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W e st udied the n onlin ear elasti cit y e˜ects for the case of I I I { N com -
p ounds . Particularly , w e determined the pressure dep endences of elastic
constants, in zinc- blend e InN , GaN , and A lN by p erformin g ab i ni t i o cal-

culations in the framew ork of plane- w ave pseudop ote ntial implementation
of the density- functiona l theory . W e found signi Ùcant and almost linear in-
crease in C 11 ; C 1 2 w ith pressure for considered nitrides comp ounds. Much

w eaker dependence on pressure w as observed for C 44 . W e also discussed pres-
sure dep endences of two- dimensional Poisson ' s ratio and elastic anisotropy
coe£cient. Finall y, we show ed that the pressure dependence of elastic con-
stants results in signiÙcant reduction of the pressure coe£cient of the energy

emission in cubic I nGaN /GaN quantum wells and essentially impro ves the
agreement betw een exp erimental and theoretical values.

PAC S numb ers: 62.20.Dc, 62.50.+ p

1. I n t rod uct io n

The electroni c and opti cal pro perti es of semiconducto r hetero struc ture s de-
pend cruci al ly on the stra in ari sing from the latti ce m ismatch. Com monly , the
stra in e˜ects in quantum structures , i .e. quantum wells (QW s), wi res or dots
(Q D s), are described using the standard elasti city theo ry wi th elastic consta nts
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independent of the stra in (so-called l inear theo ry). Neverthel ess, there are circum -
stances where thi s simpl e appro ach is insu£ cient.

No nl inear elastic pro perti es of GaAs and InAs have recentl y attra cted signi f-
icant attenti on. Fi rst, Frogley et al . proposed tha t pressure dependences of elastic
constants in GaAs and InAs are requi red to expl ain anomalously smal l pressure co-
e£ cient of band gap (d E G =dP ) in stra ined InG aAs layers [1]. They showed tha t the
m ain contri buti on, responsible f or dra stic reducti on of dE G =dP in biaxi al stra ined
layers of InAs, cam e from the pressure dependence of a two -dim ensional Poisson
rati o, ¡ 2D (P ) , deÙned for zinc- blende structure as 2 C 1 2 =C 1 1 . Second, El laway et al .
calculated pressure dependences of elasti c constants for InAs and di scussed thei r
inÛuence on the pro perti es of InAs / GaAs QD s [2, 3]. They noti ced tha t hydro -
stati c stra in component in the InAs/ GaAs QD s is signiÙcantl y overesti mated by
calculati ons based on linear theo ry of elasticity . Intro duci ng pressure dependence
of elasti c constant for InAs leads to reducti on of the hydro stati c stra in by about
16% [3]. For InAs, pressure dependence of an elastic anisotro py coe£ cient, deÙned
as ˜ = ( C 1 1 À C 1 2 ) =2 C 4 4 was also calcul ated [2]. The ˜ coe£ ci ent describes degree
of ani sotro py of elasti c pro perti es in cubi c crysta ls. Its kno wl edge is im porta nt for
m odel ing of latera l orderi ng of QD s [4]. For InAs, the dependence of ˜ on hydro -
stati c pressure was found to be rather weak, whi ch led to the concl usion tha t the
degree of elasti c anisotro py in InAs QD s is appro xi m atel y the sam e as in relaxed
InAs layers, al tho ugh high hydro stati c stra in is present in the QD s [2].

