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The isotope effects in disordered weak and strong coupling supercon-

ductors of different symmetries of the order parameter have been studied.

We have found that even though weak localisation corrections to Eliash-

berg equations describe a strong degradation of transition temperature with

disorder of s-wave superconductors, their influence on isotope coefficient is

relatively weak. On the other hand the calculated change of relative isotope

coefficient with Tc/Tc0 in homogeneous thin film materials is similar to that

observed in high temperature superconductors.
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1. Introduction

The response of clean superconductors to intentionally introduced impurities
provides the first information on the symmetry of the order parameter. In high
temperature superconductors (HTS) [1] the isotope effect [2–4] shows complex
behaviour: it takes on very small values for optimally doped samples and increases
with decreasing oxygent content δ in YBa2Cu3O7−δ and decreasing transition
temperature. Similar behaviour is observed in samples doped with such metals as
Fe, Co, Zn, etc.

The complex behaviour is partially related to the layered structure of the
materials and to the fact that some impurities go into the CuO conducting planes
while others to the insulating planes. At the same time by changing the oxygen
content one introduces disorder into the material. The very observation of the
small but nonvanishing isotope coefficient is an indication of the lattice contribu-
tion to the mechanism of superconductivity.

It is the purpose of this paper to report on our recent studies of the isotope
coefficient (IC) of impure superconductors with different symmetries of the order
parameter. We shall comment on the role of in-plane and out-of-plane impuri-
ties [5] in changing Tc and IC of superconductors with d- and p-wave symmmetries
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(Sec. 2). The weak localisation corrections and the effects of increased Coulomb
repulsion in disordered bulk and thin film s-wave superconductors [6] are discussed
in Sec. 3.

2. In-plane and out-of-plane impurities in d- and p-wave
superconductors

High temperature superconductors are believed to have a d-wave order pa-
rameter. The relative insensitivity of their superconducting transition tempera-
ture, to the dopant impurities, has caused a debate in the literature [7]. Eventually
it has been proposed that both oxygen in 123 phase and Sr in La2−xSrxCuO4 go
mainly to the insulating BaO, respectively, SrO layers and cause the forward scat-
tering which has a little influence on the transition temperature. It is because the
out-of-plane impurities are much less effective pair-breakers. The critical angle Θc

around the forward scattering direction in which quasiparticles are scattered does
depend on the Fermi wave vector and the distance of the impurities from the con-
duction plane. The first nonvanishing correction to the pair breaking parameter in
d-wave supercondcutors has been found [8] to be of the third power of Θc. Tech-
nically this means that the scattering time for out-of-plane impurities is reduced
by this factor.

Recently we have calculated changes of Tc and IC due to out-of-plane im-
purities for different symmetry superconductors. The details of the calculations

TABLE

The changes of Tc and isotope coefficient α for different symmetries of the

order parameter; ρc is the pair breaking parameter and Θc — the critical

angle for the forward scattering by the out-of-plane impurities.

Location of d-wave p-wave

impurities ∆(k) = ∆0 cos(2φ) ∆(k) = ∆0 cos(φ)

in-plane ln(T c/Tc0) = ψ( 1
2
)− ψ( 1

2
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2
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2
+ ρc)

ρc = 1/(2πτinkBTc) ρc = 1/(2πτinkBTc)

α0/α = 1− ρcψ
′( 1

2
+ ρc) α0/α = 1− ρcψ

′( 1
2

+ ρc)

out-of- ln(T c/Tc0) ln(T c/Tc0)
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c /6πkBτoutTc)ψ

′( 1
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) = −(Θ3

c /24πkBτoutTc)ψ
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2
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2
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2
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2
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2
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-plane +Θ3
c /(3πτoutkBTc) +Θ3
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α0/α = 1− ρcψ
′( 1

2
+ ρc) α0/α = 1− ρcψ

′( 1
2

+ ρc)
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have been presented elswhere [5]. In the Table we collected the results for the Tc

degradation and IC changes of superconductors.
In spin singlet d-wave or spin triplet p-wave superconductors in-plane non-

magnetic impurities are effective pair breakers (as are magnetic impurities in
s-wave superconductors) and they have a large effect on the isotope coefficient
which increases with decreasing superconducting transition temperature.

It is an interesting observation that the effect of out-of-plane impurities on
IC when calculated as a function of relative change of Tc follows virtually the
same universal curve as found for in-plane pair breakers but is limited to a smaller
parameter region. The details have been published elsewhere [5].

3. Disordered s-wave strong coupling bulk and thin film
superconductors

The superconducting transition temperature of a number of classic s-wave
superconductors has been found to diminish after the material is made disordered.
Weak localisation (WL) phenomena, connected inter alia with increased return
probability or decreased diffusivity were proposed to be responsible for this kind
of behaviour. Theoretical calculations with a single fitting parameter quite suc-
cessfully explained the dependence of Tc on the residual resistivity ρ. In a recent
paper [6] we have studied the effect of WL on the isotope coefficient. It turns out
that the weak localisation effects introduce modifications of the interaction param-
eters in a superconductor and thus affect the transition temperature and related
characteristics of disordered material. The calculations [6] show that WL, as a
rule, decreases IC of electron–phonon superconductor. Figure 1 shows a typical
kind of behaviour.

