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Control of Valence-Band Hole Spin
by Electric Field
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Coherent properties of the hole spin in an electric field are investigated.
The tunneling between valence bands is used to control the transitions be-
tween the spin states. Extensive numerical studies using the time-dependent
Schrodinger equation for valence band are presented to demonstrate the
characteristic properties of the hole spin dynamics in dc, harmonic, as well
as optimized electric fields for real valence bands of silicon. The paper also
shows how one can connect the average hole spin with the initial hole wave
function in the time-dependent Schrodinger equation.

PACS numbers: 72.20.Jv, 73.40.Gk, 78.55.-m, 79.90.+b

1. Introduction

An important ingredient in the fast developing field of spintronics, where
both the electronic charge and spin are on equal footing in the device operation,
is the possibility to control the spin states of a ballistically moving or drifting
charge carrier [1]. Normally, the control is done by a constant or time-varying
magnetic field. The best known example of such quantum control is evidenced by
the nuclear magnetic resonance which has found a wide application in chemical
and medical tomography [2]. However, contrary to electric field, the magnetic
field is “inert”, thus, it appears difficult to achieve fast spin switching between
magnetic eigenstates of the quantum system if picosecond or shorter duration
magnetic field pulses are used. To have an access to magnetic degrees of freedom
by electric field, one usually resorts to the relativistic interaction — better known
as spin—orbit interaction — between the electric field and the electron magnetic
moment. In atomic physics, the use of spin polarized electronic beams has proved
to be very effective in the investigations of spin—orbit effects in the electron—atom
collisions [3, 4].
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As concerns energy-band spins in semiconductors, the main investigations,
apart from interband optical spectroscopy in the magnetic field, were focused on
the optical orientation, where overgap photoluminescence was used to study the
conduction-band spin properties in bulk semiconductors [5]. After the proposal of
the spin field effect transistor (spin-FET) by Datta and Das [6] in the last decade,
a new stimulus in the investigation of spin-polarized transport in semiconductors
resurged. Recently, the spin-FET that is supposed to work in the diffusive regime
rather than in the ballistic regime was proposed [7]. The crucial ingredient, which
makes the control of electron spin possible in 2D structures, is the spin—orbit
interaction at the interface of two semiconductors (the Rashba interaction), the
strength of which can be controlled by electric field applied to the gate electrode.

As concerns the valence bands of semiconductors, the spin—orbit interaction
here is strong enough even in bulk semiconductors, where valence band branches
correspond to different values of the total angular momentum. For example, in
elementary and A3zBs semiconductors the projection of the total angular momen-
tum for heavy-mass band holes is predominantly equal to £2, while for light-mass
band it is 1. Application of an external electric field mixes various valence band
branches, most strongly at the center of the Brillouin zone, as a result the hole
tunneling between various branches may take place [8-10]. If intervalence band
scattering by phonons prevails, the mixing of the valence bands by electric field
usually is neglected [11]. However, under intense ultrashort pulse excitation of the
p-type semiconductor there may be a substantial contribution of the tunneling to
intervalence transitions [12, 13]. Recently, it was shown that the tunneling mixing
of valence bands by electric field can also be used to control hole spin [14]. In
Ref. [14] the simplest case of two parabolic and spherical bands was considered,
where it was shown that the band mixing in electric fields in principle could be
used to switch the hole spin coherently between two spin states by femtosecond
pulses that are shorter than the lattice-limited dephasing time of the hole wave
function.

In this paper a more realistic situation is analyzed, where all three nonspher-
ical and warped valence bands — heavy-mass, light-mass, and spin—orbit split-off
— are included. Since under short pulse excitation the initial conditions play very
important role, in the next section at first we shall stop on the initial conditions
that are related to valence band hole spin. In the next two sections, numerical
results that illustrate hole spin properties at short times in dc, harmonic, and
optimized electric fields are presented.