For the case of I I I{ N com pounds, the nonl inear elasti city e˜ects have not
been systemati cal ly studi ed yet. A pioneering paper in thi s Ùeld was publ ished by
Ka to and Ham a who calculated the pressure dependence of elastic com pl iances
for wurtzi te Al N [5]. Recentl y, Vaschenko et al . ha ve used results of these calcu-
lati ons to estim ate the inÛuence of the nonl inear elasticity on pressure coe£ cients
of the l ight emission (d E E =dP ) in hexagonal Al GaN/ GaN QW s [6]. Ho wever,
in hexagonal Al GaN/ GaN QW s, the m agni tude of dE E =dP stro ngly depends on
the piezoelectri c Ùeld whi ch also shows nonl inear dependence on stra in [7, 8]. For
thi s reason, the inÛuence of the nonl inear elastic e˜ects on dE E =dP in hexago-
nal quantum structures is di£ cul t to veri fy. Much better opp ortuni ty to study
the nonl inear elastic e˜ects is o˜ered by pressure experim ents done on [001] cu-
bi c InG aN/ GaN QW s, since the piezoelectri c Ùeld is absent in these structures
due to symm etry . The experim ental values of dE E =dP for cubi c In 0 1Ga0 9N/ GaN
QW s wi th di ˜erent QW wi dths were reported in Ref. [9]. They were com pared
wi th theoreti cal results obta ined wi thi n a model based on the l inear elastic the-
ory [9]. Signi Ùcant di sagreement between exp erimenta l and theoreti cal results was
found and attri buted to the presence of non-uni form distri buti on of indi um in the
QW s [9].

In thi s wo rk we study the nonl inear elastici ty e˜ects in ni tri de bi nary com -
pounds. Parti cul arly, we have determ ined the pressure dependences of elastic
constants, C ; C , and C , in zi nc-blende InN, GaN, and Al N by perform ing
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ab ini tio calcul ati ons in the f ram ework of pl ane-wav e pseudopotenti al im plem en-
ta ti on of the density- functi onal theo ry [10, 11]. Next, we discuss the pressure de-
pendence of both earl ier m enti oned coe£ ci ents ¡ 2D (P ) and ˜ ( P ) for the case of
ni tri des. Fi nal ly, we show tha t the kno wl edge of the pressure deri vati ves of the
elastic constants is essential f or the calcul ati ons of dE E =dP in cubi c InG aN/ GaN
QW s. W e observe tha t ta ki ng into account the pressure dependence of elastic con-
stants leads to signi Ùcant reducti on of the dE E =dP in cubi c InG aN/ GaN QW s
as compared to resul ts obta ined wi th l inear elastic theo ry and decisively increases
the agreement between theo ry and experim ent.

The paper is organized as fol lows. In Sec. 2 we determ ine the dependence
of elasti c constants on hydro stati c pressure in zinc-bl ende GaN, InN, and Al N.
In Sec. 3 the pressure dependence of ¡ 2D ( P ) and ˜ ( P ) i s di scussed. The inÛu-
ence of the nonl inear elastici ty in zinc-bl ende GaN and InN on dE E =dP in cubi c
InG aN/ GaN QW s is shown in Sec. 4. Co nclusi ons are presented in the last section.

2. P r essu re depen d ence of el ast i c co nst ant s

The pressure dependence of elasti c constants, C 1 1 ; C 1 2 , and C in zi nc-blende
GaN, InN, and Al N has been determ ined by carryi ng out the to tal energy calcula-
ti ons based on a plane-wave pseudopotenti al implem enta tio n of the density- func-
ti onal theo ry [10]. The num erical computa ti ons have been perform ed wi th the
VASP package [11].

Fol lowi ng the argum ents of Ref. [12], the pressure dependent elastic consta nts
are calcul ated as

C P
V P

@ E t o t V P

@" @"
;

where E to t V P i s the to ta l energy per uni t cell , V P i s the uni t cell volum e at
given pressure P , whi ch is found by solvi ng P @E to t =@V , and " ; " are the
elements of the inÙnitesim al Lagrangian stra in tensor.

In Fi gs. 1a{ c we present the elastic constants C ; C , and C in zi nc-blende
GaN, InN, and Al N as a functi on of hydro stati c pressure. One can seetha t C ; C

vary almost l inearl y wi th pressure, C P C C P , wi th ˜ Ù , (12).
The C elastic consta nts show much weaker dependence on pressure and slightl y
subl inear character. At am bient pressure, we have obta ined C GPa,
C GPa, and C GPa for GaN, C GPa, C GPa, and
C GPa for InN, and C GPa, C GPa, and C GPa
for Al N, respectivel y. These resul ts are in good agreem ent wi th previ ous calcu-
lati ons [13, 14] and exp eriments [15]. For f urther calcul ati ons, it is conveni ent to
determ ine the l inear coe£ cients C and C . These pressure deri vati ves of elas-
ti c constants are equal to C : and C : for GaN, C : and
C : for InN and C : and C : f or Al N. From these results, one
can estim ate the derivati ve of bul k m odul us, B , whi ch equals to 3.33, 3.79, and
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Fig. 1. Elastic constants C 11 (squares ), C 12 (dots), and C 44 (triangles) for (a) zinc-

