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W e presen t a quasi classical appr oach to few -electron quantu m dots in
stron g magnetic Ùelds based on the notion of a collecti vel y rotating Wigner

molecule . A quasicl assical many- particle w ave function is derived and illus-
trated by its applicati on to a tw o-electron quantum dot. I n particul ar , w e
calculate the density- current correlation function (conditio nal current ) and
show that the Wigner crystal in high magnetic Ùelds may be visual ized as

an ordered system of current vortices.
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1. I n t rod uct io n

The probl em of the electroni c structure of few-electron quantum dots rem ains
in the centre of attenti on of sol id state research [1]. Al tho ugh recentl y substa nti al
achi evements have been m ade by relyi ng on the exact num erical soluti on of the
compl icated quantum -m echanical pro blem, simpl e analyti cal m odels are also of
great interest and even becom e increasing ly m ore popul ar [3, 4]. The m ain inter-
est in quantum dots is related to the electro n{ electro n intera cti on and col lective
phenom ena, such as the change of the ground state m ul tipl icit y, the electron den-
sity reconstructi on, and the W igner crysta l l izati on. The appl icati on of a stro ng
m agneti c Ùeld B i s kno wn to facil i ta te the m ani festati on of the above mentio ned
phenom ena. On the other hand, in the stro ng m agneti c Ùeld l imit one is abl e to
construct a sim pl iÙed descripti on by m eans of 1 =B expa nsion.

In the present report we call attenti on to the mani festati on of the classical
nature of quantum dots in stro ng m agneti c Ùelds, and i llustra te the appl icati on of
a simpl e quasiclassical theo ry for quantum dots conta ini ng f ew (2 Ë 5 ) electrons.
Thi s theo ry is based on the assumpti on tha t the electrons are located close to
thei r equi l ibri um points in a rotati ng cl assical W igner crysta l (electron ri ng). In
thi s way, we construct the many-electro n wa ve functi on, obta in the density{ density
and density{ current correl ato rs, and dem onstra te tha t the interpl ay between the
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m agneti c Ùeld and the Eul er- l iquid- l ike behavi our of the electron l iqui d gives rise
to persistent currents Ûowi ng along the electron ri ng as well as local currents
ci rcul ati ng around the electron density lum ps.

2. Mo del

W e consider a 2D parabol ic quantum dot conta ini ng N = 2 Ë 5 electrons
in a perpendi cular magneti c Ùeld B . The classical analysis of thi s system (v al id
in the lim i t B ! 1 ) predi cts the form ati on of a sing le ring of radius a n = a

wi th electrons located equidistantl y at angular positi ons ˜ n ( ˜ = 2 ¤ =n ) as shown
in Fi g. 1 for the case of three electrons. It is kno wn tha t a strong m agneti c Ùeld
forces the electron system to rotate, and in the ground state the system tri es
to com pensate thi s rota ti on by increm enti ng i ts to ta l angular mom entum M . In
the lim it of high m agneti c Ùelds (B À 1

§ 1 ) smal l devi ati ons of electrons f rom
the classical equi l ibri um positi ons (harm onic vi bra ti ons) have to be ta ken into
account. Coupl ing of these vi brati ons to the rota ti on of the system as a who le
compl icates the constructi on of a quantum -m echani cal descripti on. The situa ti on
can be m anaged by intro duci ng a frame rota ti ng wi th a constant angular vel ocity
_â in whi ch the electro n system has zero to tal angular m om entum.

Fig. 1. Local coordinates for three electrons on a ring.

In order to derive the Ha mi l to nian in the rota ti ng frame we fol low Ma ksym
[4] and start f rom the classical La grangian

L = L m ag À V ; (1)

L ma g =
1
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Â
; (2)
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; (3)

where L ma g i s the sum of free-electro n Lagrangians in a m agneti c Ùeld, and V

stands for the conÙnement and intera cti on energies. Here the energies are mea-
sured in uni ts ñh ! 0 wi th ! 0 being the characteri sti c frequency of the conÙnement
potenti al. The coordi nates are m easured in uni ts l0 =

p
ñh= m Ê ! 0 (the osci llato r

lengths), and the magneti c Ùeld in uni ts ` 0 =¤ l 2
0 (` 0 = ¤ ñh c= e ). The dim ensionless

Co ulomb coupl ing constant Ñ = l 0 =a Ê

B is expressed as the rati o of the parabol ic
conÙnement length l 0 to the ẽ ecti ve Bohr radius a Ê

B = ¯ ñh
2

=m Ê e 2 .