2. Initial conditions and equations solved

As known, the valence band of tetrahedral semiconductors consists of the
heavy- and light-mass bands which merge at the wave vector & = 0 and of the
split-off band separated by energy A. At k = 0, the spin 1s a good quantum num-
ber (in a sense that the hole spin operator commutes with the Hamiltonian). The
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total angular momentum, which for simplicity here will be referred to as spin, for
heavy- and light-mass bands is J = £ (in units of A). The spinor |J = £, m = £+2),
where m is the magnetic quantum number, corresponds to heavy-mass and
|J = 2,m = £1) corresponds to light-mass band. The spinor |J = L, m = £1)
describes the spin—orbit split-off band. As mentioned, J and m could be used
to identify the hole wave function at & = 0 or in the vicinity of this point.
However, for distant points, due to mixing of the spinors, such approximation
i1s unsatisfactory, a J and m are no longer good quantum numbers. To have a
quantitative measure of the influence of mixing of the basis functions at points
where k # 0, in Fig. 1 there is plotted the dependence of the square of hole
spin (J*) = (J,m|J? + Jy2 + J2|J,m), where J,, J,, and J, are the Carte-
sian components of the spin operator J. The calculations were performed for
realistic bands of silicon. The following Luttinger-Kohn parameters were used:
v1 = 4.22, v5 = 0.53, v3 = 1.38, A = 0.0426 eV. The method of calculation is
described in [15]. At k = 0, one has (J?),; = 12 for both heavy- and light-mass
bands, while for the split-off band one has <J2>s = £, These values coincide with
those in the atomic physics: (J?) = J(J + 1). At finite values of k, as seen from
Fig. 1, the strongest mixing takes place between light-mass and split-off bands. The
mixing is anisotropic: the smallest mixing is in the (100)-type while the strongest
one is the (111)-type directions. The wave vector k = 0.23 nm~! in the latter case
gives the hole energies 8.58, 27.7, and 80.6 meV, respectively, for heavy-, light-,
and split-off bands. From Fig. 1 one can also see that <J2>h is nearly independent
of k. However, this is not a general property. For example, its value drops down

to 2.7 at |k| = 0.5 nm~!, when k|| (110).
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Fig. 1. Dependence of the square of hole spin on the magnitude of hole wave vector k
for heavy-mass, light-mass, and split-off bands. (a) k|| {100}, (b) k|| (111).

From what has been said it is clear that, apart from uninteresting case k = 0,
the hole spin quantum numbers are unsuitable for the description of the initial
conditions in the time-dependent Schrodinger equation. This property reflects the
fact that the valence band Hamiltonian and the spin operator do not commute and,
therefore, the hole cannot possess a well defined energy and spin at the same time.
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In the numerical simulations described in next two sections we shall assume that
at moments ¢ < 0, before switching of the electric field, in the semiconductor there
are ballistic holes characterized by k and a well defined band energy &;(k), where
¢ is the band index. Since the density of states in the heavy-mass band is much
larger than that in the light-mass band, in the simulation we shall also assume
that the ballistic holes at ¢ = 0 occupy the heavy-mass band only. The hole spin
at ¢ = 0 will be characterized by average (in a quantum mechanical sense) spin
value (J) = (4;|J|¢;), where 1; is the wave function of the é-th band. Therefore,
we assume that the direction and only an average value of the spin is defined by a
spin injector, for example, by electrical contact fabricated from the ferromagnetic
semiconductor [16]. A limit of negligible concentration of the injected holes will be
considered.

In Ref. [15] it was shown that the average hole spin can be described by two
parameters, a and ¢, if the hole is in one of the bands. Specifically, if at ¢ = 0 the
hole is in the heavy-mass band — the case we are interested here in — then its
initial wave function in the energy representation can be described by the following
superposition state:

f=(a,e?V1—-4a20,0,0,0). (1)

The following order of bands is assumed (f}(l-l_), f}(l_), f1(+), fl(_), fs(+), fs(_)),
where the subscripts h, 1, and s denote heavy-, light-, and split-off bands and the
superscripts (4) and (—) correspond to two degenerate states. The wave function
(1) is normalized to unity. Similar superposition states can be written for other
two bands. In Table the relations between average values of the spin components
{Jz), (Jy), {J:)} and the parameters a and ¢ are presented for four considered in
this paper high symmetry directions of the wave vector in the limit & — 0. The
relations for other directions of k and the explanation how they were calculated
can be found in [15].

TABLE
Hole spin projections {{J:},{Jy),{J:}} for heavy-mass, light-mass, and split-off
bands for high symmetry directions of the wave vector k considered in this paper.
S =2av/1—a%sin ¢, C =2ay/1 —a2cos ¢, @ =1— 2a®. The quantization axis

is parallel to z direction.