-blende GaN , (b) zinc- blende I nN , and (c) zinc- blende A lN plotted as a function of

hydrostatic pressure. Solid lines are added to guide the eye.

3.34 for GaN, InN, and Al N, respectivel y, and agrees very well wi th values of B 0

0

obta ined from the Murna ghan equati on of state [12]. Again, the values of B 0

0
for

GaN, InN, and Al N agree well wi th previ ous calcula ti ons and experim ents [15, 16].

3 . T wo -d imen sio nal P ois son 's r at i o an d el ast i c an isot r opy co e£ ci en t

Ha vi ng determ ined the pressure dependence of the elasti c constants in cubi c
ni tri des, we proceed to di scussion of ¡ 2D ( P ) and ˜ (P for these com pounds. In
Fi g. 2, ¡ 2D P i s pl otted for pressures up to 30 GPa. Sim ilarly to the case C P

and C P , we observe tha t ¡ 2D P varies almost l inearl y wi th pressure, ¡ 2D P

¡ 2D ¡ 2 D P . For InN, the increase in ¡ 2D P wi th pressure is signiÙcantl y larger
tha n for other two com pounds. One can estimate values of the coe£ cient ¡ 2D whi ch
are equal to 0.0072, 0.0111, 0.0063 GPa for GaN, InN, and Al N, respectively.
The kno wl edge of ¡ 2D i s im porta nt since the pressure coe£ cient of the band gap
in stra in layers is signi Ùcantl y reduced by a term whi ch is di rectl y proporti onal
to the product of ¡ 2D and ini ti al bi axi al stra in [1]. Thus, one can regard ¡ 2D as
a good m easure of the sensiti vi ty of dE G =dP to the biaxi al stra in in a parti cul ar
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Fig. 2. T w o-dimensional Poisson' s ratio for zinc-blende GaN (squares), InN (circles),

and A lN (triangles) plotted as a function of hydrostatic pressure. Solid lines are added

to guide the eye.

m ateri al . Since ¡ 0

2 D i s signiÙcantl y larger for InN tha n for GaN or Al N, one can
exp ect tha t the biaxi al stra in a˜ects more strongly dE G =dP in stra ined InN or
InG aN layers tha n in stra ined GaN or Al GaN structure s.

In Fi g. 3, we show the pressure dependence of ˜ ( P ) for GaN, InN, and Al N,
respect ively. As we have mentio ned in the intro ducti on, ˜ describes the degree
of elasti c anisotro py of a cubi c crysta l . For ideal isotro pi c crysta l ˜ i s equal to 1.
Typi cally, ˜ ta kes value of around 0.5 for zinc-bl ende semiconducto rs. Kno wi ng
the value of ˜ , one can estim ate an error intro duced in stra in-stress calcul ati ons
done using the isotro pi c elasti c theo ry. The degree of elasti c anisotro py is larger
for InN and Al N tha n for GaN, as one can see in Fi g. 3. General ly, we observe tha t
˜ does not change signi Ùcantl y wi th pressure for al l cubi c ni tri des, in accordance
wi th physi cal intui ti on.