The deta i ls of the calcul ati on wi ll be publ ished elsewhere [5], and here we
m erely outl ine the m ain idea whi ch schemati cal ly can be presented as fol lows:

L c l ; la b ! L cl ; r o t ! L cl ; ro t ; nm ! H c l ; ro t ! H q ; ro t ! ˆ ro t ! ˆ la b ² ˆ : (4)

W e tra nsform the Lagrangian (1) into the rota ti ng fram e and intro duce the nor-
m al m odes (nm ) by Fouri er-tra nsform ing the local coordi nates (to be used in al l
expressions hereafter) shown in Fi g. 1. Thi s tra nsform ati on is necessary in order
to deal wi th the addi ti onal condi ti on (the zero tota l angul ar m omentum ) tha t
sets the proper choice of the rota ti on velocity . The obta ined Lagrangian L c l ; ro t ;nm

i s ti m e independent, and the corresp ondi ng Ha mi lto nian is obta ined thro ugh the
standard repl acement of velociti esby the general ized mom enta . Reta ini ng only the
term s of the harm onic appro xi matio n we Ùnd

H cl ; ro t =
1

2 I
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B I

2

2

+
1

2
U 2
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+
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k =1

U k +
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I 0
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+ V k À

M u k

I 0

2

+ V : (5)

Here, the lowercase symbols u k and v k stand for the Fouri er tra nsform s of the local
coordi nates

x n =
1

N

N À 1

k =0

e

i ˜ k ( n À 1 )

u k ; y n =
1

N

N À 1

k =0

ei ˜ k ( n À 1 ) vk ; (6)

whi le the capi ta ls U k and V k are the corresp ondi ng m omenta . The sym bol M

denotes the angul ar mom entum , and the m oment of inerti a is

I = (
p

N a + u 0 ) 2 ; I 0 = N a 2 : (7)

In the harm onic appro xi mati on the quanti zati on of the above Ham i lto ni an
(5) and the soluti on of the Sch�odinger equati on

( H q ; ro t À E ) ˆ ro t = 0 (8)
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is sim ple. The rota ti on angle â i s a cycl ic vari able and thus the angular momentum
M i s a constant of moti on. Qua nti zing, we repl ace thi s m omentum by the integ er
eigenvalue of the corresp ondi ng operator. Thus, the rota ti onal part of the wa ve
functi on is given by ˆ ( ro t ) = exp( iM â ) .

Bef ore proceeding we need to Ùx the radi us of the ring a . Its value is obta ined
by m inim izi ng the potenti al energy, namely, the Ùrst (large) and the last (sm al l)
term s in Eq. (5). W e repl ace the moment of inerti a I by I 0 in the Ùrst term , and
in the smal l last term the electron coordi nates are appro xi mated by thei r classical
equi l ibri um values

V e˜ ( a ) =
1

2 N a 2

˚

M +
B N a 2

2

Ç2

+ N

˚
1

2
a 2 +

Ñ

2 a
f N

Ç

: (9)

Here, the facto r f N =
P N À 1

n =1
j sin( ˜ n= 2 ) j

À 1 =2 i s the Coulom b energy per electron
in a ri ng of uni t radius. We ta ke advanta ge of the di ˜erent m agni tude of the two
contri buti ons and carry out the m inimizati on in two steps. Mi ni mizi ng the large
term we obta in a relati on between the m agneti c Ùeld strength and the ground
state angul ar mom entum

À M = j M j =
1

2
B I 0 =

1

2
N B a 2 : (10)

As expected, the mom entum grows in absolute value wi th increasing m agneti c
Ùeld. The radi us of the ri ng a i tsel f is obta ined m inim izing the smal ler term of the
potenti al wi th the resul t

a = ( Ñf N =2 ) 1 = 3 : (11)

No w ta ki ng into account the expansion

1
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+
1

2
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0
; (12)

we seetha t Ham i l to nian (5) is a col lecti on of non- intera cti ng 1D and 2D oscil lators,
and consequentl y, i ts ground state wa ve functi on can be represented as a product
of the corresp ondi ng Gaussian factors.

