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Elec tr on tunnell i ng t hrough t wo quantu m dot s in series is theoreticall y
studied . A limit of intermediate couplin g betw een the dots is considered.

T he non-equili bri um Green function formalism is used to calcula te electric
current and mean numb er of electrons accumulated on the dots. Lesser and
retarded Green functions are calcula ted in the H artree { Fock appro ximation
w ith the use of the equation of motion metho d. C urrent Ûowing through the

system calcula ted in dependenc y on gate voltages show s two resonant peaks,
each peak with tw o additio nal shoulde rs. I À V characteristics and di˜erential
conductance in a resonance and out of resonance cases are calculated and

discussed.
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1. I n t rod uct io n

El ectron tra nsport thro ugh a doubl e dot system has recentl y received much
exp erimenta l and theo reti cal attenti on, especial ly in Coul omb bl ockaded and Kondo
regim es [1{ 5]. An im porta nt m oti vati on for such investigati ons is the idea of using
these system s for quantum com puta ti ons [6].

In thi s work we study tra nsp ort thro ugh doubl e quantum dot (D QD ) un-
der Coulomb bl ockaded condi ti ons. A lim i t of interm ediate coupl ing between the
dots is considered. If the interdo t tunnel l ing is stro nger tha n tunnel l ing to exter-
na l reservoi rs Ham i l tonia n of the DQD system can be di agonal ized. The double
dot can be then represented by an ẽ ecti ve sing le dot wi th e˜ecti ve tunnel l ing
coupl ings to externa l electrodes. In a general case these coupl ings strongly de-
pend on the interdo t coupl ing. Such an appro ach to the D QD probl em was used
by several autho rs (see e.g. [3, 7]). Tho se calcul ati ons were based mainly on a
m aster equati on. Li near conducta nce as a functi on of a gate vol ta ge wa s m ainly
inv estigated [3, 7, 8]. Here, we use the non-equi l ibri um Green f uncti on form alism
to study electron tra nsport thro ugh the system. The appro ach al lows us to Ùnd
I À V characteri stics, di ˜erenti al conducta nce as well as mean num ber of electrons
accum ul ated on the dots.
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2 . T he m odel

Ha mi l toni an of the system consisti ng of two quantum dots in series atta ched
to externa l reservoi rs is ta ken in the form

H = H L + H R + H 2D + H T : (1)

T erm s H Ù =
P

k Ù
" k Ù a +

k Ù
a k Ù wi th Ù = L ; R describe left (Ù = L ) and ri ght

(Ù = R ) electrodes in the non-intera cti ng parti cle appro xi m ati on. H 2D describes
D QD and is equal to

H 2D = E L d
+
L d L + E R d

+
R d R + U n L n R + W (d

+
L d R + h :c: ) : (2)

Onl y one energy level E Ù on the dot Ù i s assumed to be acti ve in the tra nsport. Ex-
perim ents are m ainl y perform ed in such condi ti ons tha t Co ulomb charg ing energy
and exci ta ti on energy are much larger tha n k T . Accordi ng ly, only a sing le state
on each dot is importa nt and doubl e occupancy of each dot can be ignored. So,
we consider only empty or sing ly occupied states and om it in Ham i lto ni an (2) a
term describi ng intra dot Coulomb intera cti on. The interdo t Co ulomb intera cti on
is ta ken into account vi a the Hubba rd term wi th the correl ati on param eter U . The
last term in Ham i lto ni an H 2 D (Eq. (2)) describes tunnel interdo t coupl ing wi th
the strength W . T unnel l ing processesbetween D QD and the externa l electro des
are included in H T (Eq. (1)) whi ch ta kes a form : H T =

P
k Ù

( t k Ù a +
k Ù

d Ù + h :c: ) , t k Ù

denotes here a tunnel l ing am pl i tude.
The Ha mi lto nian H 2D can be diagonal ized by m eans of a uni tary tra nsfor-

m ati on [7]. The tra nsform ati on al lows us to represent D QD by a two- level e˜ecti ve
dot. The pro cedure is justi Ùed when the interdo t tunel l ing is stro nger tha n cou-
pl ings to externa l electro des. Thi s new system can be described by the fol lowi ng
Ha mi l to nian:

H = H L + H R +

2X

i = 1

E i c+
i

c i + U c +
1

c 1 c+
2

c2 +
X

k Ù i

( T i
k Ù

a +
k Ù

c i + h:c: ) ; (3)

E i are energy levels of the e˜ecti ve dot. They depend on E L ; E R , and the interdo t
coupl ing W [7]. Ma tri x elements T i

k Ù
describe tunnel l ing pro cesses between the

two - level dot and the electro des [7].

