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Inhomogeneous spin and cha rge orderings in dop ed two- dimensiona l
correlated electron systems descri bed by the extended H ubbard H amilto-

nian w ere in vestigated . A t the crossover from strip e phases to charge or-
der phases, the novel typ es of ordering connected w ith highly symmetric
superlattice -typ e spin and charge patterns w ere identi Ùed. In particular, the

emergence of local hexagonal- li ke symmetry is of interest as such patterns
are generic in complex, nonlin ear dynamic systems.

PAC S numb ers: 71.10.Fd, 71.27.+ a, 75. 25.+ z, 71.15.N c

1. I n t rod uct io n

Inho m ogeneous charge and spi n orderi ngs in doped cupra tes, so-called stri pe
phases, attra cted much attenti on due to thei r possibl e ro le in the high tem perature
superconduct ivi ty [1]. They were discovered both in cupra tes [2] and nickelates [3].
In general , they are present in system s wi th relati vel y smal l doping £ = 1 À n (typ-
ically 1/ 8, where n is the band Ùlling) and for m edium to stro ng on-site Coulom b
repul sion U and not to o large intersi te repul sion V [4]. For systems wi th larger
hole concentra ti ons the stri pes are repl aced by charge order (C O) [5, 6]. The theo -
reti cal inv estigati ons of the stri pes and CO in two - and three- di mensional system s
wi th Co ulomb inter- and intra -site repul sion are num erous and inv olve vari ous
theo reti cal approaches[7, 1]. They al lowed to understa nd the leadi ng m echanisms
of m agneti c and/ or charge instabi l i ti es leading to the sym m etry broken ordered
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states, but as a rul e stro ng sim pl i fying assumpti ons about the ground state sym -
m etry were m ade in m ost papers. Theref ore the hyp otheti cal presence of many
phases, in parti cul ar tho se showi ng com plex spin and charge sym metry patterns,
wa s not ful ly investi gated.

In the present paper we woul d l ike to pro vi de some interesti ng exampl es
of such phases. They can be consi dered to be interm ediate between stri pes and
CO phases and as such deserve a pro per attenti on. The stri pes and the usual
two -subl atti ce CO phases were di scussed in m any separate inv estigati ons and
theref ore here we wi l l not com ment much on them .

2. T heor y

W e studi ed the ground state of the standard sing le-band extended Hubba rd
Ha mi l to nian,
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Here c
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are creati on operato rs for an electron wi th spin ¥ = " ; # at site i , and

n i ¥ = c
y

i ¥
c i ¥ are electron numb er operato rs. The hoppi ng elements are Ùnite,

t i j = À t , on the bonds h i; j i whi ch connect nearest neighbors and zero otherwi se.
The sum h i; j i runs over al l nearest neighbor pai rs. Coul omb intera cti ons U and
V are expressed in the uni ts of the hoppi ng element t = 1 .

W e considered two -dim ensional (2D ) square clusters conta ini ng N = 6 4 sites
wi th periodic bounda ry condi ti ons, wi th holedoping £ = 1 À n = 1

8
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4
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2
away f rom

hal f-Ùll ing (n = 1 ), where n i s an electro n density . Fi rst, the calcul ati ons wi thi n
the Ha rtree { Fock (HF) appro xi mati on were perf orm ed to determ ine the ground
state wa ve functi on j ˆ H F i and in the next step the HF wave f uncti on was m odi Ùed
to include the electro n correl ati on e˜ects. We used local ansatz [8] for the corre-
lated ground state, j ˆ i = exp( À

P
ñ

˜ ñ O ñ ) j ˆ H F i , where O ñ are properly chosen
local operato rs and ˜ ñ are the correspondi ng vari atio nal param eters. In thi s way,
the ground state wa ve functi on can be opti m ized and energeti cal ly unf avorabl e
conÙgurati ons, such as doubl e occupanci es at one site, and to o large charge and
spi n Ûuctuati ons on the neighbori ng sites are suppressed. The vari ati onal param -
eters f ˜ ñ g were Ùxed by m inimi zi ng the tota l energy E in the correl ated ground
state. To avoid the burden of worki ng wi th al l ˜ ñ simulta neously (the num ber
of di ˜erent ˜ ñ amounts to several hundreds) we used the local increm ents (LI)
expansi on [9], the m etho d whi ch m ade correl ati on trea tm ent of sol ids reasonabl y
\ non-expensive" .

HF com puta ti ons were run starti ng from di ˜erent ini ti al charge and spin
conÙgurati ons. The minim ized energy E H F has a multi tude of local mini ma. In
thi s respect to o few HF starti ng conÙgurati ons m ay result in a fai lure to Ùnd the
true ground state m inimum . For the sake of present study , for each set of U and
V < 1

2
U we picked 50 di ˜erent, careful ly chosen starti ng conÙgura ti ons. In thi s way
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we wa nted to makean account for any (possible a pri ori ) ground state kno wn f rom
the l itera ture, such as anti ferromagneti c order, vari ous stri pe phases,polaronic-l ike
conÙgurati ons and vari ous CO phases wi th nonhom ogeneous charge density and
m agneti zati on distri buti on. As a resul t we obta ined num erous HF- stabl e pha ses
wi th di ˜erent energy and/ or di ˜erent spi n and charge patterns. For each such
phase we perf orm ed the LI correl ati on com puta ti ons obta ini ng the Ùnal (to ta l )
energy, E = E H F + E corr . The m inimal va lue of E was used to identi fy the true
ground state. Mo re techni cal deta i ls can be found in Ref. [4].