The corrections to BCS transition temperature due to disorder in two-
-dimensional superconductors have been a subject of studies and a matter of
some controverses. The correction to leading logarithmic orders has been found
to read [9]

ln
Tc

Tc0
= −RsA3 ln3(T0/Tc0)−RsA2 ln2(T0/Tc0) + . . . , (1)

where T0 is some microscopic temperature scale, A2 is a non-universal constant
and Rs is the sheet resistance measured in units of 12πh̄/e2. The coefficient
A3 was claimed to take on a universal numerical value +1. The correct calcu-
lations of the fluctuation contribution in the presence of strong spin–orbit cou-
pling lead to A3 = 0 [9]. Without spin–orbit scattering A3 is nonzero and
assumes a non-universal value. The curves in Fig. 2 show the change of the
IC with decreasing Tc for thin films with A3 = 0 and a number of values of√

A2Rs = 0.01, 0.45, 0.80, 1.35, 1.85 (from the bottom curve). The experimental
points refer to HTS. We do not claim that due to two-dimensional nature of the
conducting planes HTS should be considered as thin films. It is merely to show
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Fig. 1. Typical dependence of the relative change of IC α/α0 vs. Tc/Tc0 induced

by weak localisation effects. For this calculation we have taken three values of the

electron–phonon coupling λ = 0.8, 0.9, 1.2, Coulomb pseudopotential µ = 0.45 and the

ratio between Fermi energy EF and Debye frequency ωD given by ln(EF/ωD) = 2 (left

panel); and λ = 0.9, µ = 0.45, ln(EF/ωD) = 2(A), 3(B), 5(C) (right panel).

Fig. 2. The relative change of IC α/α0 vs. Tc/Tc0 in thin films characterised by the

value of the parameters (A3 = 0) A2 and Rs such that
√

A2Rs = 0.01, 0.45, 0.80, 1.35,

1.85 (starting from the bottom curve). The points are experimental data on materi-

als: optimally doped La1.85Sr0.15Cu1−xMxO4 with M=Co (open triangles), Zn (filled

diamonds) and Ni (crosses); overdoped La1.80Sr0.20Cu1−xMxO4 with M= Ni (filled tri-

angles), Fe (filled circles) [3]; Y1−x−yPrxCayBa2Cu3O7−δ with x = 0.2 and y = 0.15

(open circles), y = 0.25 (filled squares); YBa2(Cu1−zZnz)3O7−δ (open squares) [4].
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Fig. 3. α/α0 vs. Tc/Tc0 in thin films characterised by the value of the parameters

(A2 = 0) A3 and Rs such that 3
√

A3Rs=0.01, 0.30, 0.50, 0.90, 1.10, 1.30 (starting from

the bottom curve). Experimental points are the same as in Fig. 2.

that two-dimensional aspects may be still important in these materials even in the
superconducting state. A strong anisotropy of the superconducting state as mea-
sured by the ratio of the in-plane superconducting coherence length, ξab ≈ 30 Å,
to the coherence length in c-axis direction, ξc ≈ 3 Å, may serve as a justification
for the comparison with experiments.

Note that an equally good fit can be obtained for A2 = 0 and A3 6= 0 albeit
for different set of parameters A3Rs (see Fig. 3). Another objection against the
comparison in Figs. 2 and 3 is the symmetry of the superconducting state. The
calculations presented in this section all refer to s-wave superconductors and thus
may not be appropriate for HTS believed to be d-wave symmetry. On the other
hand there is an ongoing discussion on the symmetry of the order parameter. We
think this result does not support neither of the symmetries. It merely says that to
account for Tc degradation by disorder, various contributions have to be considered
and they may induce big changes of IC.

4. Summary and conclusions

The natural question is to ask why the isotope effect of high temperature
superconductors shows so complicated behaviour. In the present paper a number
of corrections to the superconducting transition temperature induced by disorder
have been discussed and the change of isotope coefficient calculated. We have
found that impurity induced pair breaking in d-wave superconductors well accounts
for the general dependence of α/α0 vs. Tc/Tc0 observed in high temperature
superconductors. To the order the calculations are performed, the dependence is
universal. The change of Tc does not depend on the location of the impurities and
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their “effectiveness to break the pairs” and as a result does not explain the scatter
of the experimental points between different superconductors or different samples.
This can be easily accounted for by the renormalisation group calculations exact to
leading logarithmic order which introduce an additional parameter into the theory
— the sheet resistance. Such calculations have been performed for thin film s-wave
superconductors. Nevertheless the experimental data on bulk d-wave HTS can be
easily reproduced with help of a single fitting parameter which is proportional
to the sheet resistance of the material and is subject to change from sample to
sample.

We have found that the weak localisation effects which lead to the degrada-
tion of Tc usually decrease IC below its canonical value given by the Eliashberg
theory.
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