k Heavy-mass band Light-mass band Split-off band
001] | {0,0,—3Q} {C.5,-1Q} ~HC 5.}
[10] | {-2¢,0,0) (-1C,5,Q} 1€, 5,0}
[111] | 2(C+ 5 -5Q) H{-C+55+Q,-5C {20 -5+2Q,C0-25
x{1,-1,1} +5—-Q,—C—5-5Q} | —2Q,—2C — 25+ Q}
[111] | 2(C - 5+5Q) i{-C—-55-Q,5C {20 +5-2Q,-C-25
x{1,1,—1} +5-Q,C—5-5Q} —2Q,2C — 25+ Q}
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The following observations related to Table will be noted. In general, for a
given k the spin (J) may point in any direction, however, its length depends on the
angle between k and (J). The end of (J) spans a closed surface when @ and ¢ is
varied, respectively, in the range a = (0...1) and ¢ = (0...27). For heavy-mass
holes, when k is parallel to one of high symmetry crystallographic axes, the spin
surface reduces to a line. For example, as seen from Table, if the heavy-mass hole
is propagating in y direction, i.e. along [010] crystallographic axes, then its average
spin will be along z axis and the magnitude of it will lie in the range from —2
to 4+£. If the hole is in the split-off band, then the average spin surface is the
sphere of radius [(J)| = 1, since \/(—;—)Q(Q2 + 524+ C?) = L, where @), S, and
C' are defined in Table. In case of light-mass hole the spin surface is an ellipsoid.

The surfaces that belong to the family of wave vectors of the same symmetry are
related by symmetry relations of the corresponding wave vector star. If the hole is
propagating along lower symmetry direction, say, along [111] crystallographic axes,
the heavy-mass hole spin will be parallel to [111] direction and will range from
— % to %. However, for this direction, as follows from Table, the light-mass and
split-off hole spins are characterized by more general second-order surfaces.

At finite k’s, one must use numerical methods to find the relation between the
parameters ¢ and ¢ and the average spin (J). Examples can be found in Ref. [15].
Figure 1 and similar figures in [15] for GaAs and InP may serve as a guide, when
k = 0 approximation breaks down. From what has been said the remarkable point
to be noted is that the parameters a and ¢ relate the properties of the ballistically
injected spin into degenerate bands with those of the initial wave function in the
Schrodinger equation.

The spin dynamics and intervalence transitions were described by the fol-
lowing Schrédinger system of equations for the six-component state-vector [¢) in
the effective mass approximation

o)

ih— = [Hix (k) + He (k)] [¢), (2)

where i = +/—1 and £ is the Planck constant. Hrx(k) is the 6 x 6 Luttinger-Kohn
Hamiltonian [17, 18], which is a function of the hole wave vector k= (ky, ky, k).
Hr(k) is the field term. Using the equation of motion for the wave vector

dk/dt = (e/R)F(1) (3)

in the electric field F, the Schrédinger system (2) can be transformed from partial
to total derivatives. The correct form of the field Hamiltonian Hr(k) was derived
recently in [19], where it was shown that the Hp(k), along with the term that is
proportional to electric field F;, must also include the terms proportional to k; F}
and F]?’, where ¢, 7 = z,¥, z. In the following only the leading term proportional to
the electric field was retained:

eF(t) 0

Hy(k) ~ 3 (4)
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where e is the elementary charge. Estimation of the higher order terms in Hp(k)
shows that their contribution does not change qualitatively the results presented

below.
The time dependence of the average spin projections was found from

(J5)i = (il Jjleba), (5)
where J; is j-th component of the total 6 x 6 angular momentum matrix. The
subscript j denotes the Cartesian component (z, y, or z) and the subscript ¢
denotes the band (¢ = h, 1, or s). The concrete forms of the matrices J; can be
found in [15]. The numerical singular value decomposition was used to connect
the state vector |¢) in spinor representation and its partner in the energy band

representation, for example, represented by expression (1).

3. Stepped and harmonic field

In this and next section numerical results on spin evolution of the valence
hole in constant and time-varying electric fields is presented. In all figures the
ballistic hole, at the moment ¢ = 0, is assumed to be injected in the heavy-mass
band and possess the wave function (1). Silicon valence band parameters were
used in the simulation.

Figure 2 shows hole spin precession induced by stepped electric field of the
amplitude 20 kV/cm. In Fig. 2a the electric field F is parallel to [100] direction
and at the same time is perpendicular to the wave vector k = (kgo, kyo, k.0) =
(0,0,0.472) nm~!. The initial spin was maximized in accordance with Table. The
initial energy of the hole is eng = 26.86 meV. In Fig. 2b, F || [111] and k& =
0.109 x (1,—1,1) nm~*. The precession of the spin may be understood by noting
that, according to Eq. (3), the wave vector is proportional to time and that the
strongest mixing of the heavy- and light-mass bands due to electric field occurs
when the wave vector 1s close to the Brillouin zone center. The mixing of the wave
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Fig. 2. Precession of the hole spin induced by 20 kV/cm field step switched on at the
moment ¢t = 0. (a) F || [100], ko || [001], (b) F'|| [111], ko || [111].
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functions results in hole tunneling to the light-mass band and subsequent beating
between heavy- and light-mass band wave functions. The beating amplitude is
the largest when in the superposition state the contribution of both bands is of a
comparable magnitude. When the hole is far away from the Brillouin zone center
the mixing of the wave function by electric field ceases, however, the average energy
of the hole in the superposition states continues to grow. As a result the beating
frequency between heavy- and light-mass bands grows, which is also reflected in
the spin precession frequency, too.