Fig. 3. Elastic anisotropy coe£cient for zinc- blen de GaN (squares), I nN (circles), and

A lN (triangles) plotted as a function of hydrostatic pressure. Solid lines are added to

guide the eye.
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4. P r essur e co e£ ci ent s of t h e l ight em issi on
in cu bi c In G aN / G aN Q Ws

In thi s secti on we show the inÛuence of nonl inear elasti city (i .e. the pressure
dependence of elastic constants) on dE E =dP in c-InG aN/ GaN QW s. To do so,
we calcul ate energeti c positi ons of the lowest electron and the hi ghest hole states
in the QW s for vari ous hydro stati c pressures empl oyi ng k Â p envelope functi on
theo ry . The shift of the band edges caused by the hydro stati c and biaxi al stra in
has been accounted f or wi thi n the deform ati on potenti al theory . For each pressure
P , the value of the biaxi al stra in in the InG aN QW has been determ ined f rom
the Ho ok law f ol lowing Ref. [17]. In thi s step the pressure dependent elasti c con-
stants for InG aN al loy have been used (we use Vegard- l ik e law i .e. C I nG a N

˜ Ù
( P ; x ) =

( 1 À x )C G aN
˜ Ù

( P ) + x C InN
˜ Ù

( P wi th ˜ Ù , (12)). Further, for In x Ga x N
al loy, l inear dependence of the shear deform ati on potenti al b on In concentra ti on
x has been assumed [18], whereas nonl inear x -dependence has been used for the
energy gap hydro stati c deform ati on potenti al a g [19]. Param eters of the m a-
tri x for c-InG aN have been ta ken f rom R efs. [20] and [21], however the pressure
dependence of the conducti on band e˜ecti ve mass has been also incl uded [22].

In Fi g. 4, we show theo reti cal and exp erimenta l [9] values of dE E =dP for
c-In : Ga : N =G aN QW s as a functi on of QW wi dth. For comparison theoreti cal
values of dE E = dP calcul ated usi ng l inear elasti c theo ry [9] are also given. One
can see tha t appl icati on of the nonl inear elasti c theo ry resul ts in signi Ùcant reduc-
ti on of dE E =dP in c-In : Ga : N/ GaN QW s by about 4 m eV/ GPa. Thi s resul t
is consistent wi th anomalous 10% reducti on of dE E =dP found earl ier in stra ined
In : Ga : As layers and expl ained by the nonl inear elasti c theo ry [1]. As i t is seen
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from Fi g. 4, when the nonl inear elasti c theory is used, the agreem ent between
exp erimenta l and theo reti cal values of dE e=dP in c-In 0 :1 Ga0 :9 N/ GaN QW s is sig-
ni Ùcantl y im pro ved. Thi s clearly demonstra tes tha t the pressure dependence of
the elastic constants plays cruci al ro le in quanti ta ti ve expl anati on of the observed
reducti on in the pressure coe£ cient of the l ight emission in c-InG aN/ GaN quan-
tum wel ls. Ho wever, the issue of the ro le played by the indi um Ûuctua ti ons in the
QW s in reducti on of the dE E =dP rem ains open and requi res further exp erimenta l
and theoreti cal studi es.

4. Co n cl usion s

In summ ary, we have calcul ated the pressure dependence of elastic con-
stants in zi nc-blende GaN, InN, and Al N. Signi Ùcant and alm ost l inear increase
in C 1 1 ; C 1 2 wi th the hydro stati c pressure has been found for consi dered ni tri des
compounds. Much weaker dependence on pressure has been found for C 4 4 . For
al l cubi c ni tri des, Poisson' s rati o exhi bi ts linear dependence on pressure (wi th the
stro ngest e˜ect in the case of InN), whereas the elastic anisotro py coe£ cient does
not show signi Ùcant pressure dependence. Fi nal ly, we have studi ed the inÛuence of
nonl inear elasti c e˜ects on the pressure coe£ ci ents of l ight emission (d E E =dP ) in
c-InG aN/ GaN QW s. W e have dem onstra ted tha t pressure dependence of elastic
constants resul ts in signiÙcant reducti on of the dE E =dP in c-InG aN/ GaN QW s
as com pared to resul ts obta ined wi thi n l inear elasti c theo ry. Thi s reducti on con-
siderably increases the agreement between exp erim ental and theo reti cal values of
dE E =dP obta ined for c-In 0 :1 Ga : N/ GaN QW s wi th vari ous QW wi dths.
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