3. Th e no v el sup er l at t ice -t yp e ph ases

3.1. U = 6 , low dopi ng £ = 1
8

In the interm ediate coupl ing regim e and for the l ightly doped systems (£ = 1
8
)

vari ety of stri pe-l ike structures for smal l values of V up to V = 1 :0 wa s found.
At larger V one Ùnds instead ni ne-site anti ferrom agneti c islands separated by
non-magneti c dom ain wal ls in both horizonta l and verti cal di recti ons. Such pattern
can clearl y be term ed a superlatti ce (see Fi g. 1) and are interm ediate between
stri pes and CO phases sharing com mon features wi th both of them . Indeed, for
V = 1 : 3 verti cal stri pe phases are stable again but simul ta neously strong charge
density m odul ati on on domain wal ls develops. For sti l l larger V im perf ect (spa ce
inhom ogeneous) CO phase sets in [4].

Fig. 1. Magnetic and charge order as obtained for an 8 È 8 cluster w ith U = 6 ; V

at doping . T he circle diameters corresp ond to the on-site charges, and the arrow

lengths to the spin values expressed in nearest neighb or atom {atom distance w hich is

taken to be unity .
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3.2. U = 6 , large doping: £ = 1

2

For large dopi ng and V < 1 : 5 spi n and charges show superlatti ce-typ e order-
ing whi le CO sets in f or larger V . Typi cal pattern is shown in Fi g. 2 (f or V = 0 ),
i .e., regul arly placed anti ferrom agneti c polaronic islands wi th smal l magneti c m o-
m ents. The shape of the islands (f or di ˜erent V ) can change a l ittl e bi t but as a
rul e the islands form smal l magneti cal ly ordered squares.

The polarons are well separated from each other and resembl e Zhang{ Rice
sing lets at low doping [10]. Here these states occur in otherwi se non-m agneti c
(unp olari zed) background and dem onstra te generic tendency to wards anti ferro-
m agneti sm whi ch survi ves local ly even in large dopi ng regim e.

Fig. 2. Magnetic and charge order as obtained for an 8 È 8 cluster with U = 6 ; V = 0

at large doping £ = .

Let us note tha t for lower doping £ = 1
4

for al l studi ed values of V (i .e.,
0 < V < 3 ) such interm ediate superlatti ce-typ e patterns are absent. In thi s case
one Ùnds Ùrst verti cal and diagonal stri pes for lower values of V , and usual CO
phases for V > 1 : 6 5 .

3.3. T he medium to strong coupl ing regime U = 8 and large dopi ng: £ = 1

2

For m edium to strong coupl ing regim e and low dopings £ = 1

8
; 1

4
onl y

stri pe phases and im perf ect CO for V > 1 : 8 are the m ost stabl e. No interm e-
di ate superlatti ce-typ e structures were found whi ch suggests tha t such structures
are suppressed by a higher v alue of V . However, for the large doping £ = 1

2
the

situa ti on is again much the sam e l ike tha t found f or interm ediate coupl ing U = 6 .
Hi ghly symm etri c sup erlatti ce-typ e spin and charge patterns are the most stable
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Fig. 3. Lo cal hexagonal , magnetic, and charge order as obtained for an 8 È 8 cluster

w ith U = 8; V = 0 : 4 at large doping £ = .

ones for 1 2 . In our opi nion, the most interesti ng Ùndi ng is sporadic appear-
ance of local hexagonal -l ike order shown in Fi g. 3.

W e attri bute the m echanism whi ch governs form ati on of such hexa gonal
phase to belong to the realm of nonl inear, nonequi l ibri um phenom ena. W e believe
tha t for large dopi ng in the regim eof strong on-site intera cti ons any starti ng charge
conÙgurati on necessari ly m ust show stro ng charge gradi ents whi ch to gether wi th
large Coulom b intera cti on su£ ce to dri ve local tra nsi ti ons belonging to the same
category as nonl inear Benard{ Ma rangoni convecti on wi th hexagonal convecti on
cells [11].

The mechanisms leadi ng to novel structure s such as the ones shown in
Fi g. 3 are not yet com pletely understo od. Several f actors contri bute : strong local
Co ulomb intera cti on polari zes the sites wi th enhanced electron density , whi le
the intersi te Coulom b intera cti on induces a com pl icated pattern of the charge
density wa ve. Even at the sites wi th lower electro n densiti es smal l m agneti c m o-
m ents are form ed whi ch helps again to lower the intera cti on energy due to the
on-site term .

One can conclude tha t a multi tude of inhom ogeneous spi n and charge or-
dered ground states is possible in the doped, stro ngly correl ated electron system s
in two dim ensions. W hi le for weak (stro ng) intersi te Co ulomb intera cti on the stri pe
phases (charge order phases) are generic, the phase situa ti ons is not sim ple for the
interm ediate coupl ing. The local symm etry of the m ost stable patterns does not
need to mirro r the underl yi ng latti ce sym metry but is rather governed by a com -
pl icated balance of several com peti ti ve factors. In parti cul ar, the novel superlatti ce
patterns and the charge order wi th a local hexa gonal sym metry are mani festati ons
of such competi ti on in strongly correl ated electro n system s.
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Theref ore the sponta neous sym m etry breaki ng f ound in geometri cally un-
frustra ted latti ce gives com plex structures (wi th coexi sting charge and m agneti c
order) characteri sed by large uni t cells.
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