Spin projection (J;)
Spin projection (J;)

6 7
Time [ps] Time [ps]

Fig. 3. Evolution of spin components in harmonic and linearly-polarized field at
resonance, when F' || [001]. The initial wave vector and field amplitude: (a) ky =
(0,0.3778,0) nm~2, Fy = 617 V/cm; (b) ko = 0.1417x (1,1, 1) nm~", Fy = 1440 V/cm.

Figure 3 shows the evolution of spin components under harmonic excitation.
The frequency w of the field was tuned to heavy-light transition: iw = 9.81 meV
in Fig. 3a and Aw = 10.78 meV in Fig. 3b. The initial spins are different in
both figures. Two types of oscillations, fast and slow, are clearly seen. The slow
ones are associated with the Rabi oscillation of hole population between heavy-
and light-mass bands. The period of the Rabi oscillations is proportional to field
amplitude Fy. In Fig. 3a, the change of the band population correlates with the
change of (/) component between —2 and —1. The maximum of (J;) corresponds
to total hole transfer from the heavy- to light-mass band. The frequency of the
fast oscillations, which are the most clearly seen in (J,) and (J.) components in
Fig. 3a, coincides with the exciting field frequency w. If w is chosen to be slightly
out of the resonance, then an additional beating between the resonance and laser
frequencies, similarly as it is observed in the atomic transitions, occurs. The main
difference between Fig. 3a and b is that in the former the initial and final spin
points in the same direction, while in the latter the initial and final spin points
in different directions. Also, the change of the magnitude of the spin in Fig. 3a is
larger than in b. This reflects the general property of the spin—orbit interaction:
it is proportional to the mixed vectorial product J - (F x k). As a result it is the
strongest when the vectors J, F, and k are mutually orthogonal, as in Fig. 3a. By
the same reason, if the two of three vectors are parallel, the intervalence transitions
are forbidden and, consequently, the population and spin do not change with time.
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Figure 4 shows the case, where circularly polarized field is used to induce
heavy-light transitions. The field vector is rotating in the k,—k, plane, while the
initial hole wave vector is perpendicular to k,—k, plane. Figure 4a and b corre-
sponds, respectively, to spin initially pointing in one of two opposite directions,
or equivalently they correspond to right- and left-handed polarization of the field.
The inversion of the spin was achieved by tuning a and ¢ values in the initial
spinor (1). When the field is rotating clockwise, Fig. 4a, the spin change is the
strongest. It corresponds to the selection rule AJ = 1. The transition rate is twice
larger than that for linearly polarized light at the same field amplitude. If spin
or polarization is reversed to opposite, Fig. 4b, the transition, in accordance with
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Fig. 4. Evolution of the spin components in the resonant harmonic and
circularly-polarized electric field. The initial wave vector and field amplitude: ky =

(0,0.3778,0) nm™!, Fy = 436 V/cm. Parts (a) and (b) correspond to opposite direc-

tions of the initial spin.
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Fig. 5. (a) Hole spin trajectory in 3D spin space for right-handed polarization.
(b) Corresponding dependence on time of the probability to find the hole in the
light-mass band.
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the selection rules, is forbidden. A small ripple seen in Fig. 4b is due to harmonic
motion of k that is synchronous with the exciting field. The spin selection rules
seen in the two parts of Fig. 4 are also mirrored in the time-dependence of the hole
population: it was observed that the probability for a hole to be in the light-mass
band oscillated between 0 and 1 with the same Rabi frequency for allowed transi-
tions and practically did not change when the initial polarization was reversed to
opposite. In Fig. ba, the curves from Fig. 4a are replotted parametrically in three
dimensions. As can be seen the end-point of the spin vector at first spirals out and
then returns back to its initial position in a slightly different trajectory. The differ-
ence is associated with a small shift from the exact resonance (the Bloch—Siegert
shift). For comparison, Fig. 5b shows the time-dependence to find the hole in the
light-mass band for this case.