3. No n -equ i l ibr ium G reen fu nct ion for m al i sm

T o study electro n tra nsport thro ugh the system described by the Ha mi l to -
ni an (3) we intro duce the reta rded G r

i j (adv anced G a
i j ) and lesser G <

i j
Green func-

ti ons, whi ch are deÙned in a standard way [9]. The equati on of m oti on metho d is
used to calcul ate both reta rded and lesser functi ons in out of equi l ibri um state [10].
Hi gher order functi ons are spl i t accordi ng to Hartree{ Fock appro xi mati on. The
sam e appro xi m ati on scheme is used for G r and G < . So, both functi ons are calcu-
lated on equal footi ng.
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El ectri c current I Ûowi ng thro ugh the system wi th a bi as vol ta ge appl ied
can be expressed in the form [11]

I =
e

2 ñh

Z
dE

2 ¤

X

i

ç
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i i À R
i i + ~À R

i i À L
i i +

1

2

˚
¤

À
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i À i À R

i À i +
¤

À
R
i À i À L

i À i

Ç Ñ

È j G i i j
2 ( f L À f R ) (4)

and a mean numb er of electrons on the level i i s calcul ated accordi ng to the f orm ula

n i = h c
+
i c i i = i

Z
dE

2 ¤
G <

i i =

Z
dE

2 ¤

±
~À L

i i f L + ~À R
i i f R

²
j G i i j

2
: (5)

In the above expressions f Ù denotes the Ferm i{ D irac di stri buti on functi on. À Ù
i j

can be expressed in term s of the bare coupl ings À Ù = 2 ¤
P

j t k Ù j
2

£ ( " À " k Ù ), the

interdo t coupl ing W; E L , and E R [7]. ~À
Ù

i i
and

¤

À
Ù
i À i

describe here certa in e˜ecti ve

coupl ing parameters whi ch are related to À
Ù
i j [11]. One can see (Eq. (5)) tha t ~À

Ù
i i

determ ine G <
i i

f uncti on. Simil arly, À
Ù
i i

determ ine G <
i i

. Electri c current I and n i

are calcul ated self-consistentl y.

Form alism described in the previ ous section al lows one to investigate a gen-
era l case wi th D QD coupl ed sym metri cal ly or asymm etri cal ly to the externa l leads.
Here, we di scussand present num erical resul ts onl y for the sym metri cal case. T un-
nel l ing coupl ings À L ; À R between D QD and the two electro des are assumed to be
the sam e and equal to À . In the fol lowing À i s trea ted as an energy uni t. Calcul a-
ti ons are perform ed for interdo t correl ati on parameter U = 1 6 À and tem perature
T = À =k . The interdo t coupl ing W i s trea ted as a tuna ble param eter. Positi ons
of energy levels E L and E R in the coupl ed dots can be independentl y changed by
gate vol ta ges V g L ; V g R appl ied to L and R dots, respecti vely.

Fi gure 1 presents in the grey scale electri c current I Ûowi ng thro ugh the
D QD system under a bias vo l tage V = 2 À = j e j in dependence on gate vol ta ges
V g L ; V g R . The Ùgure shows tha t tra nsport is possible only for certa in values of
gate vo l tages. There are tw o sharp resonance peaks when energy levels of the
e˜ecti ve dot E i or E i + U enter a tunnel l ing wi ndow. W hen gate vol ta ges V g L or
V g R are swept electro chemical potenti als of the L and R dots can be al igned and
resonant tunnel l ing can take pl ace. The current is enhanced along the sol id l ine, for
whi ch thi s condi ti on is f ulÙlled. However, each peak shows two addi ti onal shoulders
m arked in the Ùgure wi th dashed l ines. The shoul ders app ear when the level E 1

or E 2 of the e˜ecti ve dot enters a tunnel l ing wi ndow. Som e changes in E L or E R

induced by gate vo lta ges Vg L or Vg R do not change substa nti al ly E 1 (E 2 ), so the
levels sti ll appear in the tunnel l ing wi ndo w. Increa sing W , i .e. the streng th of the
interdo t coupl ing, produces m ore pronounced shoulders. The results are consistent
wi th the ones calculated by Zi egler et al . wi th the use of a m aster equati on [7].
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Fig. 1. Electric current in a grey scale in dependence on gate voltages calculated for

W = 2À , E L = 4 À , V = 2À = j e j .