T ransform ing the result into the laborato ry f ram e wi thi n the harm onic ac-
cura cy we obta in the Ùnal expression for the many-electro n wa ve functi on

ˆ = eiM â eÀ B K= 4 ; (13)

â =
1

N a

N

n =1

y n 1 À
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N

n =1

x n ; (14)
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Mea nwhi le, Eq. (9) gives the ground- state eigenvalue E ( M ; B ; Ñ) = V ( a ) wi th
an unessenti al energy shift.

No w we i l lustra te the obta ined m any-el ectro n wa ve functi on and the qua-
siclassical character of quantum dots by appl yi ng it to the sim plest two -electro n
case. In thi s case the above wa ve functi on reads

ˆ = exp
iM
2 a

( y 1 + y 2 ) 1
1

2 a
( x 1 + x 2 )

B

4
3 x 2

1
+ 2 x 1 x 2 + 3 x 2

2
+ (y 1 y 2 ) 2 : (16)

We see tha t i t is com posed of two exponents. The Ùrst one, wi th an im aginary
argum ent, is responsibl e for the currents in the dot whi le the other one, wi th a
real argum ent, describes the electron densi ty .

Al tho ugh the wave functi on conta ins the compl ete inf orm ati on about the
system , i t is m ore conveni ent to consi der sim pler sing le-electro n functi ons. Usual ly,
the charge distri buti on is described usi ng the sing le-electron density

£ ( ) = d 2 r ˆ ( ; ) 2 + ˆ ( ; ) 2

d 2 r exp
B

2
3 x 2

1 + 2 x 1 x 2 + 3 x 2
2 + ( y 1 y2 ) 2

exp
4 B

3
x 2 : (17)

We see tha t the electron di stri buti on has a Gaussian pro Ùle and is centred on the
cl assical equi l ibri um radi us. As thi s di stri buti on does not depend on the azimutha l
coordi nate y , the electron density resembl es a broadened ring as shown in Fi g. 2a.
As exp ected, the ground state density reta ins the sym metry of the Ha mi l toni an.

The electron current in the dot is constructed in a simi lar way. For insta nce,
the Ùrst-electro n com ponent of the m any-electron current density reads

(1 ) ( 1 ; 2 ) = Im ˆ ( 1 ; 2 ) 1 ˆ ( 1 ; 2 ) + ( 1 ) ˆ ( 1 ; 2 ) 2 ; (18)

or

j (1 )
x

=
B

4
( y 1 y 2 ) ˆ ( 1 ; 2 ) 2 ;

j (1 )
y

=
1

2 a
M + B a 2 +

B

4
(3 x 1 + x 2 ) ˆ ( 1 ; 2 ) 2 : (19)
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Fig. 2. Tw o electrons in a dot: (a) electron density (17), (b) correlation function (22)

w ith one electron Ùxed at the p oint r 0 .

Now, integ rati ng the obta ined current com ponents over the second electro n coor-
di nates and keeping in m ind tha t the contri buti on of both electrons is the sam e,
the sing le-electron current can be presented as

j ' ( r ) = j y ( r ) = 2

Z
d 2 r 0 j (1 )

y
( r ; r 0) =

1

2 a

À
M + B a 2

Â
£ ( r ) +

2 B

3
x £ ( r ) ; (20)

and j x (r ) = 0 . Fi na lly, integ rati ng the obta ined expression (20) wi th respect to
the radi us we obta in the to ta l azim utha l current Ûowi ng along the electron ri ng

I =

Z
d r j ' ( r ) ¤

1

a
d 2 r j ' ( r ) =

1

a 2
M + B a 2 : (21)

It seems tha t accordi ng to the condi ti on (10) the azimutha l com ponent of the
current should be zero. Ho wever, thi s condi ti on can be sati sÙedonly appro xi matel y
since an arbi tra ry magneti c Ùeld B cannot be com pensated exactl y by a di screte
value of the angular m omentum M . Theref ore, there is an azimutha l persistent
current Ûowi ng in the quantum dot as indicated by an arro w in Fi g. 2a, resembl ing
the persistent currents in quantum ri ngs [6].