4. Optimized fields

The quantum control is based on the coherent evolution of the quantum
system and manipulation of the coherence [20]. For this purpose specially tailored
external fields are used which, for example, maximize the probability to achieve the
desired target state or which excite the target-level as fast as possible for a fixed
exciting pulse energy. Earlier it was shown that in case of interband transitions the
shape of the exciting pulse is not unique [21]. In the semiconductor spintronics,
similarly, it would be interesting to know how to achieve spin flipping as fast as
possible by manipulating the spin states with pulses of finite or minimal energy.
To optimize the transition rate between two spin states the controlling electric
field was approximated by the formula

4
F(t) = Fysinwt + a(t —tq)? + ¢] exp (—Za,ﬂ'”) , (6)
n=1

where 7 = (t —tq)/ts. Here, t is the final simulation time and ¢4 is the delay time.
The relation tq4 = t¢/2 was used. In Eq. (6) eight parameters — amplitude Fp,
angular frequency w, chirping coefficient «, initial phase ¢, and four parameters
a, which determine the envelope shape of the field — were varied to achieve an
optimal transition.

Figure 6 shows an optimal pulse selected by varying parameters in Eq. (6) “by
hand” and Fig. 7a shows the resulting evolution of the hole spin projections. The
initial wave vector is (0,0.425,0) nm™! and the electric field is linearly polarized
in the z direction. The optimization was performed with (J;) component only.
It is interesting that the femtosecond switching of (J,) from —% to —1 state is
accompanied by simultaneous excitation and subsequent decay of the other two
spin projections. In three dimensions this yields a spiral-like trajectory similar to
that seen in Fig. ba. It was observed that after termination of the pulse the spin was

precessing about some axis if the energy of the pulse and its shape were not optimal
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Fig. 7. Evolution of spin projections (a) and average energy (b) under excitation of

the heavy hole by electric pulse shown in Fig. 6.
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Fig. 8. Electric field F.(¢) optimized to heavy-split-off band transition (a) and the
evolution of the hole spin projections (b). ko = (0,0.378,0) nm™*

(cf. Fig. 8b). As known, during procession the end of the vector {J) runs round the
circle in three dimensions in case of simple spin systems. However, for warped and
parabolic bands the precession trajectory may have an additional small chaotic
component on the circle. It was found that the spin-optimized femtosecond pulse
at the same time was the m-pulse, since such pulse also excited light-mass band
with the probability equal to one. For comparison, Fig. 7b shows time dependence
of the average energy. The initial and final energies correspond, respectively, to
heavy- and light-mass band values.
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Up till now in the simulation the average exciting photon energy was smaller
than the optical phonon energy. Since the characteristic optical phonon emission
time is short, about one picosecond, for larger photon energies, for example when
the split-off band is excited too, the theory should be generalized to include the
dissipation [13]. Nonetheless, for completeness, in Fig. 8 the coherent excitation
from heavy-mass to split-off band 1s shown to illustrate that in principle one can
control spin for these transitions as well. We should note that in this case the
parameters a and ¢ were chosen so as to make the initial spin close to zero.

5. Conclusions

The paper shows that in bulk semiconductors the initial spin of the hole (its
direction and the magnitude) can be described by two parameters ¢ and ¢ that
appear in the wave function of the heavy-mass, light-mass, or split-off valence
subbands. This feature allows one to link the observables, such as spin projec-
tions, with the initial wave function of the time-dependent Schrodinger equation.
In general case, when bands are nonspherical and nonparabolic, the parameters
a and ¢ are to be precalculated from the corresponding stationary Schrodinger
equation. For small wave vectors, analytical relations between spin properties and
parameters @ and ¢ for some high symmetry directions can be used as shown in
Table.

Simulation of the hole intervalence dynamics in high electric fields, when
intervalence hole tunneling prevails, shows that, in principle, it is possible to ma-
nipulate with spin degrees of freedom of the ballistically moving hole. Simulation
also shows that the spin switching and the hole intervalence population changes are
intimately related, although the optimization of one does not necessarily implies
the optimization of the other. It was shown that in bulk p-type semiconductors it
is possible to transfer the hole spin coherently between two spin states in times
shorter than hole collision time with the optical phonons.

The optimized electrical pulses in Figs. 6 and 8 consist of about 4 or 8 opti-
cal periods. The experiments with phase-matched difference—frequency mixing in
GaSe [22] show that it is feasible to generate such ultrashort pulses at the output
energies as high as 1 pJ in the mid-infrared spectral range. The electric field of
such pulses is high enough to excite coherent intervalence transitions. Theoreti-
cal study of the optimal interband population excitation in Ref. [21] shows that
the exciting pulses may be even shorter, up to a half of the optical period, and
that the largest population inversion rate is bounded by a fundamental limitation
related to time-energy uncertainty. Since the spin switching and the transfer of
the hole population between energy bands as shown in this paper are interrelated,
the maximum spin switching rate is expected to be limited by the time-energy
uncertainty relation too.
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