl3 (chloroform) by
using the data given in Ref. [20] in the Maple programme by taking θ = 90◦ is
given in Fig. 3.

4. Conclusions

As a conclusion we can state that it is obviously possible to develop this new
and compact quantum mechanical method as an alternative way for the use of
multipulse NMR experiments as the quantum logic gates. Furthermore we think
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that this method may be more suitable for the present algorithms with two qubits
in quantum computers.

On the other hand, we predict that this alternative method can be expanded
to the other weakly coupled IS (I ≥ 1/2, S ≥ 1/2) spin system by defining their
eigenstates in Dirac’s notation.
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