Fig. 2. C urrent in dependency on bias voltage for W = 2À in a resonant case Â = 0

and out of resonance cases Â = 4À ; Â = À À .

I V characteri sti cs are presented in Fi g. 2 f or interdo t coupl ing W À .
Cha racteri sti cs are ta ken f or three di ˜erent situa ti ons, namely in the resonant case
wi th Â E E and in two out of resonance situa ti ons wi th Â À

and Â À . The current thro ugh the D QD system is resonantl y enhanced when
the levels of L and R dots are aligned, i .e. E E . In out of resonance cases
(Â À ; Â À ) current is m uch smal ler. In al l cases the current shows a
stepwi seincrease wi th increasing bi as vol ta ge. The step app ears when an addi ti onal
level enters a bias wi ndow, so an extra tra nsport channel opens. Fi gure 2 shows
tha t only som e current steps are well vi sibl e. T o analyze the problem we calcul ate
the di ˜erenti a l conducta nce G .

In the resonant case (Â ; E E G shows f our well -deÙned peaks
(Fi g. 3a). A peak in G appears when a m ean numb er of electro ns n c c

i , 2) accumula ted on level E of the e˜ecti ve dot increases. It can be seen in
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Fig. 3. Lef t panel: Di˜erential conductance (solid line ) and mean numb ers of electrons

n 1 (dotted line) and n 2 (dashed line) as functions of bias voltage for W = 2À in a

resonant case Â = 0 (a) and out of resonance cases Â = 4À (c), Â = À 4 À (e). Right

panel: N umb er of electrons n L , n R on lef t and right dots.

the Ùgure where n and n are also presented as functi ons of bi as vol ta ge. In the
region of smal l vo lta ges the low-energy level E i s m ainly occupi ed. An increase
in n leads to a decrease in n whi ch is a result of Coul omb repul sion U between
electrons. In the resonant case wi th energy levels of the both dots al igned a mean
num ber of electro ns n d d Ù L; R ) local ized on the left and right dot
is practi cal ly the same (Fi g. 3b). n shows a stepwi se increase wi th bias vol tag e
increasing.

In out of resonance case wi th Â À three peaks in G are vi sible(Fi g. 3c).
In thi s case the distance between levels E and E of the e˜ecti ve dot is qui te con-
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siderable. The energy level E 1 starts to Ùll up and becom es almost ful ly occupi ed
at relati vel y low vol ta ges, whereas E 2 rem ains empty (Fi g. 3c). A strong increase
in n 1 leads to a high peak in the conducta nce. An increase in n 2 gives only a
cusp in G di ˜ . In the hi gh vo lta ge region n 1 i s practi cal ly constant but n 2 starts to
increase when E 2 + U enters a tunnel l ing wi ndo w. So, for high vo lta ges only one
peak corresp ondi ng to E 2 + U can be observed in G di˜ .

For Â = À 4 À the m ain peak in G di˜ corresponds to the zero bias and
no blockade is obta ined (Fi g. 3e). In such a situa ti on the ri ght dot is almost
hal f-occupied, the left one is alm ost empty and the current can Ûow thro ugh the
system under a smal l bias vol ta ge appl ied. W i th increasing V a m ean numb er of
electrons on the dot R | n R di mini shes substa nti al ly and a numb er of electrons
on the left one | n L starts to increa se (Fi g. 3f ). Simil arly , n 1 decreases and the
level E 1 becomes alm ost empty , whereas n 2 increasesand the level E 2 starts to Ùll
up (Fi g. 3e). The peak whi ch corresp onds to an increase in n 2 overl aps wi th the
m ain peak in G di˜ , so the two peaks are not resolved. Onl y som e enhancement
in G di˜ can be observed. In the hi gh vol ta ge regime occupati on numb ers n 1 and
n 2 start to increa se when levels E 1 + U and E 2 + U one after the other enter
a tunnel ling wi ndow. The appro pri ate peaks are well vi sible in G di˜ . Ho wever,
am pl i tudes of the peaks are di ˜erent.

Cl ose relati ons between occupati on numb ers of the tw o coupl ed dots and
positi ons as well as ampl i tudes of the conducta nce peaks for a resonant case and
out of resonance ones were found by Kl im eck et al . [8]. Ho wever, they discussed
a l inear conducta nce G , wherea s we present results obta ined for the di ˜erenti al
one G di˜ .
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