Ho wever, the sing le-electro n density (17) and current density (20) do not
reveal the interna l structure of the electron system . For thi s purp ose we have
to calcul ate the correlati on functi ons. The simpl est one is the density{ density
correl ati on functi on whi ch can be obta ined di rectl y from the wa ve functi on (16) by
Ùxing the second electron at the classical equi l ibri um positi on x 2 = y 2 = 0 . Thus,
we obta in the fol lowi ng expression for the density{ density correlati on functi on:

K ( r ) = j ˆ (r ; 0 ) j
2

¿ exp À

B

2
(3 x 2 + y 2 ) ; (22)

shown as a conto ur pl ot in Fi g. 2b. It has the shape of an oval elongated in the
azi mutha l di recti on. The dim ension of thi s electro n lum p is proporti onal to the
inv erse m agneti c Ùeld strength B À 1 .

In order to consider the currents Ûowi ng in a W igner crysta l one has to calcu-
late the density{ current correl ati on functi on (condi ti onal current). It im mediatel y
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fol lows from Eq. (19) wi th the second electro n Ùxed (i .e., x 2 = y 2 = 0 ). W e see
tha t thi s current has two com ponents. One of them , pro porti onal to ( M + B a 2 ) ,
is related to the persistent current whi ch was di scussedabove, whi le the other one
can be presented as

J ( r ) = À

1

4
[ez È r ] K ( r ) : (23)

From the obta ined sim ple expression we m ay conclude tha t the current l ines are
perpendicul ar to the gradient of the density{ densi ty correl ator so tha t the current
Ûows along the constant density curves as i t is indi cated by the sol id oval wi th an
arro w in Fi g. 2b. Mo reover, i t is evi dent tha t

di vJ ( r ) = À

1

4
r [ez È r ] K ( r ) = 0 ; (24)

tha t is, in the considered quasiclassical appro xi matio n the local currents circul a ti ng
around the local ized electrons are conserved. Theref ore, they are physi cal ly well
deÙned even tho ugh there is no general conservati on theorem for the condi ti onal
currents.

5 . V or t ici t y

In order to i l lustra te the adequacy of the proposed quasiclassical model we
compare the calculated local currents to tho se obta ined from the exact num erical
di agonal izati on of the Ha mi lto nian. It is conveni ent to consi der the divergence divj

Fig. 3. Vorticity: exact diagonal izatio n results. N = 4 ; Ñ = 2 , and M . T he blac k

curve indicates the zero-vorticity level, the white ovals denote the same level obtained

from the quasicl assical mo del.
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and vorti cit y ! = ro t z j instead of the current com ponents them selves. The exact
num erical resul ts for the vo rti ci ty in a f our-electron dot are shown in Fi g. 3. One
of electrons is Ùxed at the positi on indi cated by the bl ack dot on the classical
electron ri ng (m ark ed by the dashed circl e). The positi ve vo rti cit y is shown by
the dark areas, whi le the l ight areas indi cate the negati ve vo rti city . The closed
sol id curve shows the zero-vo rti city level. The same zero level obta ined from the
quasiclassical model is indi cated by the whi te sol id oval . W e note a rather good
agreem ent, al tho ugh the real vorti city distri buti on is broader due to the electron
tunnel l ing between the neighbouri ng electro n lum ps whi ch is neglected in the sim -
pl iÙed m odel .

W e also veri Ùed tha t the di vergence is m uch smaller tha n the vo rti cit y whi ch
conÙrms the useful ness of the pro posed quasicl assical model .

In concl usion, we seetha t the obta ined quasiclassical condi ti onal currents are
wel l -deÙned physi cal quanti ti es and i l lustra te the form ati on of the W igner crysta l
in quantum dots at high magneti c Ùelds. The W igner crysta l m ay be vi sual ized as
an ordered system of current vo rti ces rather tha n just charge density lum ps.
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